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Abstract In the study of boundary value problems for linear elliptic equations in 
nondivergence form with discontinuous coefficients we consider the class of discontinuity 
of Cordes type. 

In particular we state some local and non local a priori bounds for solutions of Dirichlet 
problem in unbounded domains. 

The coefficients of lower terms in the differential operator belong to Morrey spaces 
and the principal coefficients are 'near' to functions satisfying a condition of Cordes type. 

Our results are based on embedding theorems which allow us to require a summability 
lower than n for the coefficients of the operator L. 



CANALE 

We introduce a modulus of continuity of the functions in Money spaces to obtain the 
dependence of the constants in the estimates. We state also a result about the multiplica- 
tion operator from W 1 ^) in L 2 (0). 

Mathematics Subject Classifications: 35J25, 46E35 

Key words: elliptic equations, embedding theorems, a priori bounds, Morrey spaces, 
Cordes condition. 



1. Introduction 

Boundary value problems for linear elliptic equations in nondivergence form with 
discontinuous coefficients have been widely studied in bounded open sets. The paper of 
Miranda [24] represent a point of reference for many authors in the study of Dirichlet 
problem when coefficients have derivatives in the L n spaces. Subsequent results were 
stated, for example, in [21, 23, 28]. 

Other results can be found in [2, 13, 15, 16] in wider classes of spaces while different 
classes of discontinuous operators were studied in [17, 18, 19, 20, 25]. 

When O is an unbounded open set, the problem was studied in more general spaces 
than L n spaces in [26], in spaces of Morrey type in [7, 9, 10, 11] and in weighted spaces in 
[3, 4, 5, 6, 8, 12]. 

Basic tools for proving existence and, sometimes, uniqueness of solution of elliptic 
boundary value problems in Sobolev spaces are a priori bounds. 
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In this paper we state some a priori bounds for solutions of the problem 

Lu = f, /GL 2 (0), 



(1.1) 

ueW 2 (Q,)nw£(Q,), 



where L is the operator 



n 



Lu = - 2J 0>ij U XiX j + 2J a i U Xi + a u • (I- 2 ) 

i,j = l i=l 

The coefficients ai and a of the operator L belong to the class of Morrey type spaces 
M P ' X introduced in [27] which are larger than L n spaces. We observe that, when ft is a 
bounded open set, the spaces M p ' A (ft) are reduced to the classical Morrey space L p ' A (ft) 
(see [13], [14]) while, if ft = R n , include LP> x (R n ). 

We require a lower summability for the coefficients of the operator L when we work 
with Morrey spaces with respect the other spaces. The reason is that our embedding 
theorems use some results stated by C.Fefferman [22], so we do not need to achieve n. 

In this paper we consider the following class of discontinuity: the so-called Cordes 
condition introduced by H.O. Cordes in the study of Holder continuity of solutions of elliptic 
equations. The requirement is that the eigenvalues of the matrix of the coefficients of the 
operator L do not scatter too much. 

The interest of this type of conditions in the study of a priori bounds is due to 
the fact we get local estimates without the introduction of functions more regular close to 
coefficients ciij and without further assumptions. The reason why we can apply embedding 
theorems also for \x\ large 'enough' is the kind of functions e^ which approximate a^. 
Derivatives of such a functions are equal to zero and, so, we do not need further hypotheses 
on derivatives to use embedding results in the local a priori bounds. 
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A priori bounds (see Theorem 6.1 and Corollary 6.1 in Section 6) are obtained using 
embedding theorems (see Section 3) and local a priori bounds stated in Section 5. 
In particular we prove that 

IMIw/ 2 (fi) < c (\\Lu + \/3u\\ L 2(0) + ||u|U2(n )) , 

where A > 0, (3 : O — > R + and Q is an bounded open subset of O. 

We study also the dependence of the constants. This dependence turns out to be 
crucial to achieve some existence results. 

To this aim it is necessary to introduce a kind of modulus of continuity of a function 
g e M P ' A (0) (see Section 2 for definitions) and to study the multiplication operator 

u — ► gu 

from VF 1 (0) in L 2 (0) (see Lemma 3.1 and 3.2). 

A recent paper [7] deals with problem (1.1) under conditions of Chicco type. 

We remark that the two types of discontinuity require different hypotheses in the 
study of local bounds. 



2. Notations and function spaces 

Let £ be a Lebesgue measurable subset of R n and E(-E') the cr-algebra of Lebesgue 
measurable subsets of E. 

We denote by V(A) the class of restrictions to A, A e £(£), of functions (p e C™(R n ) 
such that supp D A C A and by L^ oc (A) the class of functions / : A — > C such that 
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</>f G LP (A) for any <j> G V(A). We set 

\f\p,A=\\f\\LP(A), l<p<+OQ. 

Let B(x, r), x G -R n , r G -R+, be the open ball with center in x and radius r. 

For r G R+, we set B r = B(0,r) and denote by £ r a function of class C^ D (R n ) such 

that 

2 

SUppCr C S 2r , < Cr < 1, Cr|B r =U (Cr)x < ~ ■ 

Let Q be an open subset of R n . We set 

0(i,r) = OnB(i,r) VxGO, VrGi?+. 

Let us consider the spaces M P,A (0), M P,A (0), AfP' A (Q) defined in [27] (we refer also to 
[10] where we can find many properties of these spaces). 
Let us define, for 1 < p < +oo and < A < n, n > 2, 

M P ' A (0) is the space of functions g G L p oc (Q) such that 

IMlMi».*(n) = SU P T ~ X/p \\9\\Lp(anB(x,r)) < +oo, (2.1) 

0<T<1 

equipped with the norm defined in (2.1); 

MP' A (0) is the closure of L°°(0) in ikP> A (fi); 

MP' A (0) is the closure of C^(fi) in ikP' A (fi). 

From the results in [27] we have the following characterizations of the spaces M P ' A (0) 
and M p ' A (0): 
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M p ' A (0) is the subspace of M p > A (fi) of the functions g G M p > A (fi) such that: 
Ve G R+ 3S £ G R+ s.t. (E G E(O), sup \E n B(x, 1)| < «J e =► ||2X£||m^(«) ^ e ) > ( 2 - 2 ) 

x£f2 

MP' A (0) is the subspace of M P > X (Q) of the functions </ G M p,A (fi) such that: 
VeGi? + 3/i e ,/c e Gi? + s.t. (£GE(O),|£nB(0,fc £ )|a £ =* ||<7Xi?llM^(fi) < e) . (2.3) 

Let us set: 

M p (0) = M p '°(0) , M p (0) = M p '°(0) , AfP(fi) = M o p '°(0). 

The spaces M P (Q) and M P (Q) have been introduced and studied in [26]. 

It is useful to recall some results about Morrey type spaces introduced above. 
We have the embedding: 

M p °' Ao (fi) <-+ M P ' X (Q), p<Po, ^^ < V^ 

V Po 

which implies in particular that: 

L°°(0) <-+ M P ' A (0). 

The following inclusions hold: 

L n (0) cM n '°(0) cM s ' n " s (0), se]2,n[. (2.4) 

For example the constant functions belong to M n '°(0) but do not belong to L n (0). Fur- 
thermore the function f(x) = fxprs G M p '°(0) if a > while belongs to L p (0) if 

ae[0 *[. 
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Remark 2.1 - We remark that if g G Lf oc (fi), 1 < p < +00, and G T>{0), then 
4>g G Mq' (0) and as a consequence to the space M P,X (Q) (see [7, Lemma 2.1 and Remark 

2.1]). . 



3. Embedding results 

Embedding results due to C.Fefferman [22] (see also [14]) allow us to state the following 

lemma (see [27]). 

Lemma 3.1 - Iffl has the cone property and g G M s,n ~ s (Q), s g]2, n], then for any 
u G W l (Q) we get gu G L 2 (0) and 

\gu\ 2 ,n < H \\g\\M a ^- a {ci) IMIw 1 ^) ) (3-1) 

where the constant H, independent of g and u, depends on n and s. ■ 

Let us define the modulus of continuity of a function g G M P ' A (0) (see also [9]). 
If p G [l,+oo[, A G [0,n[ and g G M p ' A (fi) , we set 

T \[9](t) = sup \\9Xe\\mp^(q) , teR+, 

S<EH(f2) 
supj, |BnB(;c,l)|<t 

where %e is the characteristic function of E. From (2.2) it follows that that g G M p ' A (fi) 
if and only if g G M p ' A (fi) and 

limr^](t) = 0. 

We define the modulus of continuity of g G M p ' A (fi) as a function r[g] : R + — > -R + 
satisfying 

t£[</](*) < *M«) , Vt G i?+ , limr fo](i) = 0. 
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In the case g : O — *■ R, we put 

A r (g) = {x e n : \g(x)\ > r} , r G R+ . 

If £ € £f oc (fi), p G [1, +oo[, we get 

lim \A r (g)r)B(x,l)\ = 0. 

r — > + oo 

Let us denote, for all k G -R+, by r/s = rk(g) a real number such that 

l^^ns^i)!^-^- (3.2) 

and by r[g] the function 

r[g]:keR+^ r[g] (k) = r k G R+ . (3.3) 

Now we state the following lemma which we will use later. In [27] and in [10] we can find 
a similar inequality, but in this paper we emphasize the dependence of the constant in the 
final bound. 

Lemma 3.2 - In the same hypotheses of Lemma 3.1 and if g G M s ' n ~ s (Q), s g]2, n], 
then for any k G R+ we have 

\g u\ 2 ,n < H r[g] (j-—j \\u\\ w i {n) + r[g](k) \\u\\ L 2 (n) VuG^fO), 

where H is the constant in (3.1), r[g] is the modulus of continuity of g in M s ' n ~ s (Q) and 
r[g] is the function defined by (3.3). 

Proof. Let 

9k = (i-XA r Jg- 
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The function g\~ so denned belongs to the space L°°(0). From Lemma 3.1 we get 

\gu\2,n < \(g - gk)u\ 2 ,n + \gku\ 2 ,n < 

< H\\g — ^fe||M».»-»(fi) ||w||i^i(n) + \gku\ 2 ,a = 

= H\\gxA rk \\Ms,™-s(n) IMIiyi(fi) + r[g](k)\u\ 2 ,n . 
Taking in mind (3.2) and modulus of continuity we deduce the result. ■ 



4. Hypotheses 



Let us set 



B+ = {x e B x : x n > 0} , B = {x G B x : x n = 0} , 

and suppose that 

hi) there are a d G -R+, an open cover {^}j e / of dVt and, for any % G /, a 
C 2 -diffeomorphism tfji : Ui —^ Bi such that: 

• ^no) = B + , ^(^nao) = s ; 

• the components of ipi and -0~ and of their first and second derivatives are 
bounded by a constant independent of i; 

• for any x G fid there exists anie/ such that B(x, d) C C/^ and, for any 
x G O \ 0^, we get S(x, d) C O, where O^ = {x G O : dist(x, <9Q) < rf}. 

Remark 4.1 - It is easy to prove that hi) holds when O has the uniform C 2 
regularity property defined in [1]. ■ 
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Remark 4.2 - The condition hi) implies that there exists a number p G R+ such 
that, for any x G R n , B{x, p) fl <9fi = or B{x, p) fl dtt ^ and B{x, p) C Ui for some 

iel. 

Let us consider in O the second order linear differential operator 

n n 

Lu = - ^2 a ij u xix 3 +^2aiU Xt +au (4.1) 

i,j=l i=l 

with the following conditions on the coefficients: 

h 2 ) ciij =a ji eL 00 {VL) , i,j = l,...,n, 

h 3 ) cii GM s ' n " s (0), z = l,...,n, aeM'((l), 

where 



se]2,n], t = 2 if n = 3, t>2 if n = 4, £ = - if n>4. 



/14) (Cordes type condition) 



iinf ^°™ 5Z a M >n " 1 - 



ess: 



Previous condition can be written in the following equivalent form 

n „ 

ess sup ^2 (fij -90-ijj < 1, (4.2) 






^ . . Sij a,i 

where q = vAir 1 — 5- 

3 > a 2 . 
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Let us set 

/ n n 1/2 / n \ 1/2 

Wx = ( ^< ) , Uxx = ( J2 U ^i J • 

m=i ' h,j'=i ' 

We consider a function /3 : — ► i? + such that the following hypothesis holds: 

h 5 ) f3eM f (tt) and 35 e M s ' n - S (Q) such that (3 X <(35. 

For example, some functions which satisfy the hypothesis /15) are given by (3 = 1 or 
(3(x) = (i+|xp)r , a; G O , r > . 

Remark 4.3 - Let us note that hypothesis /14) implies that operator L defined in 
(4.1) is uniformly elliptic in O. ■ 

Remark 4.4 - One can show that under hypotheses hi) — /13) and /15) it follows that 
for any s, A G R the operator 

ueW 2 {Vt) -► Lw + A/3wGL 2 (0) 

is bounded. ■ 



5. Local a priori bounds 



Let us set 



l u = - y] 



6 J J^iJjj , 



and let us fix a bounded open subset V of R n such that 

VcO or Vn<9fi^0 and l^C^ for some i e I 
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We can prove the following Lemma using as tool Lemma 3.2. We remark that Cordes 
conditions are sufficient to get estimates for |x| large enough. 

Lemma 5.1 — If the conditions hi) — h$), hold and X± is a real number, then there 
exists a constant c G -R_|_ such that for any A G [Ai, +00 [ and for any function v satisfying 

v G W 2 (tt) n W^(tt) , suppv C V . 



we get 



\v xx \ 2 ,n < c(\Lv + \g x 3v\ 2 ,n + \v x \ 2 ,n + \v\ 2 ,n) 



(5.1) 



where c is a positive constant depending on n, s, t, ||ay||oo) t[5], t[3], r[ai\, r[a], r[S], 
r\j3], r[a,i], r[a\. 



Proof. We start proving the inequality 



v r < 

\< J xx\2,Q. — 



^2 $ijV XiXj + X(3v 



+ \v v . 



x\2,Q > 



(5.2) 



2,0 



where rj = Y^ii-i ^v ^ an< ^ ^ — 0- 



In fact we have for A > 



[ ~ Y] hjVx iXj + X/3v dx> / - V 



, r .,...,., , dx + A 2 / f3 2 v 2 dx + 
Jo. 



Sav 



(5.3) 



+ 2A / f3v 2 dx — 2\ / f3i]\v\v x dx . 



n 



n 



Using the inequality 



A / 9 9 J. / .9 

3 r\ \v \v x dx < — I 3 v dx -\ / \riv x \ dx 



from (5.3) we get (5.2). 
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We proceed using hypothesis of Cordes type to get the result. Indeed if we set 

1/2 



h = ess sup I 2_. \$ij ~~ 9 a ij\ 



Q 



from inequality (5.2) we get 



\v xx \ 2 ,n < 



^ (Sij - g aij)v XiXj + gL v + X/3v 



+ \~n v x\2,ti < 



2,f2 



< h \v xx \ 2 ,n + \\g\\oo\L v + Xg 1 fiv\^ n + \r]v x \ 2 ,n , 
from which we deduce the inequality 



\v xx \ 2 ,n < ci ( \L v + Xg 1 Pv\ 2 ,n + l^zkn ) 



(5.4) 



since 1 — h > from (4.2). 

The function rj G M s ' n_s (0), then we can use Lemma 3.2 to estimate the last term 
in (5.4) to get 



\V xx \ 2 n 



< c 2 l \L v + Xg l (3v\ 2 ,n + \v x \ 2 & + \v\ 2 ,a + 



+ Hr[rj\ 



k + 1 



\v xx \ 2 n 



(5.5) 



By definition of modulus of continuity given in Section 3 it follows that there exists ko G R+ 
such that from (5.5) 



\v xx \ 2 ,n < c 3 (\L v + Xg 1 [3v\ 2t n + \v x \ 2j a + |u| 2 ,o j 



(5.6) 



If Ai <0, we fix AG [Ai,0[. 

Using /i 5 ) and applying to (3 Lemma 3.2 we get the bound 



\Xg 1 /?u| 2 ,n < c 5 |Ai| (essinfy) x (\v x \ 2 ,n + \v\ 2 ,a 



(5.7) 
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Now if we consider the inequality (5.6) with A = 0, from (5.7) we easly deduce (5.1) with 
L instead of L. 

Finally, applying Lemma 3.2 to the functions o^ and a verifying hypothesis /13) we 
obtain the result. ■ 

Remark 5.1 - Lemma 5.1 can be proved in more general hypotheses, that is under 
Chicco type conditions (see [7] and, in weighted spaces, [3], [4]). In such a case the function 
77 depends also on derivatives of functions which approximate a^ and we can apply Lemma 
3.2 for \x\ large enough introducing further assumptions. So the two types of discontinuity 
require different hypotheses in the study of local bounds. ■ 



6. A PRIORI BOUNDS 

We assume that the following further hypotheses hold: 
he) there exists a function 7 : R + — > R + such that 



n 



esssup y \cij — ga,ij\ < 'j(k) , \/k E R+ , lim 'j(k) = 0, 



where Cjj, for i,j = 1, ...,n, are constant functions satisfying 

n 

Cij = Cji, i, j = 1, . . . , n , ^2 °ij & €3 ^ v l£! 2 V£ E R n , a.e. in O 

with v positive constant independent of x and ^ ; 

h 7 ) 

a, 6 M s,n ~ s (O) , i — l,...,n, essinfa>0. 
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Local a priori bound stated in Lemma 5.1 allows us to prove the following result. 

Theorem 6.1 — If the hypotheses hi) —h?) hold, then there exist a constant c G R+ 
and a bounded open set o CC0 such that 



\u\\w 2 (n) < c( \Lu + Xg x (3u\ 2 ,n + |«kn j 



VueW 2 (Cl)nwS(Cl), VA>0 



(6.1) 



where c is a positive constant depending on O, v, n, s, t, a^, ||oy||oo > c ij > r [^]) r [/^]? 
t[«], r[<5], r[/3], r[a]. 

Proof. • Step 1 (Estimates at infinity). 

If the principal coefficients of L are suitable constants, we can use Corollary 5.2 in 
[10] to get the bound (6.2). Therefore if 

a 2 



£. = -E 



lJ dxidxj 



and (7 = ^ J „ 1 — - — , we have that 



En 
a 
i,3 = l 



2 5 
ij 



'1 - Cfc)«llw 2 (fi) < Ci 



L ((l-Cfc)«) + (^a + A^)(l-Cfc)« 



2,n 



from which 



'1-Cfc)«||w 2 (n) < c i 



X] ( c u-^j)((i-Cfc)«) XiX .+ 

ij— 1 

- 9 J2 a v ft 1 " &)«)*.*, + (^a + A / 9)(l-Cfc)« J < 
< ciM|^|| 0O | J L ((l - Cfc) u) + (a + A g- 1 (3)(1 - ( k ) u\ 2 ^+ 



+ f y(k)\((l-Ck)u)xx\2,n 



(6.2) 



(6.3) 
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Taking in mind h^), by a suitable choice k = ko G R+ we get from (6.3) 



[1 - Cfe ) w llw 2 (n) < c 2 



L o ((l-a„)w)+(a + A( 7 - 1 /3)(l-a 



u 



(6.4) 



2,fi 



• Step 2 (Estimates on bounded sets). 

Let us consider a function </? G C^(R n ) such that: 



^|bi =1, supp <p C -Bi , sup |d Q <^| < c a Va G iV* 



Let us define for x G fi, 



$ = $ x : y G R n -► v? ' '' V 



T 



We have 

$|b(*,S) = 1, supp $ C B {X:T) , sup |d a $| < c' Q Va G iV n , 

where c' a = c Q r~l a l. 

So, if u G W 2 (0) n W£(fl), then the function v = <$>u G W 2 (0) n Wq (fi) and either 
supp ticOor supp v fl 90 7^ and supp dC(7, for some i & N. 

Let us fix fc G -R+ and set iu = (^it. Then, we can apply Lemma 5.1 with v = <&w and 
L = L + a to get 



\(&w)xx\2,n < c 3 (\L (Qw) + (a + Xg 1 /3)$w| 2 ,n + \(&w) x \ 2 ,n + \Qw\ 2 ,nj 

The first term of the right hand side in (6.5) can be bounded as it follows: 
\L ($w) + (a + Xg' 1 0)$w\ 2 n < \${L w + (a + Xg' 1 0)w)\ 2 ,n+ 



(6.5) 



+ 2sup \\a i j\\ L o C ^\^ x w x \ 2: n + sup ||ay \\l°°(Ci)\®xxwU& < (6 6) 

i,j i,3 ' 

< c 4 1 \L w + (a + Xg~ l (3)w\ 2 ^(x,r) + \wx\ 2 ,q( x ,t) + I w\2,n(x,r) J • 
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(6.7) 



Hence from (6.5) and (6.6) we deduce the inequality 

\wxx\2,n(x,%) <c 5 { \L w + (a + Xg~ 1 P)w\ 2 ,n(x,r) + \w x \ 2 ,ci{x,r) + \w\2,n(x,r) j ■ 

Therefore, applying Lemma 1.1 in [10], we obtain 

\(Cku)xx\2,Q < c 6 ( \{L (ip k u)+{a + \g~ l (3)ip k u\ 2n + \((k)x u\ 2 ,n+ 

+ \(ku x \ 2 ,n + \(ku\ 2 ,n j . 
Using the well known inequality (see [1]) 

\Ux\2,suppCk — K( e \ u xx\2,suppCk + e \ U h,suppCk) > (6-8) 

where K = K(n, O) and < e < e , e > 0, by (6.7) 

\\Cku\\ W 2 {Q) < c 7 l \(L (( k u) + (a + Xg~ 1 (3)(ku\ 2n + \( k u\ 2 ,nj ■ (6.9) 

By (6.4) and (6.9) with k = ko and using again (6.8) we get 

IMIw 2 (fi) < c 8 (\L u + (a + A g~ x (3) u| 2 ,n + l^kfi'J , (6-10) 

with 0! o = supp Cfc • 

Moreover from Lemma 3.4 in [10] we have that for any e G -R_|_ there exist c(e) G -R_|_ 
and an open set £ CCO such that 

n 

Yl hiUxi ||l2(o) < e \\u\\ w^{ii) + c(e) |u|2,n e • (6.11) 

i=l 

From (6.10) and (6.11) we deduce the assertion with o = 0,' o U fi e . ■ 

Remark 6.1 — We observe that in Theorem 6.1 we can suppose in place of the 
condition ess inf q a > in h?) 

a = a' + a" , a' G Mg(O) , ess inf a" > . ■ 
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Remark 6.2 — A different assumption in Theorem 6.1 could be the convergence 
of dij to more regular functions cty at infinity. For example functions such that (&ij)x h 
belong to the space MQ ,n ~ s (Q). Then we can modify the proof in Step 1 setting 

d 2 



tJ dxidxj 



£. = -£ 

and using /i 6 ) with ay in place of Cy . ■ 

From Theorem 6.1 it follows the following 

Corollary 6.2 — In the same hypotheses of Theorem 6.1 and if 

/T 1 G L£ C (Q) (6.12) 

then for any s G R there exist c, Ao G -R+ such that 

\\u\\w 2 (ii) < c\Lu + \g~ l (3u\ 2a (6.13) 

VueW 2 (tt)nW l $(tt), VA>A , 
where c has the same dependence of the constant in Theorem 6. 1 . 

Proof. Using hypotheses (6.12) and taking in mind Remark 4.4 and Theorem 6.1 
it follows that 



A|«|2,n < ci\X/3g 1 u\ 2 ,n < c 2 (\Lu + \(3g 1 u\ 2 ,n + \\u\\ W 2^) j < 

< c 3 f \Lu + \[3g~ 1 u\ 2 ,ci + \u\ 2 ,n j 



(6.14) 



for any u G W 2 {Vt) fl ^^(O) and for any A G R+, where fi is the open set in 
Theorem 6.1. For A large enough we deduce the result by (6.1) and (6.14). ■ 
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Remark 6.3 — Inequality (6.13) can be obtained under different assumptions if we 
suppose coefficients of the operator L more regular. We refer to the paper [10] where we 
can find some results. We remark that Theorem 6.1 allows us to obtain the result stated in 
Corollary 6.2 under hypotheses considerably weakened with respect to previous papers. ■ 
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Abstract: Let (0, E) be a measurable space, E a topological vector space and X a nonempty 
subset of E. Let S : X x Q — > 2 X and T : X x tt — > E* be two random mappings. Then 
the generalized random quasi-variational inequality (GRQVI) is to find for a measurable map 
y : f2 — > X such that y(co) 6 S(u),y(u))), w 6 T(co,y(uj)) and 

Re(w, y(u) - x(u)) < 0, V x(u) G S{u, y{u)). 

We use Chowdhury and Tan's [6] generalized version of Ky Fan's minimax inequality as a tool 
to obtain some general theorems on random solutions of the GRQVI on a paracompact set X 
in a Hausdorff locally convex space. The random multivalued operator T is either randomly 
strong psudo-monotone or randomly pseudo-monotone and is randomly upper semicontinuous 
from Co(A) to the weak*-topology on E* for each nonempty finite subset A of X. 

Key words: Measurable space, generalized quasi-variational inequality, locally convex 
space, partition of unity, paracompact set, randomly lower semicontinuous, randomly up- 
per semicontinuous, randomly strong pseudo-monotone, c-algebra. 

AMS Subject Classifications: 47H04, 47H05, 47H10, 49J35, 54C60 



1. Introduction 

The theory of variational inequalities provides a natural and elegant framework for 
the study of many seemingly unrelated free boundary value problems arising in various 
branches of engineering and mathematical sciences. Variational inequalities have many 
nice results related to nonlinear partial differential equations. Complementarity problem, 
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which is closely related to variational inequality problem, plays an important role in 
general equilibrium theory, economics, management sciences and operations research. 

An important and useful generalization of variational inequality is the quasi- variational 
inequality introduced and considered by Bensousson and Lions [2]. For further details, 
we refer to Baiocchi and Capelo [1]. On the other hand, Pang [17] has considered the 
quasi-complementarity problem. Karamardian [13] showed that if the set involved in a 
variational inequality problem is a convex cone, then variational inequality and comple- 
mentarity problems have the same solution set. Pang [17] proved that the same relation 
is true for the quasi-complementarity problem and quasi-variational inequality problem. 

The fundamental theory of random operators is an important branch of stochastic 
analysis and its development is required for the study of several classes of random oper- 
ator equations. Almost half a century ago, the systematic study of random fixed point 
was initiated by the Prague school of probabilists. However, it received the attention it 
deserved only after the appearance of the survey paper by Bharucha-Reid [3] in 1976. 
Since then this discipline has been developed further in which many profound concepts 
and results were established with considerable generality, see for instance, the work of 
Shahzad [16], Xu [24], Itoh [12], Liu [15], Papageorgiou [18], Tan and Yuan [23], Yuan 
[25], Salahuddin [20], Khan and Salahuddin [11] etc. 

The aim of this paper is to make further investigations in the same direction. We 
shall use Chowdhury and Tan's results [7,8] and Ky Fan's minimax inequality [10] as 
tools to obtain some general theorems on solutions of the GRQVI on a paracompact set 
A in a locally convex Hausdorff topological vector space, where the multivalued random 
operator T is randomly strong pseudo-monotone or randomly pseudo-monotone and is 
upper semicontinuous from Co(A) to the weak*-topology on E* for each A E ^"(A). 

We shall use our following multivalued generalization of the classical random pseudo- 
monotone operators. The classical definition of a pseudo-monotone operator was intro- 
duced by Brezis, Nirenberg and Stampacchia in [4]. 

Let A be a set, 2 X the family of all nonempty subsets of A and ^"(A) the family of all 
nonempty finite subsets of A. Let E be a topological vector space and E* its continuous 
dual, (w,x) the pairing between E* and E for w E E* and x E E, and Re(w,x) the real 
part of (w,x). If A C E, S : A — > 2 X and T : A — > E*, the quasi-variational inequality 
(QVI) is to find a point y E S(y) such that 

Re(T(y),y-x) < 0, for all x E S(y), 

which is introduced by Bensousson and Lions in 1973, see [2]. Again, we consider a 
multivalued mapping T : A — > 2 E * , then the generalized quasi-variational inequality 
(GQVI) is to find a point y E S(y) and a point w E T(y) such that 

Re{w,y — x) < 0, for all x E S(y), 

which is introduced and studied by Chan and Pang [5] in 1982. 
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A measurable space (fi, E) is a pair, where fi is a set and E a c-algebra of subsets of 
£1 If X is a set, A C X and V is nonempty family of subsets of X, we shall denote by 
Df]A the family {Df]A : DeD} and by oxip) the smallest c-algebra on X generated by 
V. If X is a topological space with topology tx, we shall use B(X) to denote ox{t~x), the 
Borel c-algebra on X if there is no ambiguity on the topology r X - Let X be a topological 
space and F : (fi, E) — > 2 X be a correspondence, then F is said to be measurable (resp. 
weakly measurable) if F~ l (B) = {to <G fi : F(uj) H B ^ (f\ E E iov each closed (resp. 
open) subset B of X. The mapping F is said to have a measurable graph if 

GrafF = {(u,y) e Q x X : j/6F(w)}6E®B(I). 

A function F : fi — > X is a measurable selection of F if / is a measurable function 
such that f(oj) <G F(w), for all u <G fi. 

Definition 1.1. Let (Q, E) be a measurable space, F a topological vector space, X a 
nonempty subset of E and T:OxI-)2 E *. If /i : £1 x X ->■ R, then T is said to be 

(i) randomly h-pseudo-monotone if for each fixed u e fi, y(w) e X and every random 
ne t {?/a(w)} Q , e r m X converging to y(w) with 

limsup[ inf Re(u, y a {u)) — y(co)) + h(u),y a (u))) — h(u, y(w))] < 0, 

we have 
liminf[ inf Re(u, y a (uj) — x(u)) + h(u, y a (u))) — h(u),x(u)))] 

a ueT(u,y a (u))) 

> inf Re(w,y(u)) — x(ui)) + h(u),y(u))) — h(u),x(u))), for all x(uj)eX, 

weT(LO,y(Lo)) 

(ii) randomly pseudo-monotone ifT is randomly /i-pseudo-monotone with h = 0. 

2. Generalized Random Quasi- variational Inequalities for Randomly Strong 

pseudo-monotone Operators 

In this section, we shall introduce the notion of randomly pseudo-monotone operators 
and obtain some general theorem on solution of the GRQVI on paracompact sets in locally 
convex Hausdorff topological vector spaces. 

We shall begin with the following: 

Definition 2.1. Let (Q, E) be a measurable space, E a topological vector space, X a 
nonempty subset of E, and T:OxI-f2 £ *. If h : £1 x X ->■ R, then T is said to be 

(i) randomly strong h-pseudo-monotone if for each continuous function 9 : Q x X — > 
[0, 1], for fixed w € fi, y(w) € X and every random net {y a (o;)} Q , e r in X converging 
to y(w) with 

\imsup[6 (u),y a (co)){ inf Re(u,2/ a (td)-2/(td))+/i(td, y a (co))-h(co, y(u))}] < 0, 

a ■ueT(aj,2/ a (u))) 



35 



AHMAD ET AL 



we have 

limsup[#(w, y a (u))){ inf Re(u,y a (u))—x(u)))+h(u),y a (u)))—h(u),x(uj))}] 

a uET(uj,y a (u})) 

> [9(u),y(u))){ inf Re(w, y(co) — x(u)) + h(u, y{oo)) — h(u),x(u)))}], 

weT(ui,y(ui)) 

for all x(oj) G X, 

(ii) randomly strong pseudo-monotone if random operator T is randomly strong h- 
pseudo-monotone with h = 0. 

Remark 2.1. Every randomly strong pseudo-monotone operator is also a randomly 
pseudo-monotone operator. 

Proposition 2.1. Let (fi, S) be measurable space, X a nonempty subset of a topological 
vector space E. If T : Q x X — > E* is randomly monotone and continuous from the 
relative weak topology on X to the weak*-topology on E*, then random operator T is 
randomly strong pseudo-monotone. 

Proof. Let 9 : fi x X — > [0, 1] be any arbitrary continuous random functional. Suppose 
{y a (uj)} a er is a random net in X and for each u € Q, y(w) € X with y a (u) — > y(w) (and 

limsup[6>(w,y Q (w)){Re(T(w,y Q (w)),y Q (w) -y(w))}] < 0). 

For any x(cj) <G X, w <G O and e > 0, there are /5i, /5 2 <G T with 

| 9(uj,y a (uj))Re{T(uj,y(uj)),y a (uj) - y(co)) |< -, for all a > f3 1 



and 



9(u),y a (u)))Re{T(u),y a (u)))-T(u),y(u))),y(u))-x(u))) \< -, for a > /3 2 . 



Choose /5 G T with /5 > ft, /3 2 . Thus 

0(w, y a (w))Re(T(w, j/ a (w)), j/ a (w)-a;(a;)) 

= 9(co, y a (co)){T(u), y a (u)), y a (uj)-y(uj))+9(uj J y a (co))Re{T(co, y a (u)),y(u)-x(u)) 

> 9(co, y a (co))Re{T(u), y(u)), y a (uj)-y(uj))+9(uj J y a (co))Re{T(co, y a (u)), y(co)-x(co)) 

= 6(u, y a (co))Re{T(co, y(u)), y a (uj)-y(uj))+9(uj J y a (co))Re{T(co, y a (co)-T(co, y(u)), y(co)-x(co)) 

+ 6(u, y a (co))Re{T(co, y(u)), y(u) - x(u)) 



>---- + 9(uj, y a (uj))Re{T(uj, y(u)), y(u) - x(u)), for all a > /5 , 



so that 



inf 9(u,y a (u))Re(T(u,y a (u)),y a (u) - x(u)) 

a>/3 
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> — e + inf 9(u),y a (u)))He{T(u),y(u))),y(u)) — x(u))). 

a>Po 

It follows that 
\imsup6(u),yp(u)))Re(T(u},yp(u))),yp(u)) - x(u)) 

> ]immf 9(u,yp(u))Re{T(u,yp(u)),yp(u) - x(u)) 

> — e + 9(u), y(u)))Re(T(u),y(u))), y(u) — x(u)). 
As e > is arbitrary, 

lim sup 6(u, y p (uj))Re{T(uj, yp(u)), yp(uj) -x(u)) > 9(uj, y(uj))Re{T(uj, y(u)), y(co)-x(co)). 

Hence random operator T is randomly pseudo-monotone. 

Theorem 2.1. Let (fi, S) be a measurable space, E a locally convex Hausdorff topological 
vector space, X a nonempty paracompact convex subset of E and h : fi x E — > R be 
convex. Let S : Q x X — > 2 X be randomly upper semicontinuous such that for each fixed 
u e fi, each S(a;,:r(a;)) is compact convex and T : fi x X — > 2 E * a randomly strong h- 
pseudo-monotone and randomly upper semicontinuous from Co(A) to the weak*-topology 
on E*, for each A e ^"(-X") and for each fixed u <G fi such that T(cj, x(cj)) is weak*-compact 
convex. Suppose that the set 

A= {uj E fi,y(u) E X : sup [ inf Re(wj, y(co) — x(u)) 

x(uj)eS(uj,y(uj)) weT(cv,y(cv)) 

+h(u),y(u))) — h(u),x(u)))] > 0} 

is open in X. Suppose further that there exists a nonempty compact subset K of X and 
a point xq(lo) € X for fixed u € fi, such that xo(w) G iffl 5(o;, y(w)) and 

inf Re(w, y(u),xo(uj)) + /i(w, y(co)) — h(u, xo(u)) > 0, 

weT(ui,y(ui)) 

for all y G X\K for w <G £1 

Then there exists a measurable map y : fi — > K such that 

(i) y G S(u),y(u))) and 

(ii) there exists a) € T(cj, y(w)) with 

Re(w), y(w) — rc(w)) < /i(cj,x(a;)) — /j(cj, y(co)), for all w € Q, x(u) E S(u,y(uj)). 
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Proof. We divide the proof into two steps: 

Step 1. There exists a measurable map y : fi — > X such that y(co) G S(uj,y(u)) and 

sup [ inf Re(w,y(u)) — x(ui)) + h(u),y(u))) — h(u),x(u)))] < 0. 

x(ui)eS(ui,y(uj)) weT(ui,y(uj)) 

Suppose the contrary, for each fixed u G Q and y(u) G X, either y(u) £ S(u),y(w)) 
or there exists x(co) G S(u),y(u))) such that 

inf Re(wj, y(u) — x(u))) + /i(w, y(co)) — h(u, x(u)) > 0, 

weT(LO,y(Lo)) 

i.e., y(w) ^ S(u),y(u))) or y(w) G ^4, for each fixed u G fi. If for each w G fi, y(w) ^ 
5(o;,y(a;)), then by Hahn-Banach separation theorem, there exists p E E* such that 

Re(p,y(u)) — sup (p,x(u))>0. 

x(uj)eS(uj,y(uj)) 

For each u G fi, y(w) G X, set 

7(y(w)) = sup | inf Re(wj, y(w) — x(u)) + h(u, y{oo)) — h(u),x(u)))]. 

x(u})eS(uj,y(uj)) weT(cv,y(cv)) 

Let Vq = {u G Q, y(u) G X | 7(3/(0;)) > 0} = .4. and for each p G £"", set 
14, = {u6fi,j/(w)eI:Re(p,|/(w))- sup (p,x(uj)) > 0}. 

rc(oj)eS'(aj,2/(aj)) 

Then X = V U (J V^. Since each V p is open in X, by Lemma 1 in [21], and V 

P eE* 

is open in X by hypothesis, then {V ,Vp : p G £'*} is an open covering of X. Since 
X is paracompact, there is a continuous partition of unity {/5o,/5 p : p G i?*} for X 
subordinated to the open cover {V , V p : p G £'*} (see Theorem VIII. 4.2. [9]), i.e., for each 
p G £"*, /5 P : X — > [0, 1] and (3 : X — > [0, 1] are continuous functions such that for each 
p G E*, f3 p (y) = 0, for all y G X\Vp and /3 (y) = 0, for all y G X\V^ and {support /5 , 

support /5 P : p G £'*} is locally finite and (3 (y(cu)) + ^ (3 p (y(cu)) = 1, for each y(w) G X. 

pes* 
Note that for each A G F{X), h is randomly continuous on Co(A), see [19, page 83]. 
Define ^OxIxI^Rby 

0(w, ic(tj), y(w)) = /5o(w, 2/(w))[ min Re(w, y(u) — x(u)) + h(u, y(u))) — h(u, x(u))] 

weT(ui,y(ui)) 

peE* 
for each x(u), y(ui) G X, for fixed u G fi. 
Then we have the following. 
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(1) Since E is Hausdorff, for each A e T(X) and for each fixed x(co) <G Co(A), the 
random map 

y(u)) — > min Re(w, y(u) — x(u)) + h(u),y(u))) — h(u),x(w)) 

weT(ui,y(ui)) 

is randomly lower semicontinuous on Co(A), by Lemma 3 in [6]; and the fact that h is 
randomly continuous on Co(A), the random map 

y{u)) — > Po(co, y(w))[ min Re(w,y(u) — x(u)) + h(u,y(uj)) — h(u,x(uj))] 

weT(ui,y(ui)) 

is randomly lower semicontinuous on Co(A), by Lemma 3 in [22]. For co £ Q and for each 
fixed x(co) e X 

y(u) -> ^ /5 p (w, y(w))Re(p, j/(w) - x(u)) 
peE* 

is randomly continuous on X. Hence for each A e ^ r (^) and for each u <G fi, x(cj) <G 
^(.A), the random map y(w) — > </>(cj,:r(a;),?/(a;)) is randomly lower semicontinuous on 

Co{A). 

(2) For fixed u e Q and for each A e F(X), y(u) e Co(A), 

min (f>(u),x(u)),y(u))) < 0. 

x(uj)eA 

Indeed, if this were false, then for some A = {x\{uj), • • • ,x n (u))} <G F{X), for fixed 

n 

uj e Q and some y(w) € ^(.A), (say y(w) = ^AjXj(o;), where Ai,--- ,A n > with 

n 

J^ Aj = 1), we have 

i=i 



min 0(w,a;j(a;), y(w)) > 0. 

Ki<n 



Then for each i = 1, 2, • • • , n 



) ~? ) '") 



/5 (w,y(w))[ min Re (to, y(w)— iCj(w))+/i(tJ, y(w)) — /i(cj,Xj(a;))] 

«;eT(u,j/(u)) 

+ ^2 p p (u, y(uj))Re(p, y(co) - Xi(co)) > 0, 
peE* 

so that 

n 

= </>(w, y(uj), y(u)) = p (u, y(u))[ min Re (to, y(u) - Y] A^(w)) 

2 = 1 
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n n 

+h(uj, y(u)) - h(uj, ^ -^iM)] + ^2 A>( w > S/M)Re(p, y(u) - J^ \xi{u))) 

i—l peE* i=l 

n 

>Y" ]\i((3 (u),y(cu))[ min Re{w,y(cu) - x^u))) + h(u,y(u)) - h(cu,Xi(u)))} 

i—l 

+ ^2 A»( w > ?/( w )) Re (p 5 s/M - x i(u))) > o, 



P eE* 
which is a contradiction. 



(3) For fixed u <G fi, suppose A e ^ r (-^), :r(w), y(w) <E Co(^4) and {y a (uj)} ae r is a 
random net in X converging to y(u) with (f>(u,tx(uj) + (1 — t)y(u)),y a (u))) < 0, for 
all a e T and £ <G [0, 1]. Then for t = 0, we have 

</>(cj, y(cj),y a (a;)) < 0, for all aeT, i.e., 
A)(w,3/ a (w))[ min , „ R«K fcM - !/H) + ft(w, !/„M) - A(w, !/H)] 

weT(uj,y a (oJ)) 

+ Y^ A>( w > J/a(^))Re(p, j/ a (td) - j/(w)) < 0, for all aeT. 



pes* 
Hence 



\imsup[Po(co, y a (co))( min Re(wj, j/ a (w) - y(u)) + h(u, y a (u)) - h(u,y(u)))] 

a weT(oj,y a {oj)) 

+ liminf( V" P P (u),y a (u)))Re{p,y a (u)) - y(u))) 

a *— • 

pG-E- 

< limsup[/3 (w,2/ Q (w))( min Re(wj, y a (u) - y(u)) + h(u, y a {co)) - h(u, y(u)) 

a weT(cj,y a (uj)) 

+ ^2 /3 p (uj,y a (uj))Re(p,y a (uj)-y(uj)))} < 0. 



peE* 
Therefore 



\imsup[p (u,y a (u))( min Re(iu, y a (co) - y(co)) + h(u, y a (u)) - h(u, y(w)))] < 0. 

a weT(uj,y a (uj)) 

Since random operator T is randomly strong /i-pseudo-monotone, we have 
limsup[/3o(w,2/ Q (w))( min Re(w,y a (u))—x(u)))+h(u),y a (u))) — h(u),x(u))))] 

a weT(uj,y a (u))) 

> Po(u),y(u)))( min Re(w, y(u) — x(u)) + h(u, y(u))) — h(u),x(u)))). 

weT(LO,y(Lo)) 

Thus 

limsup[/3 (o;, y a (u)))( min Re(w, y a (uj) — x(u)) + h(u, y a (u))) — h(u),x(u))))] 

a ' weT(ui,y a (uj)) 
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peE* 
> Po(cj, y(uj))( min Re(w,y(u))—x(u)))+h(u),y(u)))—h(u),x(u)))) 

weT(LO,y(Lo)) 

+ Yl ^^' y( u )) Re & y( u ) - x ( u ))- (2- 1 ) 

peE* 
For t = 1, we have 

())(u),x(u)),y a (u))) < 0, for all aeT, i.e., 

/3 (uj,y a (uj))[ min Re(w, y a (co) - x(co)) + h(u, y a (u)) - h(u,x(u)) 

weT(uj,y a (uj)) 

+ Y /5p( w ' ?/a(w))Re(p, j/ a (w) - z(td)) < 0, for all a ET. 

P eE* 

Therefore 

limsup[/5 (w, y Q (tj))( min Re(w, y a (uj) — x(u)) + h(u, y a (u))) — h(u),x(u))))] 

a " weT(uj,y a (uj)) 



+ liminf[V (3 p (cu, y a (uj)Re{p, y a (uj) - x(co))} 

rv ■ * 



a 

peE' 

< limsup[/3o(w,y a (w))( min Re(w, y a (uj) — x(u)) + h(u, y a (u))) — h(u),x(u))) 

a ' weT(ui,y a (ui)) 

+ Y Pp( u i 2/aM)Re(p, y a (co) - x(co)))} < 0. 
peE* 

Thus 

limswp[/3o(u),y a (u)))( min Re(w, y a (uj) — x(u)) + h(u, y a (u))) — h(u),x(u))))] 

a weT(uj,y a (uj)) 

+ Y A>( w > y(^))Mp, y{u) - x(lo)) < o. (2.2) 

P eE* 
Hence by (2.1) and (2.2), we have 

())(u),x(u)),y(u))) < 0. 

(4) By hypothesis, there exists a nonempty compact subset K of X and a point x (u) E 
X such that x (co) eiffl S(u), y{oS)) and 

inf Re(w,y(uj)—xo(uj))+h(u;,y(uj)) — h(uj,xo(uj)) > 0, for each fixed u E fi, y E X\K. 

weT(L0,y(u)) 

Thus for each y E X\K, 

Po(u},y(co))[ inf Re(w, y(u) — x (u))) + h(u, y(u))) — h(u),x (u)))] > 0, 

^eT(w,2/(w)) 
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whenever (3 (cu,y(cu)) > and Re(p, y(oj) — x (uj)) > 0, for p <G E*. Consequently, 
<f>(u, x (co),y(u))) = Pq(u, y(u))[ inf Re{w, y(u)-x (u))+h(u, y(co))-h(co, x (co))} 

weT(uj,y(uj)) 

+ ^2 p p (u, y(uj))Re(p, y(co) - x (co)) > 0, 
P eE* 

for all y <G X\K, for fixed u <G fi. 

Therefore </> satisfies all hypothesis of Theorem 2 in [6]. Hence by Theorem 2 in [6], 
there exists a measurable map y : fi — > K such that 

<))(l),x(l)), y{oo)) < 0, for all x(cj) € X and for each u € fi, i.e., 

/3o(cj, y(w))[ inf Re(wj,y(cj) — x(w)) + /j(cj, y(w)) — h(u),x(u)))] 

weT(ui,y(ui)) 

+ ^/3 p ( W ,y( W ))Re<p,y(w)-:r( W )) < 0, (2.3) 

P eE* 

for each fixed u£fl. 

If 7(3/(0;)) > 0, choose any x(co) <G 5(o;, y(w)), such that 

inf Re(to,y(w) - £(w)) + /i(w,y(w)) -h(u,x(u)) > li^Mi > 0. 

weT(oj,g(oj)) ' ' 2 

If /3 (cj, y(w)) > 0, then y(w) <G V <G .4., so that 7(3/(0;)) > 0. It follows that 
Po(u),y(u)))[ inf Re(w,y(u)) — x(ui)) + h(u),y(u))) — h(u),x(u)))] > 0. 

weT(ui,y(ui)) 

If /3 p (w, y(w)) > 0, for some peE*, then y(co) <G Vp and hence 

Re(p, y(w)) > sup Re(p,x(u))) > Re{p,x(cj)), 

x(uj)eS(uj,y(uj)) 

so that 

Re(p, y(co) — x(u))) > 0. 

Therefore, (3 p (cu,y(cu))Re{p, y(co) — x(oj)) > 0, whenever (3 p (cu,y(cu)) > 0, for p e -E 1 *. 

Since /5 (w, 3/(0;)) > or /3 p (uj, y{to)) > for some p £ E*, it follows that 

c/)(u), x(u), y(uj)) = Po(w, y(w))[ inf Re(w, y(uj) — x(u)) + h(u, y{oo)) — h(u, x(u))] 

weT(ui,y(ui)) 

peE* 
which contradicts (2.3). This contradiction proves step 1. 
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Step 2. There exists a measurable map y : fi — > X such that w G T(u), y(ui)) and 

Re(w, y(ui) — x(ui)) + h(ui, y(co)) — h(ui, x(ui)) < 0, 

for all x(co) G 5(tJ, y(w)) and for fixed w G fi. 
Note that for each fixed x(cj) G 5(tJ, y(co)), 

w — > Re(wj, y(w) — a; (a;)) + /i(w, y(w)) — /i(w, rc(w)) 

is convex and randomly continuous on T(ui,y(ui)) and for each fixed w G T(w,y(w)) 

x(cj) — > Re(wj, y(ui) — x(ui)) + /i(w, y(ui)) — h(ui, x(ui)) 

is concave on S(ui,y(ui)). Then by Kneser's Minimax Theorem in [14], we have 

min max [Re(w,y(uj) — x(ui)) + h(ui, y(co)) — h(u),x(w))] 

weT(ui,y(ui)) x(uj)eS(uj,y(uj)) 

= max min [Re(w,y(ui) — x(ui)) + h(ui,y(ui)) — h(ui,x(ui))]. 

x(uj)£S(u),y(u))weT(u),y(u)) 

Hence 

min max [Re(w,y(ui) — x(ui)) + h(ui,y(ui)) — h(ui,x(ui))] < 0, 

weT(ui,y(ui))x(uj)eS(uj,y(uj)) 

by step 1. Since T(ui,y(ui)) is compact, there exists a measurable map y : Q — > X with 
w G T(w,y(w)) such that 

Re(w,y(ui) — x(ui)) + h(ui,y(ui)) — h(ui,x(ui)) < 0, for all x(cj) G S(u, y(ui)) 

and for each fixed co G fi. This completes the proof. 

3. Generalized Random Quasi- Variational Inequalities for Randomly 

Pseudo-monotone Operators 

In this section, we shall obtain some existence theorems of generalized random quasi- 
variational inequalities for randomly pseudo-monotone operators on para compact convex 

sets. 

Theorem 3.1. Let (Q, E) a measurable space, E a locally convex Hausdorff topolog- 
ical vector space, X a nonempty paracompact convex and bounded subset of E and 
h : fi x E — > R be convex such that h(X) is bounded. Let S : fi x X — > 2 X be randomly 
upper semicontinuous such that each S(ui,x(ui)), for each fixed ui G fi, is compact convex 
and T : fi x X — > 2 E * the randomly /i-pseudo-monotone and randomly upper semicon- 
tinuous from Co(A) to the weak*-topology on E*, for each A G T(X) such that for fixed 
ui G Q, each T(cj,:r(a;)) a weak*-compact convex on T(X) is randomly bounded. Suppose 
that the set 

A = {uj G Q, y{ui) G X : sup [ inf Re(wj, y(w) — x(ui)) 

x(uj)eS(uj,y(uj)) weT(cv,y(cv)) 
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+h(u),y(u))) — h(u),x(u)))] > 0} 

is open in X. Suppose further that there exists a nonempty compact subset K of X and 
a random point xq(lo) € X such that xq(lo) G iffl S(u, y(u))) and 

inf Re(w,y(u)) — xo(u))) + h(u),y(u))) — h(u),xo(u))) > 0, for all y € X\K, 

weT(LO,y(Lo)) 

for each fixed u <G fi. Then there exists a measurable map y : £1 — > AT such that 

(i) y(td) e £(a;, y(cj)) and 
(ii) there exists w) € T(w,y(w)) with 

Re (it), y(w) — x(u))) < h(u),x(u))) — h(u),y(u))), for all x E S(u),y(u))) 

and for each fixed u € fi. 

Proof. We divide the proof into two steps: 

Step 1. There exists a measurable map y : — > X such that y(w) <G S(a;, y(cj)) and for 
each fixed u e fi, 

sup [ inf Re(itJ, y(w) — x(w)) + h(u, y{oo)) — h(u),x(u)))] < 0. 

x(uj)eS(uj,y(u)) weT(uj,y(uj)) 

Suppose the contrary, for each fixed u € Q and y(w) € X, either y(u) £ S(u),y(w)) 
or there exists x(co) <G 5(tJ, y(w)) such that 

inf Re(if, y(u) — x(u)) + h(u, y(u))) — h(u, x(u)) > 0, 

weT(uj,y(uj)) 

i.e., y(w) ^ 5(tJ, y(w)) or y(w) e A If y(w) ^ 5(o;, y(w)), then by Hahn-Banach separa- 
tion theorem, there exists p E E* such that 

Re{p,y(uj)) — sup Re(p,x(uj)) > 0. 

x(w)eS(uj,y(uj)) 

For each fixed u E fi, y(w) G X, set 
7(y(w)) = sup | inf Re(iD, y(cj) — x(w)) + h(u, y{oo)) — h(u),x(u)))]. 

x(ui)eS(ui,y(uj)) weT(u),y(u))) 

Let Vq = {u E Q, y(u) E X | 7(1/(0;)) > 0} = .4. and for each p E £"", set 
14, = {w e fi, y(w) € X : Re(p, y(w)) — sup (p,x(uj)) > 0}. 

z(cj)eS(cj,2/(cj)) 

Then X = V U |J V^. Since each V^ is open in X by Lemma 1 in [21] and V is 
pes* 
open in X by hypothesis, then {V ,V^ : p E £'*} is an open covering of X. Since X is 
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paracompact, there is a continuous partition of unity {/5 , j3 p : p G E*} for X subordinated 
to the open cover {V , ^pG^*}. For each A G ^"(-X"), /i is a randomly continuous on 
Co(A), see [19, p.83]. 

Define <j> : Q x X x X -» R by 
0(w, ic(tj), y(w)) = /5o(w, 2/(w))[ min Re (to, y(w) — a;(w)) + h(u, y(u))) — h(u, x(u))] 

weT(ui,y(ui)) 

pes* 
for each x(u), y(ui) G X and for fixed w G Q. 
Then we have 

(1) The same argument in proving (1) in the proof of Theorem 2.1, shows that for 
each A G J-{X) and for each fixed x(u) G Co(A), the random mapping y(u) — > 
())(u),x(u)),y(u))), for fixed u G fi, is lower semicontinuous on Co(A). 

(2) The same argument in proving (2) in the proof of Theorem 2.1, shows that for fixed 
co eQ and for each A G T(X), y(u) G Co(A), 

min (f>(u),x(u)),y(u))) < 0. 

(3) Suppose A G ^"(X), for fixed u G fi, a;(w), y(w) G ^(.A), {y a (w)} a er is a random 
net in X converging to y(u) with 

(f)(u), tx(co) + (1 - t)y(co), y a (u)) < for all a G F and £ G [0, 1]. 

Case 1. /3 (u,y((jj)) = 0. Note that (3 (cu,y a (cu)) > for each a G T and /3 (w,y a (w)) — > 
0. Since T(X) is randomly strong bounded and {y a (uj)} a er a randomly bounded net, it 
follows that 

limsup[/5o(w, y a (u))){ min Re(w,y a (u)) — x(u)) + h(u, y a {u))) — h(u),x(u)))}] = 0. 

a weT(u),y a (u))) 

(3.1) 
Also 

Po(u},y(u}))[ min Re(w,y(uj) — x(u)) + h(u,y(uj)) — h(u,x(u))] = 0. 

weT(u),y(u))) 

Thus 

limsup[/5o(w, y a (w)){ min Re(wj, y a {oS) — x(u)) + h(u),y a (u))) — h(u),x(u)))] 

a ' weT(u,y a (u})) 



+ Yl A»( w > 2/M) Re (p> s/M - ^M) 

pes* 
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= Yl Pp( u > y( u )) Re (Pi y( u ) - x ( u )) ( b y (3- 1 )) 

peE* 
= Po(u,y(u))[ min Re(w,y(u) — x(u)) + h(u,y(uj)) — h(u,x(uj))] 

weT(ui,y(ui)) 

+ ^2 p p (u, y(uj))Re(p, y(co) - x(co)). (3.2) 

peE* 

For t = 1, we have (f>(u,x(uj),y a (uj)) < 0, for all a ET, i.e., 
Po(w,y a (w))[ min Re{w,y a (u))- x(u))) + h(u),y a (u)))- h(u),x(u)))} 

weT(uj,y a (uj)) 

+ y^ P p (cu,y a (cu))Re{p,y a (cu) — x(co)) < 0, for all aeT. (3.3) 

P eE* 

Therefore 

limsup[/5 (w, y a (uj)){ min Re(wj, y Q (td) — x(u)) + h(u, y a {u)) — h(u),x(u)))}] 

a " weT(iv,y a (u})) 



+ liminf[V (3 p (cu, y a (uj))Re(p, y a (uj) - x(co))} 

rv ■ * 



a 

peE' 

< limsup[/5o(w, y a (uj)){ min Re(w, y a {u)) — x(u)) + h(u, y a {u))) — h(u),x(u)))} 

a ' " wET(uj,y a (u})) 

+ Y /3 p (uj,y a (uj))Re{p,y a (uj)-x(uj))} < by (3.3). 
P eE* 

Thus 

limswp[/3o(u),y a (u))( min Re(wj, y a (u)) — x(u)) + h(u),y a (u))) + h(u),x(u))))] 

a ' weT(ui,y a (ui)) 

+ J2/3 p (cu J y(cu))Re{p J y(cu)-x(cu)) < 0. (3.4) 

peE* 

Hence by (3.2) and (3.4), we have 

())(u),x(u)),y(u))) < 0. 

Case 2. (3 (cu,y(cu)) > 0. Since (3 (cu,y a (cu)) — > (3 (cu,y(cu)), there exists A <G T such that 
/5o(w, y Q (w)) > for all a > A and for each fixed u <G fi. Then for £ = 0, we have 

</>(cj, y(cj),y a (a;)) < 0, for all aeT, i.e., 

A)(w,3/ a (w))[ min Re{w,y a (cu)-y(cu)) + h(cu,y a (cu))- h(cu,y(cu))} 

weT(oj,y a (oj)) 

+ ^2 p p (u, y a (uj))Re(p, y a (uj) - y(co)) < 
peE* 
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for all a <G T and for each fixed co E Q. Thus 

limsup[p (u), y a (u))){ min Re(w, y a (cu) - y(u)) + h(u, y a {co)) - h(u, y(u)) 

a weT(aj,y a (uj)) 

+ ^ (3 p (cu,y a (cu))Re{p,y a (cu)-y(cu))} < 0. (3.5) 

peE* 

Hence 

\imsup[Po(co, y a (co)){ min Re{w,y a (co) - y(co)) + h(co,y a (co)) - h(co,y(co))}} 

a weT(oj,y a {oj)) 



+ liminf[V] $,(w,y a (w))Re(p,y a (w) - y(w))] 



a 

peE~ 
< \imsup[p (u,y a (u)){ min Re{w, y a (uj) - y(u)) + h(u, y a (u)) - h(u, y(u)) 

a weT(ui,y a (uj)) 

+ ^2 /3 p (uj,y a (uj))Re(p,y a (uj)-y(uj))} < 0, by (3.5). 
peE* 

Since 

liminf[ V (3 p (cu,y a (cu))Re{p,y a (cu) - y(u))] = 0, 

rv ■ * 



a 

peE* 



we have 



limsup[/3 (w,2/ Q (w)){ min Re(wj, y a (w) - y(w)) + /i(w, y a (u)) - h(u,y(uj))}} < 0. 

a weT(uj,y a (u)) 

(3.6) 
Since /3 (cj, y a (u))) > 0, for all a > X. It follows that 

/5 (w,?/(w))limsup[ min Re{w,y a (co)-y(u)))+h(u),y a (u)))-h(u),y(io))} 

a weT(uj,y a (uj)) 

= \imsup[Po(u,y a (u)){ min Re{w,y a (cu)-y(cu)) + h(cu,y a (cu))-h(cu,y(cu))}}. (3.7) 

a weT(uj,y a (oj)) 

Since /3o(u,y(u)) > 0, by (3.6) and (3.7), we have 
limsup[ min Re(w, y a {u)— y(u)))+h(u), y a {u)) — h(u, y(w))] < 0. 

a weT(uj,y a (u))) 

Since T is randomly /i-pseudomonotone, we have 

liminf[ min Re(w, y a (uj) — x(u)) + h(u, y a (u))) — h(u),x(u)))] 

a weT(uj,y a (u))) 

> min Re(w,y(u)) — x(ui)) + h(u),y(u))) — h(u),x(u))). 

weT(ui,y(ui)) 

Since j3 (u),y(u))) > 0, we have 
(3 (u),y(u)))[\immf{ min Re(w,y a (u))—x(u)))+h(u),y a (u)))—h(u),x(u)))] 

« weT(uj,y a (uj)) 
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> j3 (u),y(w))[ min Re(w, y(uj) — x(u)) + h(u, y(u))) — h(u),x(u)))]. 

weT(u),y(u))) 

Thus, 
(3o(u),y(u)))[\immf{ min Re(w, y a {u)— x(u)))+h(u), y a {u))— h(u),x(u)))}] 

« weT(uj,y a (u))) 

peE* 

> j3o(u),y(u)))[ min Re(w,y(u) — x(u)) + h(u,y(uj)) — h(u,x(uj))] 

weT(uj,y(uj)) ' " ' " ' " 

+ ^2 p p (u, y(uj))Re(p, y(co) - x(co)). (3.8) 

peE* 

For t = 0, we also have 

<))(l),x(l)), y a {u)) < 0, for all a € T, and w € fi, i.e., 
/3 (w,|/ Q (w))[ min Re(wj,y a (o;) - a; (a;)) + h(u, y a (u)) - h(cu,x(cu))} 

weT(uj,y a (uj)) 

+ ^2 /3 p (uj,y a (uj))Re{p,y a (uj) - x(u)) < 0, 
P eE* 

for all a <G T, and for each fixed w <G fi. Therefore 

> liminf[/3o(cj, y a (u)){ min Re(wj, y a (cj)— x(cj))+/i(w, y a (u)) — h(u),x(u)))} 

« ' ' w eT(u,y a (lj)) 

+ ^2 /5 P (w,?/ Q (w))Re(p,|/ Q (w) -z(td))] 
P eE* 

> limmf[(3 (u),y a (u))){ min Re(wj, y a {u)) — x(u)) + h(u),y a (u))) — h(u),x(u)))}] 

a weT(uj,y a (u))) 



+ liminf[V' p p (u, y a (w))Re(p, y a (u) - x(u))] 



a 

peE- 
= Po(co, y(cj))[liminf{ min Re(wj, y a (u)) — x(u)) + h(u, y a {u)) — h(u),x(u)))}] 

a weT(uj,y a (u))) 

+ ^2 A>( w > ?/( w )) Re (P 5 ?/( W ) ~ x{u))). (3.9) 

pes* 

Consequently, by (3.8) and (3.9), we have 

c/)(u),x(u)),y(u))) < 0. 

Now, the remaining part of the proof of step 1 is similar to the proof in step 1 of 
Theorem 2.1. 
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Step 2. There exists w <G T(co,y(co)) such that for each u <G fi, 

Re(w), y(w) — a;(tj)) + /j(cj, y(w)) — h(u),x(u))) < 0, for all x(lo) € 5(tJ, y(w)). 

Also the same proof in step 2 of Theorem 2.1, shows that there exists w <G T(w, y(w)) 
such that 

Re(w), y(co) — x(u)) + h(u, y{oo)) — h(u),x(u))) < 0, 

for all x(oj) e 5(o;,y(a;)), and for each fixed u e fi. Hence result is completed. 
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Abstract 

In this paper, we introduce the concepts of uniform continuity, M- 
uniform continuity, equinormality and Lebesgue property in intuition- 
istic fuzzy metric spaces. We show that every continuous function 
on a compact intuitionistic fuzzy metric space is uniformly continuous. 
Thereafter, we prove every real valued continuous function is uniformly 
continuous in intuitionistic fuzzy metric spaces. 

Key Words. Intuitionistic fuzzy metric space, uniformly continuous 
function, equinormal intuitionistic fuzzy metric, Lebesgue intuitionistic 
fuzzy metric. 

M.S.C. (2000). 54A40, 54E35, 54E40 

1. INTRODUCTION 

Since the introduction of the concept of fuzzy set by Zadeh [19] in 
1965, many authors have introduced the concept of fuzzy metric space 
in different ways [3, 4, 6, 9, 10, 13, 14]. George and Veeramani [6, 8] 
modified the concept of fuzzy metric space introduced by Kramosil and 
Michalek [14] and defined a Hausdorff topology on this fuzzy metric 
space. They also showed that every metric induces a fuzzy metric. 
Gregori et al. [11] gave with the help of appropriate fuzzy notions 
of equinormality and Lebesgue property, several characterizations of 
those fuzzy metric spaces, in the sense of George and Veeramani [6, 8], 
for which every real valued continuous function is uniformly continuous 
was obtained. 

Park [16] using the idea of intuitionistic fuzzy sets, defined the no- 
tion of intuitionistic fuzzy metric spaces with the help of continuous 
t-norm and continuous t-conorm as a generalization of fuzzy metric 
space due to George and Veeramani. Alaca et al. [1] defined the com- 
pletions of intuitionistic fuzzy metric spaces. A complete intuitionistic 
fuzzy metric space Y is said to be an intuitionistic fuzzy completion 
of a given intuitionistic fuzzy metric space X if X is isometric to a 
dense subspace of Y. They gave an example of an intuitionistic fuzzy 
metric space that does not admit any intuitionistic fuzzy metric com- 
pletion. However, they proved that every standard intuitionistic fuzzy 
metric space has an (up to isometry) unique intuitionistic fuzzy metric 
completion. They also showed that for each intuitionistic fuzzy metric 
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space there is an (up to uniform isomorphism) unique complete intu- 
itionistic fuzzy metric space that contains a dense subspace uniformly 
isomorphic to it. Many authors studied the concept of intuitionistic 
fuzzy metric space and its applications [12, 17 ]. 

The purpose of this paper is to introduce the concepts of uniform 
continuity, M-uniform continuity, equinormality and Lebesgue property 
in intuitionistic fuzzy metric spaces. We show that every continuous 
function on a compact intuitionistic fuzzy metric space is uniformly 
continuous. Thereafter, we prove every real valued continuous function 
is uniformly continuous in intuitionistic fuzzy metric spaces. Also we 
give some relationships between equinormality and Lebesgue property 
in intuitionistic fuzzy metric spaces. 

2. ON INTUITIONISTIC FUZZY METRIC SPACES 

Definition 1 ([18]). A binary operation * : [0,1] x [0,1] — > [0,1] is 
continuous t-norm if * is satisfying the following conditions: (i) * is 
commutative and associative; (ii) * is continuous; (Hi) a * 1 = a for 
all a G [0, 1]; (iv) a * b < c * d whenever a < c and b < d, and 
a, b,c,d<E [0, 1]. 

Definition 2 ([18]). A binary operation : [0,1] x [0,1] — > [0,1] is 
continuous t-conorm if is satisfying the following conditions: (i) 
is commutative and associative; (ii) is continuous; (Hi) a()0 = a 
for all a G [0,1]; (iv) a()b < c()d whenever a < c and b < d, and 
a, b,c,d<E [0, 1]. 

Definition 3 ([16]). A 5-tuple (X, M, N, *, 0) is said to be an intu- 
itionistic fuzzy metric space if X is an arbitrary set, * is a continu- 
ous t-norm, is a continuous t-conorm and M, N are fuzzy sets on 
X 2 x (0, oo) satisfying the following conditions: for all x, y, z G X , s, 
t > 0, 

(IFM-1) M(x, y, t) + N(x, y, t) < 1; 

(IFM-2) M(x,y,t) > 0; 

(IFM-3) M(x, y, t) = 1 if and only if x = y; 

(IFM-4) M(x,y,t)=M(y,x,t); ' 

(IFM-5) M(x, y, t) * M(y, z, s) < M(x, z,t + s) ; 

(IFM-6) M(x,y, .) : (0, oo) -»■ [0, 1] is continuous; 

(IFM-7) N(x,y,t) > 0; 

(IFM-8) N(x, y, t) = if and only if x = y; 

(IFM-9) N(x,y,t) = N(y,x,t); 
(IFM-10) N(x, y, t)0N(y, z, s) > N(x, z,t + s); 
(IFM-11) N(x,y, .) : (0, oo) -»■ [0, 1] is continuous. 

Then (M, N) is called an intuitionistic fuzzy metric on X. The 
functions M(x, y, t) and N(x, y, t) denote the degree of nearness and the 
degree of non-nearness between x and y with respect to t, respectively. 
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Remark 1. Every fuzzy metric space (X, M, *) is an intuitionistic 
fuzzy metric space of the form (X, M, 1 — M, *, 0) such that t-norm 
* and t-conorm are associated [15], i.e., x()y = 1 — ((1 — x)*(l — y)) 
for any ijG [0, 1]. 

Remark 2. In intuitionistic fuzzy metric space X, M(x,y, .) is non- 
decreasing and N(x, y, .) is non-increasing for all x,y G X . 

Example 1. Let (X, d) be a metric space. Denote a * b = ab and 
a()b = min{l, a + b] for all a,b G [0, 1] and let Md and Nd be fuzzy sets 
on X 2 x (0, oo) defined as follows: 

> , / x ht n - T , . md(x,y) 

M d(^y,t) = T7iT, m ,,N d (x,y,t)- 



ht n + md(x, y) ' " ' ht n + md(x, y) 

for all h,m,n G M + . Then (X,Md,Nd,*,()) is an intuitionistic fuzzy 
metric space. 

Remark 3. Note the above example holds even with the t-norm a*b = 
min{o, b} and the t-conorm a()b = max{a, 6} and hence (M, N) is an 
intuitionistic fuzzy metric with respect to any continuous t-norm and 
continuous t-conorm. In the above example by taking h — m — n—1, 
we get 

M d(x, V, t) = r-4 v N d (x, y, t) <H ' r ' !j) 



t + d(x,y)' ' ' t + d(x,y) 

We call this intuitionistic fuzzy metric induced by a metric d the stan- 
dard intuitionistic fuzzy metric. 

Example 2. Let X = N\{0}. Define a * b = max{0, a + b — 1} and 
a()b = a + b — ab for all a,b G [0, 1] and let M and N be fuzzy sets on 
X 2 x (0, oo) as follows: 



X 



i if x < y, , w . f — - if x < y, 

"<*•»•'> = if ii ' y <l:> N ^ = {-A J v il 

for all x,y G X and t > 0. Then (X,M,N,*,()) is an intuitionistic 
fuzzy metric space. 

Remark 4. Note that, in the above example, t-norm * and t-conorm 
are not associated. And there exists no metric d on X satisfying 

M(x,y,t) = —4 ?,N(x,y,t)- ^ ' y) 



t + d(x, y) ' t + d(x, y) 

where M(x,y,t) and N(x,y,t) are as defined in above example. Also 
note the above functions (M, N) is not an intuitionistic fuzzy metric 
with the t-norm and t-conorm defined as a * b = min{a, 6} and a()b = 
max{a, b}. 
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Definition 4 ([6]). Let (X,M,*) be a fuzzy metric space and let r G 
(0,1), t > and x e X. The set B M {x, r,t) = {y G X : M(x, y, t) > 
1 — r} is called the open ball with center x and radius r with respect to 
t. 

Definition 5 ([16]). Let (X, M, N, *, 0) be an intuitionistic fuzzy met- 
ric space and let r G (0, 1), t > and x G X. The set B(m,n)(x, r , t) = 
{y G X : M(x, y, t) > 1 — r, N(x, y, t) < r} is called the open ball with 
center x and radius r with respect to t. 

Theorem 1 ([16]). Every open ball B( M>N )(x,r,t) is an open set. 

Remark 5. Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space. 
Define T(m,n) = {A C X -.for each x G A, there exist t > 0, r G (0, 1) 
such that B( MtN )(x,r,t) C A}. Then T(m,n) is a topology on X. 

Lemma 1 ([17]). Let (X,M,N,*,(>) be an intuitionistic fuzzy metric 
space. Then (X,T(m,n)) is a metrizable topological space. 

It was proved Lemma 1 for each n6N and 

U n = \(x,y) eXxX: M(x,y, -) > 1 - -, N(x,y, -) < - 
[ n n n n 

{U n : n G N} is a base for uniformity U(m,n) ° n X whose induced 
topology coincides with T(m,n)- 

Let us recall that a uniformity f/ona set X has the Lebesgue prop- 
erty provided that for each open cover G of X there is U G U such that 
{U(x) : x G X} refines G, and U is said to be equinormal if for each 
pair of disjoint nonempty closed subsets A and B of X there is U G U 
such that U(A) D B — 0. A metric d on X has the Lebesgue prop- 
erty provided that the uniformity Ud, induced by d, has the Lebesgue 
property and d is equinormal provided that Ud so is (see, for instance, 

[5])- 

In this paper K and N will denote the set of real numbers and positive 
integer numbers, respectively. 

3. MAIN RESULTS 

Gregori et al. [11] gave with the help of appropriate fuzzy notions 
of equinormality and Lebesgue property, several characterizations of 
those fuzzy metric spaces, in the sense of George and Veeramani [6, 8], 
for which every real valued continuous function is uniformly continuous 
were obtained. Now, we give fundamental definitions in intuitionistic 
fuzzy metric spaces as follows: 

Definition 6. A mapping f from an intuitionistic fuzzy metric space 
(X, M, N, *, 0) to an intuitionistic fuzzy metric space (Y, M', N', *', 0') 
is called uniformly continuous if for each e G (0,1) and each t > 0, 
there exist r G (0, 1) and s > such that M'(f(x), f(y),t) > 1 — e and 
N'(f(x), f(y),t) < e whenever M(x, y, s) > 1 — r and N(x, y, s) < r. 
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In this paper by a compact intuitionistic fuzzy metric space we 
mean an intuitionistic fuzzy metric space (X, M, N, *, 0) such that 
(X,T(m,n)) is a compact topological space. 

Remark 6. Every uniformly continuous mapping from the intuitionis- 
tic fuzzy metric space (X, M, N, *, 0) to the intuitionistic fuzzy metric 
space (Y, M', N', *', ()') is continuous from (X,T(m,n)) to (Y,T(m',n'))- 

Now, we define M-uniform continuity in intuitionistic fuzzy metric 
spaces. 

Definition 7. A real valued function f on the intuitionistic fuzzy met- 
ric space (X,M,N,*,()) is ^-uniformly continuous provided that for 
each e > there exist r G (0, 1) and s > such that \f(x) — f(y)\ < s 
whenever M(x, y, s) > 1 — r and N(x, y, s) < r. 

Theorem 2. Let f be a continuous mapping from the compact intu- 
itionistic fuzzy metric space (X, M, N,*,()) to the intuitionistic fuzzy 
metric space (Y, M', N', *', ()'). Then f is uniformly continuous. 

Proof We put e G (0, 1) and t > 0, then there exists 5 > such that 
(1 - 5) *' (1 - 5) > (1 - e) and 5 ()'5 < e, by the continuity of *'and <>'■ 
So, for each x G X there exist r x , r' x G (0, 1) and s x > such that 

/ (B( M ,N)(x,r' x ,s x )) C B {M , }NI) (f(x),5,t/2) 

and (1 — r x ) * (1 — r x ) > (1 — r' x ) and r x ()r x < r' x . Now, there exists 
a finite subset A of X such that X = U xe AB(M,N)(x,r x ,s x /2). Put 
r = min{r x : x G A} and s = max{s z /2 : a; G A}. It is routine to 
show that M'(f(x), f(y),t) > 1— e and N'(f(x), f(y),t) < e whenever 
M(x,y,s) > 1 — r and N(x,y,s) < r. So / is uniformly continuous. 
This completes the proof. □ 

Now, we define equinormality in intuitionistic fuzzy metric spaces. 

Definition 8. An intuitionistic fuzzy metric (M, N) on a set X is 
called equinormal if for each pair of disjoint nonempty closed subsets 
A and B of (X,T(m,n)) there is s > such that sup{M(a, b, s) : a G 
A, b G B} < 1 and inf {JV(a, b,s) : a e A,b e B} > 0. 

Now, we define Lebesgue property in intuitionistic fuzzy metric spaces. 

Definition 9. An intuitionistic fuzzy metric (M, N) on a set X has 
the Lebesgue property if for each open cover G of (X, T(m,n)) there exist 
r G (0, 1) and s > such that {B(m,n)(x, r,s) : x E X} refines G. 

Remark 7. Notice that if (X, d) is a metric space, then the intuition- 
istic fuzzy metric (M d , N d ) has the Lebesgue property (resp. is equinor- 
mal) if and only if d has the Lebesgue property (resp. is equinormal). 

Theorem 3. Let (X, M, N, *, 0) and (Y, M' , N', *', <>') are intuitionis- 
tic fuzzy metric spaces. Then, following are equivalent: 
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(i) For each intuitionistic fuzzy metric space (Y, M', N', *', ()')anj 
continuous mapping from (X, T(m,jv)) to (Y,T(m',n')) is uni- 
formly continuous as a mapping from (X, M, N, *, 0) to (Y, M', N', *', 0') 

(ii) Every real valued continuous function on (X, T(m,n)) is M- uniformly 
continuous on (X, M, N, *, <>)• 

(iii) Every real valued continuous function on (X,T(m,n)) is uni- 
formly continuous on (X,U(m,n))- 

(iv) (M, N) is an equinormal intuitionistic fuzzy metric on X. 

(v) U(m,n) is an equinormal uniformity on X. 

(vi) The uniformity U(m,n) has the Lebesgue property. 
(vii) The intuitionistic fuzzy metric (M, N) has the Lebesgue prop- 
erty. 

Proof, (i) =>- (ii). Let / be a real valued continuous function on (X, T(m,n)) 
and e > 0. We may assume without loss of generality that e G (0, 1). 
Choose fieN such that 1 — e > -. By assumption / is uniformly con- 
tinuous as a mapping from (X, M, N, *, 0) to (R, Ma, Nd, *', ()'), where 
(Md, Nd) is the Euclidean intuitionistic fuzzy metric on R. Hence, there 
exist r G (0, 1) and s > such that 



i + l/W-/WI i + l/W-/WI 

whenever M(x, y,s) > 1 — r and N(x, y, s) < r. An easy computa- 
tion shows that \f(x) — f(y)\ < £ whenever M(x,y,s) > 1 — r and 
N(x,y,s) < r. We conclude that / is IR-uniformly continuous on 
(X,M,N,*,0). 

(ii) =^- (iii) Let / a real valued continuous function on (X,T(m,n)) 
and e > 0. By assumption, there exist r G (0, 1) and s > such that 
|/(x) — /(y)| < £ whenever M(x,y, s) > 1 — r and N(x,y, s) < r. Take 
n G N such that - < min{r, s}. Then for all x, y G X such that (x, y) G 
C/„, we obtain by Remark 2, 

M(x, y, s) > Mix, y,-)>l > 1 - r 

n n 



and 



N(x, y, s) < N(x, y, -) < - < r, 

n n 



so \f(x) — f(y)\ < £■ We conclude that / is uniformly continuous on 

(X, U(M,N))- 

(iii) =^ (iv). Let A and B be two disjoint nonempty closed subsets 
of (X,T(m,n))- There exists a continuous function / : X — > [0, 1] 
such that f(A) C {0} and /(-B) C {1}. Since by assumption / is 
uniformly continuous on (X,U(m,n)), for £ = 1 there is n G N such 
that \f(x) — f(y)\ < 1 whenever M(x,y, -) > 1 — - and N(x,y, -) < -. 
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Hence 



M(a, b, -) < 1 - - and N(a, b, -) > - 

n n n n 



for all a G A and b £ B. We conclude that (M, X) is equinormal 
intuitionistic fuzzy metric on X. 

(iv) =^ (v). Let A and B be two disjoint nonempty closed subsets of 
(X, T(m,at))- By assumption, there exist r G (0, 1) and s > such that 

sup{M(a, 6,s):ae4,kB} = l-r 

and 

inf {X(a, b,s) :ae A,be B} = r. 

Put 

[/ = {(.x, y) G X x X : M(x, y, s) > 1 - r, X(z, y, s) < s} . 

Then U G U(m,n) and ^(A) fl i? = 0. Hence U(m,n) is an equinormal 
uniformity on X. 

(v) =>- (vi). Its clear from [2] Theorem 2.3.1. 

(vi) =>- (vii). Let G be an open cover of X. From our assumption 
it follows that there is an n G N such that {B^m^^x, -,-) '■ x *= -^} 
refines G. Hence (M, X) is a Lebesgue intuitionistic fuzzy metric on X. 

(vii) =>- (i). Let (Y, M', N', *', (/) an intuitionistic fuzzy metric space 
and / a continuous mapping from (X, T(m,n)) to (Y,T(m',n'))- Fix 
e G (0, 1) and t > 0. There is 5 > such that (1 - 5) *' (1 - 5) > 
1 — e and #0'5 < £. Since / is continuous, for each x G X there is 
an open neighborhood V x of x such that /(\4) C B(M',N>)(f(x),o~, §)• 
By assumption there exist r = r(t,e) G (0,1) and s > such that 
{B(M,N)(x,r, s) : x G X} refines {V x : x G X}. 

Now if M(x, y, s) > 1— r and N(x,y, s) < s we havey G B^M,N)(x,r, s), 
sox,y G V z for some z G X. Hence, /(x) and /(y) are in B^ M i >N ^(f(z), 5, |} 
Thus, 



M'(/(x), /(y), t) > M'(/(x), /(*), |) *' M*(/(*), /(y), |) > 1 



and 



N'(f(x), f(y),t) < N'(f(x), f(z), 1)0' N'(f(z), /(y), \) < e. 



Then / is uniformly continuous from (X, M, N, *, 0) to (Y, M', X', *', </)• 

□ 

It is well known (see, for instance, [2]) that a metrizable topological 
space admits a metric with the Lebesgue property if and only if the set 
of nonisolated points is compact. From this result and the preceding 
theorem we deduce the following corollary. 

Corollary 1. A (intuitionistic fuzzy) metrizable topological space ad- 
mits an intuitionistic fuzzy metric with the Lebesgue property if and 
only if the set of nonisolated points is compact. 
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Remark 8. Given a metrizable topological space X we denote by J 7 N(m,n) 
the supremum of all uniformities U(m,n) induced by all compatible intu- 
itionistic fuzzy metrics for X. It is easy to see that J-N(m,n) is exactly 
the fine uniformity of X. Hence, the classical theorem that if topolog- 
ical space X admits a metric d with the Lebesgue property, then the 
uniformity Ua coincides with the fine uniformity of X , can be refor- 
mulated as follows: If a topological space admits an intuitionistic fuzzy 
metric (M, N) with the Lebesgue property, then the uniformity U(m,n) 
coincides with the uniformity TN^m^n) ■ 

We conclude the paper with an example which illustrates the ob- 
tained results. 

Example 3. Let X be the et of natural numbers and let * is a con- 
tinuous t-norm, is a continuous t-conorm defined by a* b = ab and 
a()b = min{l, a + b} for all a,b G [0, 1]. For each x, y G X and t > 
let 

, r . . \ 1 if x — y, , Ar . . f if x = y, 

M(s,y,t) = |jL - ; x _^ y> andN(x,y,t) = l [X _y_ k %f ^^ 

It is easy to check that (X, M, N, *, 0) is an intuitionistic fuzzy met- 
ric space. Note that there is no metric d on X for which (M, N) is 
the intuitionistic fuzzy metric induced by d. For each pair of disjoint 
nonempty subsets of X , A and B, we have 

sup{M(a, b,s) : a e A,b e B} < - and inf {N(a, b,s) : a G A,b G B} > - 

for all t > 0. From this fact it follows that (M,N) is an equinormal 
intuitionistic fuzzy metric on X (so (X, M, N, *, 0) satisfies conditions 
of our theorem), and that the T(m,n) discrete topology on X since for 
each x G X , 

sup{M(a, b,s) : a G A,b G B} < - and inf {N(a, b,s) : a G A,b G B} > - 

and thus B(m,n)(x, |, \) — {%}■ 
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Abstract 

We give a comparison result for solutions of Cauchy-Dirichlet prob- 
lems for parabolic equations by means of Schwarz symmctrization. The 
result takes into account the influence of the zero order term, on which 
any boundedness or sign assumption is assumed. 
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1 Introduction 

Among the a priori estimates for solutions of elliptic boundary value prob- 
lems, a particular role is assumed by those estimates, known as isoperimetric 
inequalities, that show interesting properties of geometric type. Indeed, the 
solution of the starting problem is compared with the solution of a suitable 
symmetric problem which is, in some sense, the "worst" one. 

The pioneristic result in this direction is due to G.Talenti [22]. After- 
wards, this result has been presented in several and different situations: for 
instance, we refer to the papers [3], [3], [6], [8], [E], [23], in which a particu- 
lar emphasis has been reserved to the influence of the lower order terms. We 
restrict ourselves to describe briefly the case involving the zero order term. 
If $7 is an open bounded subset of R , let u G Hq (Q) be the weak solution 
of the equation 

— Au + cu = f 

where c is a nonnegative function. This condition guarantees that the solu- 
tion u is nonnegative if / is nonnegative. Moreover, if f2* is the ball of R 
centered at the origin having the same measure as fi, let v £ Hq{Q^) be the 
weak solution of the symmetrized problem 

— Av + c#v = /*, 

where c#, /* are the increasing spherical rearrangement of c and the de- 
creasing spherical rearrangement of f . Roughly speaking, the functions cj± 
and /* have some nice properties like simmetry, monotonicity and preserve 
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the measures of the level sets of c and / respectively (we refer to section 2 
for their precise definitions). 

Then, it is known (see [3], [6], [8]) that u is dominated by v in the sense 
of rearrangements, i.e. 



ps ps 

u* < v* VsG [0,|O|] 
Jo Jo 



(1.1) 



where u*,v* are the decreasing rearrangements of u and v. Inequality (1.1) 
implies the following property (see [TO] , [8] ) : 



F{\u\)dx< / F{\v\)dx 
a Jn# 



for any, increasing convex function F on M + , such that F (0) = 0. So that 
any Luxemburg norm of u can be estimated by the same norm of v (see 
[TO]). 

In the meantime, an analogous theory has been developed for parabolic 
operators (see for example [3], |Zj, [8], \H\, [TO], [20], [21], [25], [26]). Con- 
sider the problem 

N 

ut— ^ (ay (x, t) Ua-Jj.. +cu = f in Q x (0, T) 



n = 



m (a;, 0) = uq (x) 



on an x (0, T) 



x G 0, 



(1.2) 
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where we assume that the operator is uniformly parabolic, i.e. 



N 



^aij(x,t)tej> ICI 2 a.e. (x,t) e Q x (0,T) , V£eR N , (1.3) 



and 



c(x) > ; 



then, if v is the solution of the " symmetrized" problem 



v t 



Av = f# 



v = 



in 



on 



n# x (o,r) 



dn# x (0,T) 



v(x,o) = u* (x) X e fi # , 



(1.4) 



for all tE [0,T] the following inequality holds 



/ u*(o-,t)dcr< / v* (a, t) da, Vs G [0, | fl|] . 
Jo JO 



(1.5) 



In problem (1.4) and in (1.5), the spherical rearrangement /# and the de- 



creasing rearrangements u* , v* are meant to be calculated with respect to 
x, for t fixed. 

The main difficulty that appears in each of the above mentioned papers 
is linked to the presence of the time derivative term. This last one can 
be treated by two different methods. Following the approach contained 
in a paper of C. Bandle (see [7]), the crucial part consists in proving a 
delicate derivation formula with respect to the time variable for functions 
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defined by integrals. In [7], such a formula is proved under strong regularity 
assumptions on the solutions. These hypotheses have been removed later 
in a paper of Mossino-Rakotoson (see [20), where the formula is proved for 
fuctions u £ H 1 (0, T; I? (O)) by using the notion of relative rearrangement. 
Some generalizations of this result have been obtained in [5] or [16] , where 
a formula concerning the second derivatives is also given. 

Another approach uses the implicit time discretization scheme. In this 
way we replace the time derivative with a difference quotient, and by using 
a partition of the time interval [0, T] of the form = to < t± < . . . < t n = T, 
we are reduced to apply the above quoted comparison result to a sequence 
of elliptic problems with zero order term of the form 

- (4° (*) «£?) + ( c + r^r-) u{k) = f{k) + r^- 

\ / Xj ■ \ tk — tk-lj tk — tk-1 

u^ G Hi (O) , 

for k = 1, . . . ,n, where u^- k > = u (x, t^) and f^ k \ a\- are suitable discretiza- 
tion of the functions / = / (x,t), a,ij = a,ij (x, t). Then we reach the aim by 
passing to limit (see [3], [21], |25j). This method is described in more details 
in remark 2. 

In all the results for parabolic operators mentioned above, the influence 
of the zero order term cu is always neglected, since this term is essentially 



omitted in (1.4) by using the sign condition c(x) > 0. Our aim is to find a 



comparison result of the type (1.5), between the solution u of the problem 



(1.2) and the solution v of a spherically symmetric problem which keeps in 
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mind the zero order term. The candidate problem is the following 



v t - Av + c # v = f* in 9* x (0, T) 



< v = 



# 



k v (x, 0) = u% (x) 



on dn# x (0, T) 



g n#, 



where 



c# = (c + ) # -(c-) # 



(1.6) 



# 



c + and c~ being the positive and the negative part of c and (c + ) # , (c - ) 
respectively their increasing and decreasing spherical rearrangements. 

We consider weak solutions of the problem ( |1.2[ ): namely we deal with 
functions u G L 2 (0, T; H% (O)) n C ([0, T] ; L 2 (O)) such that 



du , o 



5i 



ei'fSlx (0,T)) 



and 



/ — - -ipdx + / aijU Xi (p Xj dx + / cwpdx = / /</?dx, 
in c^ in in in 



(1.7) 



u(0) = u , 

for all (p G ifg (O) and for a.e. i G [0, T] . The existence of such a solution is 
guaranteed under suitable assumptions on the data. 
The result is the following: 
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Theorem 1. Let Q be a bounded open subset ofM., assume that the coef- 



ficients aij £ L°° (O x (0,T)) satisfy (1.3) and suppose 



c £ L r (O) with r > N/2 if N > 2, r > 1 if N = 1, 
/ £ L 2 (S7 x (0,T)) and no £ -^ 2 (^)- Let u and v be the weak solutions of 



problems (1.2) and \l.(fy respectively, then for all t £ [0,T] , (1.5) holds. 



In section 2 we prove inequality (1.5) by assuming that c is bounded 



from below. Obviously, this assumption allows us to reduce the study to 
the case c > 0. In fact, if c(x) > A for a.e. x £ fi, the function e xt u is 
the solution of a problem of type ( |1.2[ ) in which the zero order coefficient is 
(c — A). This situation was already studied in [26. We give a simpler proof 
that avoids to proceed by means of the approximation used in j^B] • 

In section 3 we deal with the more general case, in which c is not bounded 
from below. The motivation of this study, besides its intrinsic interest, is 
also connected to some recent results obtained by various authors (see J9], 
|12j , [T7] ) , related to the existence of solutions of parabolic equations where 
the coefficient c has a singularity of the type 



t \ X 

\x\ 



This situation can be classified as a limit case, in the sense that c(x) ^ 
L N > 2 (N > 3), but belongs to the Lorentz space L (N/2, oo) . Moreover the 
operator —An — I A/ \x\ J u is coercive if and only if A < Xn '■= (N — 2) /4, 
where Atv is the best constant in the classical Hardy inequality; it is positive 
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when A = An '■ hence, the standard existence and regularity theories do not 
apply in this case. We will discuss this limit case in a forthcoming paper. 

2 Proof of Theorem 1: the case c{x) > A 

Before going into a detailed proof of Theorem 1, we begin this section by re- 
calling some definitions that are useful in the following. Let fibea bounded 
open subset of R and u be a real measurable function on S7, we define the 
distribution function fj, u of u as 

Mu (0) = |{x G fi: |w(s)| >6}\ , 0>O, 

the decreasing and the increasing rearrangement of u as 

u* (s) = sup {9 > : fi u ((9) > s} , s € (0, |fi|) , 
u*(s) =«*(|n| -s) , se (0, |0|) . 

Furthermore, if u^ is the measure of the unit ball in R and O* is the ball 
of R^ centered at the origin having the same measure as O, the functions 

vF (x) = u*{lon \x\ ) , x G fi*, 

u# (x) = u*(u>n \x\ ) , x e n*, 

are respectively the decreasing spherical rearrangement and the increasing 
spherical rearrangement of u. Here we just quote the well known Hardy- 
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Littlewood inequality (see [E]): if u, v are measurable functions on Q,, then 

|ft| f r \n\ 

u*(s)v*(s)ds< 1 \u{x)v{x)\dx< u* (s) v* (s) ds . (2.1) 

o Jn Jo 

As we pointed out in the introduction, our aim is to obtain a comparison 



result for problems of the type (1.2). For this reason, in the following we 
will consider real functions u defined on the set Q X (0, T) , where T is a real 
positive number, that are measurable with respect to the space variable x 
and denote by [i u (9, t), u* (s, t) , u* (s, t) , u# (x, t) , u# (x, t) the distribution 
function and the rearrangements of u (x, t), with respect to x for t fixed. In 
other words, it* (x,t) is the Steiner symmetrization of u(x,t) with respect 
to the line x = 0. 



As in [7], [26], problem (1.2) can be dealt by using a classic method 



introduced by Talenti in [22J. This method consists in choosing a suitable 



test function in (1.7), and it leads to the study of derivation formulas with 



respect to the variable t of integrals of the type 

/ u(x,t)dx. 

J u(x,t)>u* (s,t) 

Such formula, obtained in [7j for regular functions (see also [5] and |16j). 

allows us to say that 



/ —(x,t)dx= / -—-( a ,t)da. (2.2) 

Ju(x,t)>u*(s,t) at JO ot 



In the paper [20 , (2.2) has been obtained for less regular functions. More 



precisely, the following result is proved: 
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Lemma 2. If u is a nonnegative function in H l (0,T; L 2 (0)), then u* 



belongs to H 1 (0,T; L 2 (0, |0|)) and (Qj Zio/ds ?/ \u(x,t) = u* (s,t)\ = 0, 
for a.e. s G (0, |0|) . 

Now we are able to prove Theorem 1 assuming that c is nonnegative. 

In the first part of the proof we follow an approach similar to the one given 
in [26 (see also [3], [8], [20]) and we report it for completeness. It consists in 
deriving an integro-differential inequality for the decreasing rearrangement 
of u. In the second part we get the result by means of a maximum princi- 
ple. This maximum principle does not make use of the method contained in 



[26], that consists in approximating the solution v of problem (1.6) with a 
sequence of solutions of suitable perturbated problems. 



Since we will need that ^ £ L 2 (Qt)i we assume, for instance, the 
additional conditions (see pTj) 



da 



v r- r<o 



eC°(nx[0,T]),i,j = l,...,N 



Ot 
n G Hi (O) . 

Fixed t G [0, T] , h > and 9 > 0, we choose the function 



<Ph (x) = < 



sign (u) 



u 



if \u\>9 + h 



-sign (u) if 9 < \u\ < 8 + h 



otherwise 
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as a test function in (1.7). Letting h go to and using (1.3) we obtain 



0_ 
80 



[ \Vu\ 2 dx< I 
J\u\>8 J\u\>e 



f(x,t) - c(x)u 



du 



sign (u) dx. (2.3) 



The left hand side of (2.3) can be estimated from below using the following 
inequalities 



iv\#V(M M2/iV) 



< 



dfJLy, 

80 



8_ 
80 



\Vu\ dx 



\u\>0 



(2.4) 



which are consequences of the isoperimetric inequality, the Fleming Rishel 
formula and the Schwartz inequality (we refer to [22j for more details). As 
regards to the term involving the derivative of u with respect to t, we notice 
that, since u G ffj((l) for a.e. t, it follows u* £ C(]0, |0|]) (see [20]). 
therefore \u = 9\ =0 and u* (/i u (0, t)) = 0, for a.e. 6, hence by lemma 1 



|u|>0 



du rvnlfit) Q u * 

—— sign (u) dx = ^^ds for a.e. 9 > 0. 

dt Jo dt 



(2.5) 



The remaining terms of (2.3) can be treated by using (2.1 ) in the following 
way: 

— I c (x) u sign (u) dx < — c* (s) u* (s, t) ds , 

J\u\>0 JO /o a \ 

/ (x, t) sign (u) dx < f* (s, t) ds. 

\u\>0 JO 



Collecting (2.4), (2.5) and (2.6), we have 



N^%u(0,t) 2 -^ 



< 



duu 
' 80 



Vu(6,t) 



du* 
f* (s, t) - c* (s) u* (s, t) - — J> ds 
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Making a change of variable (see [20]), we get 

f s du* du* f s 

/ — {a,t)da-p{s) — + c*{a)u*{a,t)da (2.7) 

< f f*(a,t)da fora.e. (s,t) e Q* T := (0,\Q\) x (0,T) , 
Jo 

where p(s) := N 2 u>^ s 2 -( 2 / N ) . On the other hand, if we consider the 



solution v of problem (1.6), all the inequalities we used to get (2.7) become 



equalities and so we have 



dv* dv* f s 

— — (a,t)da-p(s) — — + / c* (a) v* (a, t) da 
o °t ^s JO 



/ f*{<r,t)da fora.e. (s,t)€Qy. 

JO 



(2.8) 



From (2.7)-(2.8) it follows that 



d f s dw 

/ w (a, t) da — p (s) -^ + / c* (a) w (a, t) da < 0, 



0/ 



(9.9 



for a.e. (s, £) E Q^ , where w := u* — v* . Then, if we set 



x{s,t) := / w (a, t) da with (s, t) G Q*n, 
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by the boundary conditions of (1.2), (1.6), we have that x satisfies 



r dx 

at 



d 2 x f s dx 

p( s )tt^"+ / c* (cr) — (cr, i) <icr < a.e in Q* r 
ds 2 J da 



dx 



x (o,t) = 7 ±(\n\,t) = o Vt€[0,T\ 

ds 



X (s,0)=0 VsG[0,|fi|]. 



(2- 



Our aim is to show that 



x<o. 



It can be easily proved that the function x is continuous in Q T , so it has 



a maximum in Q T . We will prove that this maximum has to be zero. We 
argue by contradiction: let (so,to) be a maximum point of x m Qt sucn 
that x( s O)£o) > and first assume that (so, to) £ Qx- We begin observing 
that the term f Q s c* (a) -^ (a, t) da in the differential inequality of problem 



(2.9) can be neglected in a suitable square neighbourhood of (sq, to). Indeed, 



integrating by parts we obtain 



g x rs 

c * ( CT ) «~ (°"> io ) d& = c* (a) dx (a, to) 

n da Jo 

so 

[X (so, t ) - X (0, to)} dc* (a) > 0, 





(2.10) 



then by continuity it is possible to find a suitable square neighbourhood 
Qs = Qs (so,to) of (so, to) in which the function f Q s c* (a) -£ (a, t) da is still 
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positive. Therefore, provided to choose 5 conveniently, from (2.9 1 we find 



"^7 ~P( S ) ~E~T < ° a - e - in Qs- 

at os z 



(2.11) 



Hence we can reduce our study of problem (2.9) to the study of inequality 



(2.11) in the neighbourhood Qs- This allows us to proceed as in [20]. How- 



ever, we cannot multiply directly both sides of (2.11) for % + , and integrate 



onto the interval (sq — S, s$ + 5), because we don't know the values of x on 
the parabolic boundary T$ of Qs- So it is natural to consider, instead of x + , 
the function <p defined as 



V-= X/Q*- 11 ^* 



v s 



For our purpose we can suppose, without loss of generality, that 



X 0, t) < X (s ,t ) V (s, t) G Qs\ {(s , t )} , 



therefore ip (so,to) > 0. Multiplying the inequality (2.11) by s^ 2 ' N ' 2 <p we 
find 

(2.12) 



(2/N)~2 d X . AT 2 2/Nd X ■ n 



We can prove as in [20 a that 



X € W 2 >°° ( So - 6, So + 5) 
ip <E H 1 (s - (5, s + 5) , 
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so the integration by parts leads to : 



so+S d 2 x 



s -S 



ds 2 



ipds 



ds 



y 5 



s +S 
s -S 



so+S 
so-S 



&<■*<> 



Then, from ( 2.12 ) and by the definition of <p we have, for any t € (to — 5, £q + 5) , 



WN)-2^ dsdT 



rt rso+S 

> 2 / / 

Jt _g J so— 5 

^ S ° +5 s ^ N ^ 2 ^(s,t)d Sl 

lso-5 



so+S 



so-S 



p/N-2) 



to-S 



d_ 



(tp 2 (s,t)) dr 



ds 



therefore if = in Qs = (so — 6, sq + 5) x (t — 5,to + 5) but this is a con- 
tradiction. 

By similar arguments we come to the same conclusion if we suppose 
that (soj^o) belongs either to the segment line {(s,T) : s £ (0, |0|)} or to 
the segment line {(|0| , t) : t € (0, T)} . □ 

Remark 1. Obviously the case in which c is unbounded from below could 
also be treated by truncating the coefficient c and passing to the limit. 

3 Proof of Theorem 1: the general case 

In this section we conclude the proof of theorem 1 considering the general 
case ceL r (O) , with r > N/2 if N > 2, and r > 1 if N = 1. 

The first part of the proof is exactly the same as the one of the previous 
case, the main difference consists in the proof of the maximum principle. 
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As before, we have that u satisfies 



J°^(a,t)da-p(s)^f + J°[(c+)^-(c-y]u*(a,t)da 



< f f (a, t) da for a.e. (s, t) £ Q* T 
Jo 



and this inequality holds as equality replacing u with the solution v of the 



symmetrized problem (1.6). However, if we set 



X{s,t) = / (u* -v*)da, 
Jo 



it is not possible to neglect the term /q x(c, t) -^ [(c + )* — (c )*] da by 



means of the pointwise arguments we used to get ( 1.5 ), since c could not be 



bounded from below. In order to treat this term we proceed by approxima- 
tion. 

Let v t = v + e^o be the solution of the following perturbated problem 



Vet - Au e + 



v f = 



'# 



(c+) # -(c-) # Ve = f* + e5 mO#x(0,T) 



on 



dn#x(o,T) (3.i) 



,# 



v e (x,0) = vfi(x) + ev (x) 



G n#, 



where e > 0, 5 is the Dirac measure concentrated at the origin and vq is the 
unique solution vanishing on d£W of the equation 



Av + 



'# 



(c + )„ - (c") # v = 5 inn*. 



(3.2) 
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A suitable definition of weak solution to equation (3.2 ), together with some 



existence and regularity results, can be found in the monograph of G. Stam- 
pacchia |21j . Suppose for the sake of simplicity N > 3 : since c £ L r (Q) with 
r > N/2, by a regularity result contained in [2] to have that the solution ^o 
of ( |3~2| ) is in the Lorentz space L (N/ (JV - 2) , oo) . 

Proceeding as in the proof of the case c{x) > 0, setting 



Xe(s,t) := / (u* -v*)da, 
Jo 



we get 



dXl pw^+f[(= + ).-(c-r]^„, t ) rf . 



dt 



ds 2 



< —e a.e in Q* T 



Xe(0,t) 



dXe 

ds 



\n\,t) = Vie [0,T] 



Xe (s, 0) = -e / v% {a) da. 
Jo 



(3.3) 



We want to prove that Xe < in Qt,, so that 



u* (a, t)da< I v* (a, t) da , V (s, t) £ Q 



r- 



and this obviously gives the desired result by letting e goes to zero. 

Let us suppose that Xe > in a subset F of Q?p and let t be the minimum 
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value of the projection of F on the t axis. We notice that 



Xe(s,t)= / {u*-v*)da-e v* Q da 
Jo Jo 



and then 



lim (c )* (s)xe(s,t) = 0. 



Indeed, since vq is in L (N/ (N — 2) , oo) we get 



{c-)*(s) i v* (a)da <K(c-)*(s)s& < Ks^' 1 i (a')* do- 
Jo Jo 



——- II 
< Ks N r \\c 



\L r (n) 



obviously a similar estimate holds for the term (c ) (s) L (u* —v*)da, 
since u*,v* G 1? (0, |0|) . Hence integrating by parts we have that 



S [(c + l-(c-y] d ^(<r,t)do=[(c+l-(c-)*) Xe (s,t) 

"\e(a,t) d[(c+)^-(c-)*). 



By continuity arguments, we can choose r > such that, for t < t + r, it 
results 

rS Xe (a,f) d[{c + )^-{c~)*]-e<0 V*€[0,|n|], 



so that by (3.3) we have 



^ ~ P« ^ + [(C + )* " (C-)1 Xe (8, t) < 

a.e. in (0, |0|) x (0,i + r) . 



(3.4) 
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A similar computation can be done in the cases N = 1 and N = 2. Indeed, 
vq is bounded if N = 1, while in the case JV = 2we find that vq belongs to 
the Zygmund space L exp (£1) (see [I]), namely 



v* * (s) 

sup 7 iHiV " x ' 

»e(o,|n|) (l + bgM 



where 



v? (s) = - [' v* (a) da 

s Jo 



is the maximal function of Vq. 



Dividing both sides of the inequality (3.4) by p(s) we can rewrite it as 



^r'f-^+rM-MM.-fc-nx^o, <35) 

a.e. in (0, |0|) x (0,t + r) . 



Multiplying both sides of (3.5 ) by xt an d integrating between and |0| , taking 



into account the boundary conditions in (3.3), we get 



•^tww* 



77V / 
JO 

+7N r [(<*), - (c-)*] S ( 2 ^)- 2 ( X +) 2 cb < 0, 
Jo 



(3.6) 



where 7jv := N 2 u N . We want to prove that if we replace the function 
Xe with the function U e := e~ Xe (where A > is a suitable constant), 



the sum of those terms in (3.6) that don't contain the time derivative is 
non negative. This is essentially due to the fact that if c £ L r ($7) with 
r > N/2, the operator —An + cu is coercive unless to multiply both sides 
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of the equation by e . Indeed, by (3.6) we have that U e satisfies 



,,r s n m ^jk UUs+ r( d -^)\s 







dt 



ini 







ds 



+ 1N [\-(c-)*]sW- 2 (U+fds<0. 



(3.7) 



Now, if B x := {x : <T (x) > A} and B\ := {s : (c - )* (s) > A} = [0, \B X \), we 
notice that 



(^-) * + 7*jf [A-(c-)*] S ^)- 2 (C7+) 2 d S (3.8) 



If s G -Bt, it results 



[( c -)* ( s ) _ A ] s 2 ^ < S (2/ JV )" 1 / [(<r)* (a) - A] do- 

Jo 



|(c ) - A|| L «y a ( B .) 



Using this last inequality and the one dimensional Hardy inequality, we 
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obtain 

[ [( c -y-X}s^ N ^ 2 (U+) 2 ds< f \( c -)* (a) - \] f/ N (*£-)* ds 

Jb* x Jb* x \ s J 

- II ( C ~) _A L^/2(b* 

<4||(c-)*-A|| LiV/ , UM/|! 



-X, , B . v s 



U+ 



ds 



ds 



ds, 



and by (3.8) we deduce 



\n\ fdW 



o \ ds j Jo 



> 



1 — 4-yjv j|(c )*-A 



ds + 77V / |C ' [A - (cT)*] s<?M-2 (u+) 2 ds 





\ln/'(bx) 



ds 



ds. 



Then, provided we choose A sufficiently large, we get 



a/v := 



1 -In (c ) -A 



L^/2(B*) 



>0, 



so we have 



|0| /XTT+\ 2 /-PI 

' ' * ds + lN [\-{c~)*]s^ N )- 2 {Utfds 

\ w * / Jo 



> a/v 



3s 

9s 



(is. 



(3.9) 



We notice that we can obtain a similar estimate also in the cases N = 1,2 : 
indeed, the case N = 1 is much simpler, while in the case N = 2 we find 



iKc-r-^s-^un^s^cw-y-xw^l (*§-) 



ds, 
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for some r > 1 and a suitable constant C. 



By (3.7) it follows 



|fi| 



.(2/N)-2^e TT + 



Ot 



UJds < 



(3.10) 



for a.e. i G (0, t + r). Therefore, by integrating (3.10) between and t with 



t G (0,t + r), and using again the boundary conditions of (3.3) we get 



0>2 C dr r sW N ^ 2& ^Utds 

Jo Jo 9t ' 

= [ ]Q] S W- 2 {U+f(s,t)ds 
Jo 



\n\ 



,(2/iV)-2 



t ^{V??*r\<1* 



which implies U^~ = in [0, \£l\] for every t 6 (0,t + r). This means that 
C/e < in [0, |0|] x [t,t + r), and then also Xe < in [0, |0|] x [i,i+r), but 
in the same rectangle the function Xe is positive. Then Xe < in Q^, . D 

Remark 2. If iV > 2, we could obtain the result of theorem 1 under the 
weaker assumption c G L ' 2 (S7), by using the implicit time discretization 
scheme. We can take a partition of lenght r = T/n (n G N) of the interval 



(0,T) and we approximate the solutions u and v of problems (1.2)- (1.6) by 
the sequences 



u n (x, t) := -u (fe) (x, t) i6fi, te[(A- 1) t, fcr] 



(x, t) := t)( fc ' (x, t) x G n#, t G [(A; - 1) r, fcr] 
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where iv- ' is the solution of the elliptic problem 



i'"' 1 '''"'~ i, 'a$(x)v£>) + «*<*> = /<*> in fi 



a 



(fc) =0 



on cTi, 



(3.11) 



with 



rkr 
T J(k~l)r 



a ij ( x ) '■= ~ I a ij {x,t)dt, 



1 



kr 



/( fc )(x):=-/ f(x,t)dt 

T J(k-l)r 

for any A; = l,...,n and u^ ^ := uo, while t> ' ' is the solution of the sym- 
metrized problem 



( „(fc) _ „(fc-i) 



At>( fc ) + c # v( fc ) = /( fc ) 



# 



;<*) = 



in 



on 



n# 



on#, 



(3.12) 



with v(°> := it* . Using the results of [4j (see theorem 3.4) we can prove by 
induction that 

/•s /-s 

(3.13) 



u {k) * (a) da < / v {k) *(a)da 

o JO 



for k = l,...,n. Actually the results of j3j can be applied in the case 
c (x) + - G L°° (fi) , but they can be easily extended to the case c (x) + - G 
L ' 2 (O) , since the operator 

L (*) u (*) := _ [af ( X ) u g))^ + ( c ( X ) + I") U W 
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is coercive (see [27]). Finally we pass to the limit and get (1.5). 
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Abstract 



In this paper we outline a new theory about integral and differ- 
ential calculus for Riesz space- valued mappings defined on suitable 
Riesz spaces. In our abstract context, we prove some theorems 
similar to the classical ones, like for example the Fundamental 
Formula of Calculus and the theorem about exchanging order be- 
tween limits and derivatives. As applications, we give some results 
about power series, a fixed point theorem, and some models of dif- 
ferential functional equations. 
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Introduction 

In this paper a new theory is presented, concerning integral and differ- 
ential calculus for functions defined in a suitable Riesz space and with 
values in another Riesz space, linked together with a "product" structure. 
This approach is, in a certain sense, a generalization of the one given in 
[1]. The concepts of uniform continuity, uniform differentiability, Rie- 
mann integrability are introduced and investigated, and some theorems 
like the corresponding classical ones are proved: among them we quote 
the Fundamental Formula of Calculus. Moreover a version of the Taylor 
formula is demonstrated: here we express the "remainder term" by means 
of our introduced abstract integral. One can find applications for exam- 
ple in the Ito formula, proved in [2], however we shall not deal with it 
here. Furthermore, a theory about exchanging order between limits and 
derivatives, power series and analyticity in our abstract context is given: 
a fixed point theorem, and some examples of differential and functional 
equations are then deduced. These equations too might have interesting 
formulations in the Stochastic Calculus, and some of them also in Theory 
of Fractals, though we chose not to treat them here. 
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1 Basic definitions and assumptions 

A Riesz space R is said to be Dedekind complete if every nonempty subset 
A C R, bounded from above, has supremum in R. 

From now on, we assume that R is a Dedekind complete Riesz space. 
Given a bounded sequence {p n ) n in R, we set: 

limsup p n = inf [sup p m ]; liminf p n = sup [inf p m }; 

n ' "^ m>n n nelN m > n 

and we say that lim ra p n = I e R if limsup n p n = liminf n p n = I. 
This corresponds to the classical definition of order convergence or (o)- 
convergence (see also [5], [6]). 

Assumptions 1.1 Let Ri, i? 2 , R be three Dedekind complete Riesz 
spaces. We say that (i?i, R2, R) is a product triple if there exists a map 
• : i?i x i? 2 — > -R, which we will call product, such that 

1.1.1) (ri + si) • r 2 = ri • r 2 + si • r 2 , ri • (r 2 + s 2 ) = n • r 2 + r x • s 2 , 

1.1.2) [ri > Si, r 2 > 0] =^ [r x • r 2 > s 1 ■ r 2 ], [n > 0, r 2 > s 2 ] =>• [n • r 2 > 
r x • s 2 ] for all r^, Sj G -Rj, j = 1,2; 

1.1.3) if (aA)AeA is an Y family in R± with Oa > VA and inf A a\ = 0, and 
i? 2 3 b > 0, then infA (oa • &) = 0; if (&a)a is any family in i? 2 with 
&a > VA and infA b\ = 0, and R± 3 a > 0, then infA (a • &a) = 0. 
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A Dedekind complete Riesz space R is called an algebra if (R, R, R) is a 
product triple. 



2 A Riemann-type integral in Riesz spaces 

Let (Ri, R 2 , R) be a product triple of Riesz spaces. 

Given two elements a, b G R±, with a < b, we denote by [a, b] and call 
order interval (or in short interval) the set of all elements r G i?i, such 
that a < r < b. Given an order interval [a, b] C i?i, a division of [a, 6] is 
any finite set T = {a;o, Xi, • • • , x n } C [a, b], such that x = a, x n = b and 
Xj < Xj+i, Xj 7^ Xj+i for alii = 0, . . . , n — 1. The mesh of a division T is 
the quantity i](T) = sup™ =1 (xi — Xi-i). 

A decomposition of [a, b] is a set E = {([xj_i,Xj],^) : % — 1,... , n}, 
where {x ,Xi, . . . ,x n } is a division T of [a, b] and & G [xj_i,Xj] Vi = 
1, . . . , n. For such a decomposition S, we shall put \E\ = t]{T). 

We now introduce a Riemann-type integral in our setting, which will 
be useful in the sequel in order to prove our version of the Taylor formula. 
If / : [a, b] -> i? 2 is a map and E is a decomposition of [a, b], E = 
{([xi-i,xi\,£i): i = l,...,n}, we denote by S(f,E) and call Riemann 

n 

sum associated with E the element of R given by \_. ( x i ~ x i-\) ' /(&)• 

i=\ 

A function / : [a, b] — > R 2 is said to be Riemann integrable (in short, 
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integrable) in [a, b] if there exists an element Y E R such that 

inf (sup{|£(/, E)-Y\: \E\ < r}) = 0, 

rSR+ 

where Rf is the set of all elements r G R\ such that r > and r^O. In 

,6 

this case we write / /(£) rft = F. 

It is easy to see that such an element Y is uniquely determined. 
The following results are easy to prove and will be useful in the sequel. 

Proposition 2.1 If fi and f 2 are integrable in [a,b] and a±, a 2 G M, 

then ai/i + a 2 f2 is integrable in [a, b] too, and in this case we have 

b rb fb 

(ai/i + a 2 f 2 )(t) dt = oci j f\(t) dt + a 2 / f 2 (t) dt. 

J a J a 

If f\ an d f'2 are integrable in [a, b] and f\ < f 2 , then 



b 



fi(t)dt< / f 2 {t)dt 



If f is integrable in an order interval [a,b], then f is also integrable in 
any order interval I C [a, b] . 

Thus it follows that for any integrable function / : [a, b] — > R 2 the indef- 
inite integral is defined as an additive /2-valued interval function on the 
family of all intervals in [a, b]. We shall denote it by F(I) —If, with 
the convention to define F([b,a\) = — F([a,b]) (Va, b G R±, a < b), so 
that F([a, a]) = V a G R±, and we shall call integral function associated 
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with / the map defined (with abuse of notation) as follows: 

F(x) = F([a,x]), x G [a,b]. 

Like in the classical case, uniform continuity implies integrability. 

Definition 2.2 We say that a function / : [a, b] — »■ R2 is uniformly 
continuous in [a, 6] if 

inf [sup{|/(i>) — f(u)\ : u, v E [a,b], u < v, v — u < r}] = 0. 

Proposition 2.3 Every uniformly continuous function f : [a, b] — ► R2 
is integrable in [a, b] too. 

Proof. The proof is similar to the one in [4]. □ 

3 An abstract derivative in Riesz spaces 

Throughout this section, we always assume that R± and R2 are two 
Dedekind complete Riesz spaces and that (R±, R2, R2) is a product triple; 
let now [a, b] C R\ be an interval. We begin with the following: 

Definition 3.1 We say that a function / : [a, b] — >■ R2 is uniformly 
differentiable in [a, b] if there exist a bounded function /' : [a, b] — >• R2 
and an increasing family (j» r ) rgR + such that mi reR + p r = and 

\f(v) - f(u) -(v-u) f(x)\ <(v- u)p r (1) 
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for every r e Rf and whenever u, v, x e [a, 6], u < x < v, v — x < r and 
x — u < r. In this case we say that /' is a uniform derivative of / or, 
when no confusion can arise, that /' is a derivative of /. 

We observe that, in general, /' is not unique. Indeed, let Ri and R 2 be 
the spaces of all bounded measurable real-valued functions, defined on 
[0, 1], vanishing on [0, 1/2] and ]l/2, 1] respectively. For every tpi e R\ 
and ^2 S i?2, ipi • ^2 is identically zero (here, • is the usual product 
between functions): thus, it is not difficult to see that (R±,R 2 , {0}) is a 
product triple with respect to this product. Let [a, b] be any arbitrary 
order interval of R\, and / : [a, b] — > i?2 be any constant function: then 
clearly every function /i : [a, b] — > i?2 is a derivative of /. 

This fact will not affect our results, and it will be clear from the 
context in which sense we deal with derivatives. 

For instance, it is quite clear that every function / : [a, b] — > R 2 , 
uniformly differentiable in [a, b], is uniformly continuous in [a, b]. 

Usual differentiation rules hold in our setting, for example: 

Proposition 3.2 Let (R 1 ,R 2 ,R 2 ), {R 1 ,S 2 ,S 2 ), {R 2 ,S 2 ,T X ), (R 1 ,T 1 ,T 1 ) 
be four product triples, and [a, b] C R\ be an interval. If f : [a, b] — > R 2 , 
g : [a, b] — ► S 2 are two uniformly differentiable functions with derivatives 
f , g' respectively, then the map h — f • g : [a, b] — ► 7i zs uniformly 
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differentiable too, with derivative h! given by h'(x) = f'(x) ■ g(x) + f(x) ■ 
g'(x), x G [a,b]. 

Therefore every "polynomial" function (in a commutative algebra R) is 
uniformly differentiable, and the usual differentiation rule is valid. 

The following results are fundamental theorems of Integral Calcu- 
lus, as in the classical case. We begin with the following version of the 
Torricelli-Barrow theorem: the proof is easy. 

Theorem 3.3 Let (i?i, i?2,-R2) be a product triple, and f : [a,b] — ► R2 
be a uniformly continuous function (in [a, b]). Then its integral function 
F is uniformly differentiable in [a,b] and F\x) = f(x) Wx G [a, b]. 

We now turn to a version of the Fundamental Formula of Integral Cal- 
culus in an abstract setting. 

Theorem 3.4 Let (i?i, R2, R2) be a product triple, [a,b] C R± be an 
interval and f : [a, b] — » R2 be a uniformly differentiable function, with 
derivative f . Then, f is integrable, and 

f(t)dt = f(b)-f(a). 

Proof. Choose arbitrarily r G R± and take any decomposition E = 
{([xi-i,Xi],£i) : i — 1, . . . ,n} of [a, b], with \E\ < r. Let (p r ) re n + ^ e a 
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family as in the definition of uniform differentiability. We get: 



< 



i=\ 
n 

- I ^(^i ~ ^i-O ) "Pr = (b-a)p r . 



,i=i 



Thus the assertion follows. □ 



Remark 3.5 We can observe that Theorem 3.4 is true also if the end- 
points a and 6 are not comparable, provided they are contained in a 
larger interval [A, B] where / is uniformly differentiate, and /' is its 
derivative. In fact, in case A < a, b < B, we can set h = b — a, and define 



b pa+h pa+h^ ra+h + 

f'(t)dt = / f'(t)dt = / f(t)dt - / f(t)dt : (2) 

a J a J a J a+h 



indeed, as B — a > 0, from h = b — a < B — a it follows h + < B — a, 
and hence [a, a + h + ] C [A, B]; moreover, it follows also [a + h,a + h + ] = 
[b,a + h + ] C [b, B\. Thus, applying 3.4 to the last member of (2), it 
follows easily 



f(t)dt = f(a + h + ) - f(a) + f(a + h) - f(a + h + ) = f(b) - f(a). 
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4 The Taylor formula 

We shall prove a version of the Taylor formula in our context. Besides 
the obvious applications in approximating functions, this formula has 
applications in stochastic integration (see [2]). 

Definition 4.1 If a function / : [a, b] — > R 2 is uniformly differentiable 
and if its derivative /' is uniformly differentiable with derivative /", we 
will say that /" is a uniform second derivative or, when no confusion can 
arise, second derivative of /. By induction it is possible to introduce the 
(uniform) derivatives of order n for every n G IN. If / : [a, b] — > R2 is 
uniformly differentiable up to the order n, and if its n-th derivative f^ 
is uniformly continuous, we say that / is of class C n ([a, b}). Furthermore, 
if S C R\ contains at least an order interval, we say that / : S — > R2 is 
of class C n (S) if it is of class C n ([a, b]) for every order interval [a, b] C S, 
and that / : S -> R 2 is of class C°°(S) if it is of class C n (S) Vn G IV. 

Theorem 4.2 Let R be an algebra, [a,b] C R be an interval, and f : 
[a, b] — > R have derivatives up to the order n+1: f , /", . . . , f^ n \ f( n+1 \ 
Fix arbitrarily Xq G [a, b] and h G R, such that xq + h G [a, b] . Then we 
have: 



/(Xo + ft) = /(xo) + — ^ — + . . . + j + 5(x , ft), 
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\U\n+l 

where \B(x ,h)\ < Li — sup |/ (n+1) (x)|. 

nl X £[a,b] 

Proof. Fix xq and h as in the hypotheses, and define an auxiliary func- 
tion F : [a, b] — * R as follows: 

F(t) = s(xo + h) _ m _(* + *-«) m _ _ («, + h - ty /<-> W 

By hypothesis, F is uniformly differentiable and we have, Vt G [a, 6]: 

(x + /i-t) n / (n+1) W 



F'(i) 



n! 



and F' is bounded. Put M = sup x6 r o6 i \f^ n+1 \x)\. By Theorem 3.4 and 
Remark 3.5 we get: 

rxo+h rxo+h / , 7 _ ,\ n 

F(xo) = - / F'(t) dt = / ^ 0+ , t] fW(t) dt 

Jx Jx n - 

xo+h+ {x ° +h ~ t)n f {n+i) (t)dt - r +h+ {x ' +h ~ t)n f n+i \t)dt, 

xo n - J x Q +h n - 

and hence 

(rxo+h+ I | i ,\n rx +h + l , i + \n 

f \^ + h-t\ dt + r \x + h-t\ dt 
Jx n\ J X0+h n\ 

< M h+\h\ n + h-\h\« _ M \h\^ 

n\ n\ 

since \xq + h — t\ < |/i|. Thus the assertion follows. □ 



5 Sequences of differentiable functions 

In this section we give some conditions, under which it is possible to 
exchange the order between limits and derivatives. First of all we intro- 
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duce the concept of uniform convergence for sequences of functions. We 
always suppose that [a, b] C R\ is an order interval. 

Definition 5.1 A sequence (f n : [a,b] — ► i?2)n is s& id to be uniformly 
convergent to / : [a, b] -> i? 2 if lim n [sup ts[ffi; 6] |/ n (t) - /(f) | ] =0. 

We now give two fundamental properties of uniform convergence, which 
will be useful in the sequel. The proofs are straightforward. 

Theorem 5.2 Let (f n : [a, b] —* B,2) n be a sequence of integrable func- 
tions, uniformly convergent to a map f : [a, b] — > i?2- Then f is integrable 
and 

lim f f n (t)dt= [ f(t)dt. 



Theorem 5.3 Let (/„)„ &e a sequence of uniformly continuous functions 
f n : [a, b] — ► i?2, uniformly convergent to a mapping f : [a, 6] — ► i?2- T/ien 
/ zs uniformly continuous. 

Thanks to Theorems 3.4, 5.2, 5.3 and 3.3, it is possible to use a classical 
technique in order to prove the next result. 

Theorem 5.4 Let (/„ : [a, 6] — > i?2)n be a sequence of uniformly dif- 
ferentiable functions, with derivatives f n , n G IV. Moreover, assume 
that the sequence {f n ) n is uniformly convergent in [a,b] and that there 
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exists lim n f n (a) in Ri- Then the sequence (/„)„ is uniformly conver- 
gent in [a, b] to a uniformly differentiable function f : [a, b] — > R 2 , and 
f = lim n f' n in [a,b]. 

We recall that, analogously as in the classical case, it is possible to 
give the concept of series of elements of any Riesz space R and the ones of 
convergence and absolute convergence, and to deduce an analogue of the 
Cauchy criterion, together with its usual consequences. Thus, Theorem 
5.4 implies the analogue of the classical result concerning differentiation 
term-by-term of a series of functions. We shall not write it down here, 
however we shall use it later. 

6 Power series and applications 

In this section we deal with power series: this will be the main tool in 
the subsequent applications. 

Definition 6.1 Let R be any commutative algebra. We shall suppose 
that there exists a multiplicative unit in R, which will be denoted by 1. 
For every positive real number k, and for every positive element r e R, we 
denote by Sfc(r) the following subset of R: Sk(r) = {x G R : \x\ < k ■ r}; 
moreover, for each positive real number t, we set U t (r) = Uo<fc« Sk( r ), 
R r = |J t>0 U t (r). In case r = 1, we shall simply write Sk and U t rather 
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than Sfc(l) and U t (l). A power series is a series of the type 

oo 

J2 a ^ n > ( 3 ) 

n=0 

with x G R, a n G i? Vn, and with the convention x° = 1 Vrr G i?. 

Proposition 6.2 // £/ie series (3) converges at some x G R, then it 
converges uniformly and absolutely in every set Sk{\x\) with < k < 1. 

Proof. From convergence of the series at x, it follows that the sequence 
(|a„x n |) n is bounded in R: let M denote any upper bound for that se- 
quence. Now, for any real number k g]0, 1[ and every element r G £fc(|x|), 
we have |a n r n | < |a n |/c n |a; n | < Mk n for all positive integers n. This 
clearly implies the assertion. □ 

The following results have many consequences: for example they show 
that some elements in R have an inverse, and give an expression for it. 

oo 

Proposition 6.3 The geometric series /,x n absolutely converges in 

ra=0 

the set U±; moreover, for every element x G U\ there exists the inverse of 
1 — x in the algebra R: such inverse is the sum of the geometric series 
above. 

Proof. Let us fix x G Lq, and choose any real number a G]0, 1[ such that 
\x\ < al. Then we get \x n \ < a n l: this clearly implies convergence of 
the geometric series at x. Moreover, for every positive integer n we have 
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'1 — x) 2_, x ^ = I — x n+1 . From convergence of the series, we deduce 



3=0 



that lim n x n = 0, and finally (1 — x) \J x n — 1. □ 



ra=0 



~ X* 



Proposition 6.4 The exponential series > — converges everywhere 
in the set R\. 



n\ 

n=0 



Proof. First of all, we observe that the exponential series obviously 
converges at the points ul, for every positive integer v. To conclude the 

proof, it will suffice to apply Proposition 6.2. □ 

°° x n 
As usual, the sum of the exponential series } — will be denoted 

*-^ n\ 

n=0 

by exp(x), whenever it exists. Moreover, usual techniques show that 
this function coincides with its derivative (see also Theorem 6.7 below), 
and obeys the usual algebraic rules of the exponential function, therefore 
exp(x) has always an inverse element, i.e. exp(— x). 
Another consequence involves Taylor series: 

Proposition 6.5 Let f : U t — > R be a function of class C°°(U t ). A 
sufficient condition for convergence to f of its Mc-Laurin series 

n=0 

is that there exists a positive element M e R such that |/^(a;)| < M n \ 
holds, for every n G IV and every x G U t . 
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Proof. The proof is an easy consequence of Theorem 4.2 and of conver- 
gence of the exponential series. □ 

Now, given the power series (3), it is possible to associate to it its "deriva- 
tive series" 

oo 

y^ na n x n ~ l , x G R. (5) 

n=\ 

We now prove the following: 

Theorem 6.6 Fix t > 0. The series (3) converges at every x G U t if 
and only if the series (5) converges at every x E U t . 

Proof. We begin with the "if part. Fix arbitrarily x G U t , and let 

k G]0,£[ be any real number such that x G Sk- By hypotheses and by 
Proposition 6.2, it follows that the series (5) absolutely converges at x. 
Now, from |a„a; n | = |x||a n x n-1 | < \x\ \na n x n ~ 1 \ it follows that the series 
(3) converges at x. Concerning the "only if part, assume that the series 
(3) converges in U t , and fix any element x G U t . Let k be any positive 
real number, k < t, such that x G Sk- Set k' := — - — , k" := — - — , so 
that k < k" < k! < t, and put X\ = k'l, x 2 = k"\. Clearly, x\ G U t and 
therefore, thanks to Proposition 6.2, the series (3) converges absolutely 
at xi, now, from \na n X2~ l \ = n\a n \ (k") n ~ l \ < \a n \ (k') n l (which holds 
at least definitely), we can deduce convergence of the series (5) at x 2 . 
From Proposition 6.2 there follows convergence of (5) at x. □ 
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A consequence of Theorems 6.6 and 5.4 is the following: 

Theorem 6.7 Fix any positive real number t. If the series (3) converges 
V x G Ut and if f is its sum, that is 



f(x) = Y^ a n xH V;r G U U 
n=0 

then we get 

oo 

f'(x) = y^ na n x n ~ l VxeU t . 

n=l 

Proof. Fix arbitrarily x G Ut and take an order interval [—kl, fcl] con- 
taining x and contained in U t . Then, by Theorem 6.6, the series (5) 
converges (absolutely) at every r G U t , and by 6.2 the series (3) and 
(5) converge uniformly in [—kl, fcl]. The assertion follows from this and 
term-by-term differentiation. □ 

oo 

Of course, Theorem 6.7 implies that the sum of a power series \_, a nX n , 

ra=0 

convergent in U t , is of class C°°(U t ), and its Mc-Laurin series coincides 
with the initial power series. 

A first consequence of the previous results is a fixed point theorem, 
of the type of Banach. 

Theorem 6.8 Let f : [a,b] — ► [a,b] be any mapping, satisfying 

1/(^2) - f(xi)\ < K |x 2 -Xi| 
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for a suitable positive element K G U\, and all X\,X2 G [a, b]. Then 
there exists a unique fixed point s for f . Moreover, s is the limit of every 
sequence (s n ) n defined by choosing so arbitrarily in [a, b] and requiring 

s n+ i = f(s n ) V«GlVU{0}. 

Proof. Let us fix arbitrarily s G [a, b], and define the sequence (s n ) n as 
described, by iterations of /. For all n,p G IV we get 

\s n + P - s n \ < \si - s |-^ n (l - K)" 1 

by means of usual techniques. As \\m n K n = 0, the sequence (s n ) n is 
clearly convergent, and its limit s satisfies f(s) = s thanks to continuity 
of /. Uniqueness can be proved by similar techniques. □ 

As a remark, we can observe that a mapping / : [a, b] — > [a, b] satisfies 
the contraction condition of 6.8 as soon as / is uniformly differentiable, 
and its derivative satisfies \f'(x)\ < K for all x G [a, b\. this follows easily 
from Theorem 4.2. 

Further applications allow us to obtain solutions of suitable func- 
tional equations, according with the following theorems. Though these 
equations are nothing but examples, from them one could find wide gen- 
eralizations and also formulations in different contexts, for example in 
Stochastic Analysis, by specializing the underlying Riesz space. 
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00 

Theorem 6.9 Assume that k(u) = 2_.lnU n is a fixed convergent power 

n=l 

series, with u G R and 7 n G R Vn E IV. Then, for every element 
s G U\, there exist functions Y : R — ► R such that Y{u) — k(u) = Y(su), 
for all u G R. 

Proof. We note that the given series converges absolutely at every u G R 
(see Proposition 6.2). Moreover, as s G Ui, also s n G Lq for every positive 
integer n, and (1 — s n ) _1 exists, thanks to 6.3. Consider the following 
power series: 

oo 

Y{u) = Y,in{i-s n r i u n . 

n=l 

From Proposition 6.3 we deduce: 

00 

| 7 n(I - ST^I < \lnU n \ Y, W = (I " \s\)- l \lnU n \ Vn G N. 

3=0 

By means of the Cauchy criterion, we then obtain (absolute) convergence 
of Y(u) for every u G R. Now, 

oo 

Y{u) - Y{su) = J2(l - s n ) ln u n {l - s n Y l = k(u) 
n=i 

for every «£]?, thus the equation is fulfilled. Clearly, if Y is any solution, 
also Y + a is a solution, for every constant element a G R. □ 

A slightly different equation does not require analyticity of k. 

Existence and uniqueness of the solution could be deduced from some 
modifications of Theorem 6.8, but we have chosen a more direct approach. 
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Theorem 6.10 Assume that k : R — > R is any bounded function, and 
fix two elements in R, a, (3, with a E Lq. Then there is a unique bounded 
function Y : R — > R satisfying Y{u) — k{u) = a Y{(3 u), for all u G R. 

oo 

Proof. Set Y{u) = \^ k({3 u u) a™. Clearly Y is well-defined, because k is 

n=0 

bounded. Moreover, Y is bounded and satisfies a Y(j3u) = Y{u) — k(u), 
as required. Now, assume that another bounded function Y\ : R — » R 
exists, satisfying the same equation. Then we must have k(u) = Yi(u) — 
aYi(/3u) and therefore 

oo oo 

Y(u) = ^K(p n u)a n = ^(Y 1 (p n u)-aY l (p n+l u))a n (6) 

n=0 n=0 

oo oo 

= Yi (u) - Y, oc n Y l (f3 n u) + J2 " nr i (F 



n=l n=l 



for all u e it! (absolute convergence of the series being ensured by bound- 
edness of Yi). The conclusion is now obvious. □ 
We remark that the function Y here obtained is a generalization of the 
so-called Weierstrass functions, which are continuous but nowhere differ- 
entiable, and have self-similarity features. We also notice that uniqueness 
in the previous theorem is strictly related to boundedness of the function 
Y: if we drop such condition, there may exist many different solutions. 
For example, let us assume k — 0, (3 — 2 1, a — \ 1; the equation then 
reduces to Y(2u) = 2Y(u): the solution given by Theorem 6.10 is iden- 
tically 0, but every function of the type Yi(u) = ru clearly is a solution 
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(though unbounded), for every constant r G R. 

Finally, we turn to some kind of differential functional equation. For 
the sake of simplicity, we shall deal with a very particular type of equa- 
tion, as described in the following theorem. 

Theorem 6.11 Fix any positive element s G R\. Then there exist non- 
trivial differentiable functions Y : R± — > R satisfying the equation: 

Y'(u) = Y(su) (7) 

for all u G R\. 

Proof. First of all, let us observe that the space of solutions is a linear 
one. Next, put 

Y(u) = Y : : u n , ueRi: 

■'--' n! 

n=0 

it is not difficult to deduce convergence of the series in R\ and that the 
function Y obtained in this way is non-trivial and satisfies (7). □ 
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1 Introduction 



The study of random fixed point theorems was initiated by the Prague school of probability 
in the 1950s. Random operator theory is needed for the study of various classes of random 
equations (see [9] and references therein). Random fixed point theory has received much 
attention for the last two decades because of its importance in probabilistic functional analysis; 
the reader is referred to Beg and Shahzad [2], Shahzad and Latif [11] and Tan and Yaun [12]. 
Generalizations of the random fixed point theorems for continuous selfmaps to the case of 
non-selfmaps have been considered by many authors (see e.g. Beg et al. [2], and Shahzad 
and Latif [11]). On the other hand, the first fixed point theorem for uniformly Lipschitzian 
mapping in Banach spaces was given by Goebel and Kirk [8] who state a relationship between 
the existence of fixed point for uniformly Lipschitzian mappings and clarkson modulus of 
convexity. 

In [3] , Casini and Maluta prove the existence of fixed points of uniformly fc-Lipschitzian 
mapping T with k < yj N{X) in a space X with uniform normal structure. (N(X) is the normal 
structure coefficient of X.) In 1995, Benavides and Xu [7] prove the existence of fixed point of 
a uniformly Lipschitzian mapping T such that the Lipschitz's constant <r(T) < y/WCS(X) 
and WCSX > 1. In 1996, Xu [14] gave the random version of Theorem 3.1 of Casini-Maluta 
[3] for uniformly Lipschitzian mappings. 

The main goal of this paper is to establish some random fixed point theorems for Uni- 
formly Lipschitzian and asymptotically regular operators. We will prove the random fixed 
point theorems for nonlinear uniformly Lipschitzian mappings in the frame work of a Banach 
space with WCS(X) > 1. 



2 Preliminaries and notations 



Through this paper we will consider a measurable spaces (f2,S) (where S is a a— algebra of 
subset of fi) and (X, d) will be a metric spaces. We denote by CL(X)(resp.CB(X),KC(X)) 
the family of all nonempty closed (resp. closed bounded, compact) subset of X. 

A set- valued operator T : ft — > 2 X is call (S)— measurable if, for any open subset B of 
X, 

T~ l {B) :={u;en: T(u>) H B ^ 0} 
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belongs to S. A mapping x : fi — ► X is said to be a measurable selector of a measurable 
set-valued operator T : ft — ► 2 X if x(-) is measurable and x(o;) € r(w) for all cu £ ft. Let M 
be a nonempty closed subset of X. An operator T : fl x M — * 2 X is call a random operator if, 
for each fixed x € M, the operator T(-, as) : fi — > 2 X is measurable. We will denote by F(w) 
the fixed point set of T(a>, •), i.e., 

F(w) := {x e M : x e T(w, a;)} . 

Note that if we do not assume the existence of fixed point for the deterministic mapping 
T(cj, ■) : M — ► 2 X , F(u>) may be empty. A measurable operator x : il — > M is said to be a 
random fixed point of a operator T : fl x M —> 2 X if x(u>) £ T(cu, x(ui)) for all u € fi. Recall 
that T : fi x M — ► 2 X is continuous if, for each fixed u> E £1, the operator T : (f2, •) — » 2 X is 
continuous. 



Let C be a closed bounded convex subset of a Banach spaces X. A random operator 
T : £7 x C — > C is said to be nonexpansive if, for fixed w 6 the map T : (a;, •) — ► C 
is nonexpansive. We will say that T is uniformly Lipschitzian if there exists a function 
k : il — > [l,+oo) such that 

llT^Cw, a:) - T»(w,y) || <fc(«)||x-y|| 

for all x, y £ C and for each integer n > 1. Here T n (cu, x) is the valued at x of the nth iterate 
of the map T(w, •). We will say that T is asymptotically nonexpansive if there exists a sequence 
of function k n : Q — ► [1, +oo) such that for each fixed a; € f2, linin^oo k n (cu) — 1 and 

||r^,x)-T"( W ,y)||<fc n M||x-y|| 

for all x,y E C and integer n > 1. The nonexpansive random map T is called asymptotically 
regular if for each x <E K, 



lim ||T n+1 (w,x)-T n (w,x)|| =0 

n — >oo 

for each u> e J7. 

Now recall the weakly convergent sequence coefficient WCS(X) [7] of X is defined by 

f j4(|x 1) 

WCS(X) = inf < — ^ n [T : {x„} is a weakly convergent sequence 

I mi V £co{x n } hmsup„^ 00 ||x„ - y|| 



which is not norm-convergent > , 



where A({x n }) = limsup n _ >00 {||xj— Xj|| : i,j > n} is the asymptotic diameter of {x„}. We will 
use next relationship between the asymptotically center of a sequence and the characteristic 
of convexity of the space. Let C be a nonempty bounded closed subset of Banach spaces X 
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and {x n } bounded sequence in X, we use r(C, {x n }) and A(C, {x n }) to denote the asymptotic 
radius and the asymptotic center of {x n } in C, respectively, i.e. 

r(C,{x n }) — inf {r(x,{x n }) : x e C} , where{r(x, {x n })} = limsup \\x n — x\\, 

n 

A(C, {x n }) ={x€C: {r(x, {x n })} = r(C, {*„})} . 

If D is a bounded subset of X, the Chebyshev radius of D relative to C is defined by 

r c {D) := inf {sup{||x - y\\ : y £ D} : x € C} . 

Definition 2.1. Let {x n } and C be a nonempty bounded closed subset of Banach spaces X. 
Then {x n } is called regular with respect to C if r(C, {x„}) = r(C, {ir n .}) for all subsequences 
{x n .} of{x n }. 

We are going to list several result related to the concept of measurability which will be 
used repeatedly in next section. 

Theorem 2.2. ( cf. Wagner [13]). Let (X,d) be a complete separable metric spaces and 
F : O, — > CL(X) a measurable map. Then F has a measurable selector. 

Theorem 2.3. ( cf. Tan and Yuan [12]). Let X be a separable metric spaces and Y a metric 
spaces. If f : QxX — > Y is a measurable inwEf! and continuous in x G X , and ifx:£l—*X 
is measurable, then /(•,#(•)) '£l—*Y is measurable. 

Follows form the separability of C and form Theorem 1.2 of Bharucha-Reid's book [?], 
we can easily prove the following proposition. 

Proposition 2.4. Let C be a closed convex separable subset of a Banach space X and (O, E) 
be a measurable space. Suppose f : Q — > C is a function that is w -measurable, i.e., for 
each x* G X* , the dual space of X, the numerically-valued function x* f : fi — ► (—00,00) is 
measurable, then f is measurable. 

Theorem 2.5. (Benavidel, Lopez and Xu cf. [5]). Suppose C is a weakly closed nonempty 
separable subset of a Banach space X, F : H, — > 2 X a measurable with weakly compact values, 
f : £1 x C — > Mis a measurable, continuous and weakly lower semicontinuous function. Then 
the marginal function r : fi — -> K defined by 

r(w) := inf f(u,x) 

xeF(x) 

and the marginal map. R : 51 — ► X defined by 

R(u):={x€F(x):f(u,x)=r(u ! )} 
are measurable. 
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Proposition 2.6. ( Xu cf. [14]) Let M be a separable metric space and f : il x C — > R be a 
Caratheodory map, i.e., for every x € M, then the map f(-,x) : £1 — > R is measurable and 
for every lo S fi, £/ie map /(w,-) : M — > R is continuous. Then for any s G R, i/ie map 
-F s : £1 — > M defined by 

F s (lj) - {x e M : /(w, x) < s, w S ft} 

is measurable. 



Let M be a bounded convex sunset of a Banach space X. We recall that the Lifschitz 
characteristic for asymptotically regular mappings, is defined; 

(i) A number b > is said to have property (P u ) with respect to M if there exists some 
a > 1 such that for all x, y € M and r > with \\x — y\\ > r and each weakly convergent 
sequence {£„} c M for which limsup ||£ n — x\\ < ar and limsup ||£„ — y\\ < br, there 
exists some z € M such that liminf ||£„ — z\\ < r; 

(ii) k u (M) = sup{6 > : b has property (P u ) w.r.t. M}; 

(hi) K W (X) = inf{K^(m) : M as above}. 



If S is a mapping from a set C into itself, then we use the symbol \S\ to denote the 
Lipscitz constant of S, i.e. 

id (\\Sx-Sy\\ 

\S\ = sup <^ — — :x,yeC,x^y 

I \\x-y\\ 

For a mapping T on C, we set 

cr(T) = liminf \T n \. 



A random operator T(w, •) on C has property (P) if there exists subsequence {T nj (u>, •)} 
of {T n (u>, •)} converges uniformly to liminf n^x, \T n (ui, -)|. 



3 The Main results 



In the framework of random nonexpansive operators Domingucz Benavides and Xu [7] . proved 
the following result: 



117 



Poom Kumam and Somyot Plubticng 

Theorem 3.1. Let C be a nonempty weakly compact convex separable subset of a Banach 
space with WCS(X) > 1 and T : Cl x C — > C be a uniformly Lipschitzian random operator 
and T(u, •) has property (P), such that a(T(u>, •)) < y/WCS(X) for all u £ Q. Suppose in 
addition that T is asymptotically regular on C . Then T has a random fixed point. 



Proof. It is easy to see that (cf. [7]), 

WCS(X) = sup {m > : M ■ limsup \x n - x x \ < D{x n } 



where the supremum is taken over all weakly (not strongly) convergent sequence {x n } in X 
and Xqo is the weak limit of {x n } and D{x n } = limsup^^^ limsup,^^ \\x n — x m \\. 

Fixed xq £ C, and consider the measurable function Xq(uj) — xq. Define a map G\ : fl — > 
CB{C) by 

G 1 (uj):=w-cl{T n ((u),x )}, wGfi. 

(Here w — cl denote the closure under the weak topology of X.) Then G\ : Q, — ► CB(C) is w- 
measurable. By Lemma 2.2, G\ has a w- measurable selector x\ : f2 — > C. Since C is separable 
{xi} is actually measurable by Proposition 2.4. By the definition of G\, we note that X\(lS) 
is a weak cluster point of {T n ((ui) , xo)} for each ui £ fi. Hence, for a fix u £ £1, there exists a 
subsequence {rik(i)} of positive integer {n} such that {T nk ^((uj),xo)} converging weakly to 
x\(uS) and satisfies 

a(T(u, •)) < a(T(u, •)) < y/WCS(X). 

Next, define a map Gi : il —> C by 

G 2 (ij):=w-cl{T n ((u J ),x 1 )} 7 cj£fl. 

Then G2 : ^ — > C is w- measurable. By Lemma 2.2, G 2 has a w- measurable selector 
X2 '■ il — > C. Since C is separable {22} is actually measurable by Proposition 2.4. Since for 
each oj € J7, ^(w) is a weak cluster point of {T n ((u)),xi)}. In fact, by definition of G2, for 
a fix w £ f2, we have a subsequence {T™ fc < 2 )((ti;),xi)} of {T"((o;),xi)} converging weakly to 

x 2 (uj). 

By induction, for each m > 1 we construct G m (w) := w — cZ{T™((w),x m _i)}, w S fi. 
Then G m : fi — > C is w- measurable. It follows again from Lemma 2.2, that G m has a im- 
measurable selector x m which measurable by Proposition 2.4. By definition of G m , for a fix 
uj £ 0, we have a subsequence {T™ fc ( m >((u;), x m _i(o;))} — »■ x m (uj) for some {n.,} of {n}. That 
is we can construct a sequence {a; m } of measurable function x m : Q, —+ C such that for each 
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to € fi and integer m > 1, 

x m (o;) = w- lim T" 3 (u, x m _i(w)), 

where {n^} := {n.fc( TO )}, and for each w € fi. 

Note that the asymptotic regular of T(oj.-) we have 

a; m (w) = w — lim T™ ; ' +P (w,x m _ 1 (u;)), Vp > 0. 



We now show that {x m (u))} converges strongly to foxed point of T. Set for each integer 
m > 1, 

-B m M = limsup||T" J (w, x m (uj)) - x m +\{w)\\, L m {u>) = \T n ' n (uj)\ 

3 

for each ui £ il and set 

WCS(X) 
Then a < 1 and by the above definition of WCS(X), for each u £ ft, we have 

B TO («) < ^p^^({^(w,x m (u;))}) 

However, since T(u>, •) have property P and from the w-lower semicontinuous of the norm of 
X, it follows that 

D({T"i(w,x m (w))}) = Hmsup J -limsup i ||T n *(a; ! x m (w))-T"i(u; ! a; m (w))|| 

= Umsup J -limsupJ|T^+^(w,ar m (w))-T^(c t ;,ar m (w))|| 

< limsupj \T n i(u>) limsupj \\T Uz (uj, x m {uj)) — x m {w)\\ 
= lim nj Lj(u>) limsupi \\T n '(u, X m (u>)) - X m (u>)\\ 

< (7(T(«,0)limsup 4 (liminf i ||T ,l *(a;,a m (w))-r B *(c«;,x m _i(w))||) 

< cr(T(w, •))(limsup i Li(w))limsup J - ||a; m (w) -T n s{u,x m -i{w))\\ 
= [a(T( w ,-))] 2 i? m -iH. 

We, therefore conclude that 

B m {u) < [a wcS{X) Bm - l{u) ~ aBm -^- 
Now using the w-lower semicontinuous of the norm of X again, we deduce that 

\\x m {uj) - x m+1 (u)\\ < limsup, \\x m (uj) - T ni (uj,x m (u>))\\ 

+ limsup i \\T n '(uj,x m (uj)) - x m+1 (uj)\\ 

< limsupjlimsupj \\T n J (u), x m -i{uj)) - T ni (u>,x m (u))\\ + B m (uj) 

< limsupjT'^llimsupj \\T n i(w,x m -i{u)) -ar m (w)|| + B m (u) 

= ff (T( W ,.))B m _ 1 (w) + 5 m H. 
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This implies that {x m (uj)} is Cauchy sequence for each w G O. For any cj G fi, let x(co>) = 
linim^oo x m (uj). We will that x(uj) is a random fixed point of T. Indeed, for each j > 1 we 
have 

||»(w) -T"i(fa;,a;(w))|| < ||ar(w) - Xm+i (<*>)) || + |i m+ iH - T n t(u,x m {u>))\\ 

+ \\T n ^u; 1 x m (Lo))-T n ^u;,x(Lu))\\ 
< \\x(u>) -x m +i(w))\\ + \\x m+1 (uj) -T n '{u,x m {(J))\\ 
+\T n i\\\x m (w) - x(w)\\. 

Taking the upper limit as j — > oo yields 

limsup||a;(w) - T" 3 (w, x(w))|| < ||x(w) -x m+ i(w)|| + B m (oj) +a(T(u,-))\\x m (u>) - x(u>)\\ 
j 

which implies T nj (w, x(w)) — x(iS) — > as m — > oo. Since T(w, •) is continuous and asymptotic 
regular, it follows that x(uj) — T(u>,x(u))). Observe that x(u) is the limit of measurable 
mappings, so it is measurable. Hence x(w) is a random fixed point of T. This completes the 
proof. □ 

Remark 3.2. Theorem 3.1 is stochastic version of the Theorem 3.2 of Dominguez Benavides 
and Xu in [7]. for uniformly Lipschitzian and asymptotically regular mappings. 
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Abstract 



We consider a relevant generalization of the standard Gevrey classes, the so-called multi-anisotropic 
spaces, defined in terms of a given complete polyhedron. With respect to the previous literature on 
the subject, we concentrate here in the study of the topology. It is defined as inductive and projec- 
tive limit of Banach spaces, in two equivalent ways, based on the estimates on the derivatives and 
on the Fourier transform, respectively. We consequently introduce the dual space, the class of the 
multi-anisotropic ultradistributions, of which we give different characterizations, study topological 
and algebraic properties and present some applications. 
AMS Subject Classification (MSC 2000): 46F05, 46E10, 35A99. 

Key Words: Generalized Gevrey functions, ultradistributions, inductive and projective limits of Ba- 
nach spaces, complete polyhedra. 



MULTI-ANISOTROPIC GEVREY CLASSES... 141 

1 Introduction 

The standard Gevrey classes play an important role in the study of partial differential equations as 
intermediate setting between the C°° and the analytic spaces. In particular, whenever the behavior of a 
differential operator (for instance local solvability and well-posedness of the Cauchy problem) is different 
in the C°° and analytic frame, it is natural to study the problem in Gevrey classes. Here, we deal with 
Roumieu type Gevrey classes, cf. [29, 30]; the classes of Beurling type, defined in [2] (cf. also [20]), have 
a parallel study. 

Let us recall the definition of the standard Gevrey classes, in order to pass then to their generalizations. 
Let £1 be an open subset ofMJ 1 and s£l, s > 1. We say that a function f belongs to the Gevrey class 
G s (fi) if f G C°°(f2) and for every compact subset K of CI there is a constant C > such that: 

sup|Z> a /(aO|<CH +1 |a|'H, V^K...,a n )er. (1) 

xeK 

Observe that G l (Q) is the set of the analytic functions in il and that G s (Cl) C C°°(Ci) for any s > 1. A 
useful characterization of the Gevrey functions with compact support Gq(R") = G s (M. n ) n C^ D (M n ), for 
s > 1, is expressed by a decay estimate of the Fourier transform; namely the following result holds (cf. 
f.i. [28]). 

A compactly supported distribution f G £'(R") belongs to Gq(R") if and only if there are two constants 
C, e > such that the Fourier transform of f, /(£) = J„ e~ lx '^f(x) dx, satisfies 

|/(0I <Cexp(-e<0-), V£gK", (2) 

where (£) := ^l+W ■ 

The Gevrey classes G s (Cl), Gq(£Y) can be endowed with natural locally convex topologies and the topo- 
logical dual spaces, called ultradistributions, can be constructed, cf. for instance [20]. 
In literature, two kinds of generalizations of Gevrey classes were introduced, proceeding from the esti- 
mates on the derivatives (1) or the decay of the Fourier transform (2). The first approach consists of 
replacing |a| s ' a ' in (1) with a more general quantity M a , depending on the multi-index a and obeying 
suitable conditions related to the properties of the corresponding function spaces. This case, usually 
referred to as ultradifferentiable classes, was analyzed by Roumieu in [30], under general hypotheses on 
the sequence {M a }. When M a depends on a only through its length |a| := ai + • • • + a n , the related 
Roumieu spaces coincide with the classes £^ Mp ^(iY), / D^ Mp ^(iY), widely studied by many authors, among 
which Roumieu [29], Lions-Magenes [23], Mandelbrojt [24], Komatsu [20], Braun-Meise-Taylor [4], Rudin 
[31] and Matsumoto [25]. The second approach was followed by Bjorck [3], Liess-Rodino [22] and Calvo- 
Morando-Rodino [10], where the inhomogeneous Gevrey classes G s ' A (f2) are introduced by replacing in 
(2) the weight (£) with a function A(£) fulfilling suitable conditions. 

The present paper is devoted to an important extension of the standard Gevrey classes and their dual 
spaces: the multi- anisotropic Gevrey functions and ultradistributions, defined by a generalization of the 
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estimates (1) on the derivatives based on the notion of multi-quasi-elliptic or complete polyhcdra in- 
troduced by Friberg [13], Pini [27] and Barozzi [1] in relation with hypoellipticity. They include, for 
particular choices of the polyhedron, the standard Gevrey classes and the anisotropic Gevrey classes 
studied, for instance, in [11], [14], [36]. An equivalent characterization via Fourier transform shows that 
the multianisotropic Gevrey functions and ultradistributions are a particular case of the inhomogeneous 
case of [3], [10], [22], for a suitable choice of the weight function. Comparing with the more general 
inhomogeneous Gevrey classes, our case allows a wider study, more direct proofs and more precise char- 
acterizations, as we can proceed with estimates on the derivatives. 

We observe that, in general, the sequence M a related to the multi- anisotropic Gevrey spaces cannot be 
written in terms of the length of a, and therefore they cannot be recovered by the theory of the classes 
£ { M jd(f2),2?{ M p}(f2); neither they fit in the frame of Roumieu [30]. In fact, the Roumieu ultradifferen- 
tiable classes (providing the test functions) are assumed to be rings of multiplication (cf . [30] , Theorem 
4), that is not true in our case (cf. Proposition 3.4), through very restrictive conditions on the sequence 
{Ma}. However, the multi- anisotropic spaces keep the main features displayed by the Roumieu ultradis- 
tributions. 

The multi-anisotropic Gevrey classes have many applications in the study of partial differential equations, 
among which we mention the works of Corli [12], Gindikin-Volevich [14], Hakobyan-Markaryan [16] and 
Kazharyan [18] regarding the hypoellipticity Bouzar-Chaili [5, 6], Calvo-Hakobyan [9] and Zanghirati 
[35] for the iterates, Calvo [7, 8] for hyperbolic problems. The dual spaces, the multi-anisotropic ultra- 
distributions, also have applications in the study of partial differential equations. In fact, all the results 
concerning hypoellipticity and iterates of a multi-quasi-elliptic operator ([1], [5], [6], [9], [12], [13], [14], 
[16], [18], [27], [35], [36]) can be reformulated by replacing the class of the Schwartz distributions with 
the space T>' sV {£l) corresponding to the Newton polyhedron V of the operator; moreover, we study in 
this frame the wcll-poscdness of the Cauchy problem for weakly hyperbolic operators (cf. Theorem 4.3). 
The paper is planned as follows. 

In Section 2 we recall the notion of complete polyhedron in K™ and collect some related definitions and 
properties. 

In Section 3 we introduce the multi-anisotropic Gevrey classes G S ' V (Q), s > 1, and Gq' (f2), s > 1. In 
analogy with the standard Gevrey case, we can endow these spaces with locally convex topologies, defined 
as inductive and projective limits of Banach spaces. On the other hand, we can also characterize their 
topology in an equivalent way, through the behavior of the Fourier transform, that coincides with the one 
of the inhomogeneous Gevrey classes (cf. [10]). This allows also to see that the topology of the standard 
Gevrey classes (cf. f.i. [20] and [28]) can be equivalently formulated in terms of the Fourier transform, 
and therefore related to the topology of the inhomogeneous Gevrey classes. We then study the algebraic 
and topological properties of the operations. 

In Section ?? we construct the topological dual of Gq' (fi), the space of multi-anisotropic ultradistri- 
butions T>' s V (Q), and of G s,v (£l), the space of compactly supported multi-anisotropic ultradistributions 
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£' s -p(fi), of which wc present different characterizations. In particular, the latter can be defined also by an 
exponential-type estimate on the Fourier transform or on the Fourier-Laplace transform (cf. Theorems 4. 1 
and 4.2); the latter gives a version of the Paley- Wiener-Schwartz theorem for distributions in our frame. 
We study the topological and algebraic properties of the multi-anisotropic ultradistributions, and show 
under which conditions we can set in these spaces a theory of linear partial differential operators with 
variable coefficients. As an application, we deal with the Cauchy problem, showing the well-posedness in 
the set of multi-anisotropic ultradistributions for a class of weakly hyperbolic operators (a generalization 
of the s-hyperbolic operators of Larsson [21]), called multi-quasi-hypcrbolic and modeled in such a way 
to have well-posedness in the multi-anisotropic Gevrey classes (cf. [7]). 

2 Complete polyhedra 

To introduce our study of multi-anisotropic Gevrey functions and ultradistributions, we start by de- 
scribing complete polyhedra and some related properties. Let V be a convex polyhedron in R™, then V 
can be obtained as convex hull of a finite set V(P) C W 1 of convcx-linearly-independent points, called 
the vertices of V and uniquely determined by V '. Moreover, if V has non-empty interior and the ori- 
gin belongs to V , there is a finite set J\f(V) = JV (V) UjVi(P), with \i>\ = 1 W e M (V), such that 
V = {z e R n \is ■ z > 0, W e Mq{V),v ■ z < 1, W e Ni(P)} Wi{V) is the set of the normal vectors to the 
faces oiV). 

Definition 2.1. A complete polyhedron is a convex polyhedron V C R™ such that 

1. V(V) C Q" (i.e. all vertices have rational coordinates); 

2. the origin (0,0,..., 0) belongs to V; 

3. N Q {T) = {ei, e 2 , . . . , e n }, with e, = (0, . . . , 0, l^ th , 0, . . . , 0) e R n for j = 1, . . . , n; 

4- every v e M\(V) has strictly positive components. 

Remark 1. The condition 4 implies that for every xeP the set Q(x) — {y € R n |0 < y < x} is included 
in V and if s belongs to a face of V and r > s, then r $■ V (where for x,y G R™, y < x means that 
Hi < Xi, i = l,..., n; and y < x means y < x, y ^ x). 

Let us now summarize some notations related to a complete polyhedron V: 

k(s,V) = inf{t > : t^s e V} = max veMl{v) v ■ s, Vs e M^; 

Hj(V) = max^^^) vj 1 ; 

jjl = i-i(V) = maxj=i,... ]n fij the formal order of V; 

/j,(°' = ^'(P) = mm^ eV /-p\\ r-Qi 1 7 1 the minimum order of V; 

/j.^ 1 ' = ^'(P) — max 7 gy(p\ J7J the maximum order of V ■ 
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Finally, we define the weight function associated to V: 

i 

\S\v-=( E KiY> v ^ eM "- ( 3 ) 

It is a weight function according to the definition of Liess-Rodino [22] . 

The definition of the previous quantities is clarified by the following result (for the proof we refer to 

[7, 16]). 

Proposition 2.1. Let V be a complete polyhedron in R n with vertices s = (s\,...,s n ), for I = 
1, . . . , n(V). Then 

1. for every j — 1,2, . . . ,n, there is a vertex s lj ofP such that s lj = sjej, s? — max s£ p Sj =: TOj('P); 

2. the boundary of V has at least one vertex lying outside the coordinate axes if and only if /j,j > 
rrij, V? = 1, . . . n, that is equivalent to ask that the formal order /z('P) is greater than the maximum 
order H^'iV); 

3. if s belongs to V, then |£ s | < YJi=i l£ s ' \> V £ € R n , where £ s = T]™ = i t/ and n(V) is the number of 
vertices ofP, including the origin. 

Proposition 2.2. For any complete polyhedron V and any s G K™, k(s,P) is well defined and bounded 
as follows: 

The associated weight function |£|-p satisfies for some constants Ci,C% > and all £ € K" : 

Considering a polynomial with complex coefficients, we can regard it as the symbol of a differential 
operator and associate a polyhedron to it. 

Definition 2.2. Let P{D) = Eiakm c «^"' c a ^ C, be a differential operator in M. n with complex 
coefficients and P(£) = Yl\a\<m c a£ a > £ € K™, its symbol. The Newton polyhedron or characteristic 
polyhedron associated to P(D) (or P(£)) is the convex hull of the set {0} lj{a £ Z™ : c a ^ 0}. 

The Newton polyhedron of an hypoelliptic operator is complete (cf. Friberg [13]), but the converse is not 

true in general (cf. Bouzar-Chaili [5, 6], Calvo-Hakobyan [9] and Zanghirati [35, 36]). 

To clarify our treatment, we give now some examples of complete polyhedra (for more details cf. [7, 8]). 

1. If P(D) is an elliptic operator of order to, then its Newton polyhedron is the complete polyhedron 
of vertices {0, mej, j = 1, . . . , n}. The set Afi(V) is reduced to the point v — m^ 1 Y^iT=i e i> anc ^ 
TOj(-p) = Hj{V) = pt (0) (7^) = A* (1) CP) = KP) = m > for a11 3 = 1, 2, . . . ,n; the weight function \£\ P 
associated to V is equivalent to (£). 
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2. If P(D) is a quasi-elliptic operator of order m (cf. for instance [14], [28], [36]), its characteristic 
polyhedron V is complete and has vertices {0, rrijej, j = 1, . . . , n}, where rrij = m,j(V) arc fixed 
integers (the anisotropic case). The set M^V) is reduced to a point v = Y^j=i m 7 e j> then 
Hj(V) — rrij, for all j ' = 1, ... , n, ^'(V) = min.,-^...^ rrij, ^(V) = ^'(V) = maxj = i,... !n rrij = m. 
The weight function associated to V is \£\ v = (1 + |£i| mi H h |£™| m ")™ • 

3. If V C R 2 is the polyhedron of vertices V(V) = {(0, 0), (0, 3), (1,2), (2, 0)}, then V is complete and 
MOP) = {vi = (§, |) , ^ = (|, i)}- We have m x {V) = m (0) (^) = 2, m 2 (T) = m(V) = ^(V) = 
3, fi(V) = 4. We observe that in this case the formal order /i(V) is bigger than the maximal order 
m(V), as V has a vertex lying outside the coordinate axes (cf. Proposition 2.1). The weight function 
associated to V is \(\ v = (1+ |^| 2 + |£ 2 | 3 + |fi$|)J. 

Following Hakobyan-Markaryan [16], we define the complementary polyhedron associated to a complete 
polyhedron V and give an important property involving the corresponding weight function; the latter 
will be closely related to the behavior of the pointwise product, cf. Proposition 3.4. 

Definition 2.3. Let V be a complete polyhedron in R™ and let jij = /ij(V), j = 1, . . . ,n. The comple- 
mentary polyhedron associated to V is V* = {x G K™ : x ■ A < 1}, for A = (—,..., — ). 

Remark 2. The formal orders of V and V* coincide by definition. The complementary polyhedron V* 
has only one face (besides the faces on the coordinate hyperplanes) ; V is included in V* and they coincide 
only when V has only one face (the anisotropic and standard cases). 

Proposition 2.3. LetV be a complete polyhedron andV* its complementary polyhedron as in Definition 
2.3, then the associated weight functions satisfy for some constant C > 0: 

\Z + il\v<C(\Z\ v + W v *), ve,7?eM". 

Moreover, for all polyhedra V' such that n{T") = f^iV) and V* % V' , there exist two sequences {£fc}fceN> 

{Vk}kefi in Hi™ such that 

,. \£,k + Vk\v 

iim - — j j — j — = oo. 

k ^°° \£,k\v + \m\v' 

It therefore follows that |£|-p satisfies the ring condition (cf. [3], [22]): l^ + ^-p < C(|£|-p + \n\-p) for some 
C > and all £, n <G M™, if and only if V has only one face (the anisotropic and standard cases). 

Remark 3. For every complete polyhedron V , V* is always included in the polyhedron of vertices 
{0,/Ltej, j — l,...,n} defining the standard Gevrey classes, and therefore, |£ + r/\-p < C(|£|-p + (n)), 

V£,7?eK n . 

Remark 4. When V has more than one face, the inclusion V C V* is strict; therefore, from Proposition 

2.3, there are two sequences {£fc}fceN, {rjk\k&i in K™ such that 

y \ik + m\v 

lim — — : — — = oo. 

fe ^°° \t,k\v + \Vk\v 
As an example, we can consider the polyhedron "P C R 2 with vertices V(V) = {(0,0), (0,3), (2,2), (3,0)}, 
for which \(^i,^2)\v = (1 + l£i| 3 + £i£f + l?2| 3 ) s ; and take the sequences £& = (fc,0), % = (0,fc), k e N. 
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3 Multi-anisotropic Gevrey classes 

We now introduce the multi-anisotropic Gevrey classes associated to a complete polyhedron V . Firstly 
we define these spaces by suitable estimates on the growth of the derivatives, that generalize the con- 
dition (1) of the standard Gevrey classes. We then give some equivalent definitions; in particular the 
characterization by means of their Fourier transform is very useful for the applications to partial differ- 
ential equations (cf. f.i. [7, 8]); it also shows that the multi-anisotropic Gevrey classes can be seen as 
a particular case of the inhomogencous Gevrey classes G s ' A (f2) (cf. [10]), for A(£) = |£|-p. We finally 
present their topological and algebraic properties. 

Definition 3.1. Let V be a complete polyhedron in R n , £1 an open set in M. n and s G R, s > 1. We 
denote by G s ' V (il) the multi-anisotropic Gevrey class of order s associated to V , that is the set of all 
f G C°°(f2) such that for any compact subset Koffl there is a constant C > such that 

sup \D a f(x)\ < C lal+1 (fik(a,V)) sf " k{a ' V) , \/a e N". (4) 

xeK 

For s > 1, the multi-anisotropic Gevrey classes with compact support are Gq (f2) = G s ' V (£l) D Co°(f2). 

Remark 5. If V is the Newton polyhedron of an elliptic operator (cf. Example 1 of Section 2), then 
G S ' V (Q) coincides with G s (£l), the set of the standard Gevrey functions in fi. IfP is the Newton polyhe- 
dron of a quasi- elliptic operator (cf. Example 2 of Section 2), then G S ' V '(f2) = G s,9 (fi) is the set of the 
anisotropic Gevrey functions, cf. [14] > [%8]> ]36]- 

Remark 6. We have the following inclusions: 

G s (n) c G s ^> (fi) c G s ' v (n) c G s ^> (Q), (5) 

that show that the multi-anisotropic Gevrey classes include the standard Gevrey classes of the same order. 

For the characterization via Fourier transform of the multi-anisotropic Gevrey classes and, in the next 
section, of the multi-anisotropic ultradistributions (cf. Theorem 4.1), it is useful to introduce some spaces 
of multi-anisotropic Gevrey classes in which the Fourier transform is an automorphism. At this aim we 
define the space S s ' V {R n ), in analogy with [3], [29], [30]. 

Definition 3.2. We say that a function f E L 1 (R n ) belongs to S s ' v (R n ) if fj G C°°(M. n ) and there is 

a constant e > such that for all a £ N" it holds: 

i 

Pa,e(f) = SU P ex P{ £ \x\p)\D a f{x)\ < OO 

(6) 
7r a , e (/) = sup ex P (e\^)\D a f(0\ < oo. 

£GR™ 

We easily see that G s ' V (R n ) C S s ' V (R n ) C G S ^(M") and S s ' V (R n ) is included in the Schwartz space 

iS(R n ). In analogy with [3], from (6) we can see that the Fourier transform is an automorphism in 

S s ' r (R n ). 

^From now on V is a complete polyhedron and the Gevrey order s is strictly bigger than 1. 
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Theorem 3.1. Let f E £'(R"), then f belongs to Gq (R™) if and only if there are two positive constants 
C,e such that |/(£)| < Cexp(-e|£|J,), V£ <= R n . 

Remark 7. Theorem 3.1 can be reformulated in the setting S S ' V (R n ) as follows. 

Let f E S'(M. n ), then f belongs to S s,v (U. n ) if and only if there are two positive constants C,e such that 

|/(0I <Cexp(- £ |£|!) 7 V?eIR". 

Then the following version of Pale y- Wiener- Schwartz Theorem can be established for multi-anisotropic 
Gevrey classes with compact support. 

Theorem 3.2. Let K be a convex compact subset o/K™. If f is a function in Gq (K™) with support 
contained in K then there exist two positive constants C, e such that the Fourier- Laplace transform F of 
f satisfies: 

\F{0\<C\K\cMH K m)-e\C\l), VCeC", (7) 

where \K\ is the Lebesgue measure of K, Hxit) := sup^g^ t ■ x,\/t E R n is the so-called support function 
of K and the weight function \-\-p is defined by naturally extending formula (3) to C". Conversely, every 
entire analytic function F in C" satisfying (7) is the Fourier- Laplace transform of a function in Gq (W 1 ) 
with support contained in K . 

For the proof of Theorem 3.1 we refer to Calvo [7], Theorem 3.2 can be proved analogously. 

A natural topological structure is defined in the multi-anisotropic Gevrey spaces analogously to the 

standard Gevrey and ultradiffcrcntiable functions (cf. f.i. [20], [28], [30]). 

Let if be a compact subset of W 1 . We denote by C°°(K) the space of all the C°°-Whitney jets on K 

(cf. [34]). We also write C^i^K) for the space of all the functions of class G°° in W 1 with support 

(possibly empty) contained in K; and, in analogy with [20], we proceed to construct the topology of the 

multi-anisotropic Gevrey classes. 

Definition 3.3. For any compact subset K of Q, and any positive constant C, the space G s,v (K,C) is 
the set of all f E C°°(K) such that: 

II/IIg.."(x,0 := sup C-^^k(a,r))- s ^ a ^ sup \D a f(x)\ < oo. (8) 

a€N" x£K 

For s > 1, we also setG S Q V (K,C) := G S ' V (K,C) n C%>{K) . 

The spaces G S,V (K, C) and Gq' (K, C) are Banach spaces with respect to the norm (8). 
Let us begin to describe the topology of Gq (fi). Since Gq' (fi) = \J Kccn c>0 Gq (K, G), then Gq (fi) 
is endowed with the inductive limit topology of the Banach spaces Gq (K, C), as K ranges over the family 
of all compact subsets of fi and G over R + ; therefore we write 

G S Q V (n) = mdlim Kccn . c> QG S Q V (K, C). (9) 

For a detailed study of the inductive limit topology in an abstract topological setting, we refer to [19], [32]. 
In a similar way, for any compact subset K of W 1 , we endow the space Gq (K) := G s ' 7, (K n )nG 3O (if) with 
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the inductive limit topology of the Banach spaces Gq' (K, G) and write Gq (K) = indlimooGQ' (K, C). 
Analogously to [20], we have the following result. 

Proposition 3.1. For any < C\ < C 2 and any compact subset K ofQ., the inclusion mappings 

G S ' V (K, d) ^ G S < V (K, G 2 ), G S V (K, d) <-> Gf(K, C 2 ) 
are compact operators. 

It turns out that for any compact subset K of R™, Gq (K) and Gq' (f2) are (DFS)-spaces according 
to [19, 20]; in particular they are separable complete bornologic Montcl and Schwartz spaces. By the 
characterization of the Gevrey multi-anisotropic functions via Fourier transform (cf. Theorem 3.1), we 
can construct an equivalent topology on Gq (f2), that can be seen as a particular case of the topology 
of the inhomogencous Gevrey classes (cf. [10]). 

Definition 3.4. Let K be a compact subset ofW 1 and e a positive constant. We define the space 
G s l ^(K,e) := {/ G £'(R") : supp/ C K, \\f\\ G „Hr (K e) ■= sup exp(e|£|*)|/(0| < °o}. 



We observe that we can also take / in £'(Q), considering its null extension in R n as a distribution in 



£'(R n ). Gq (K,e) is a Banach space with norm || • || s ,|.| p . The following result holds (cf. [10]) 



Lemma 3.1. Let K\ C K 2 be two compact subsets of fl and < e 2 < £\- Then the inclusion map 
Gq (Ki,Ei) ^-> Gq (K 2 ,e 2 ) i s a compact operator. 

,/From Theorem 3.1 and Definition 3.4, it follows that the space Gq' (f2) can be described as Gq' (f2) = 
Uxccn e>o ^0 (Kt £ )- Then Gq' (f2) is endowed with the inductive limit topology of the Banach spaces 
Gq (K, e), as K ranges over the family of the compact subsets of fi and e on R + . Analogously to (9), 
we can write 

Gf{n) = mdlim Kccn ^ >0 G s l - lv (K,e). (10) 

For any compact subset K of R™ we write also Gq (K) := indlim £> oGQ (K,e). 

Proposition 3.2. Let tq be the inductive limit topology on Gq' (f2) defined by (9) and T\ the topology 
defined in Gq (£1) by (10), then To and n are equivalent. 

Proof. In view of the Open Mapping Theorem for (LF)-spaces (cf. [26], Theorem 8.4.11), it suffices to 
prove that the identity map id : (Gq' (Q,),tq) — ► (Gq' (Q),ti) is continuous. Therefore, we have to 
prove that for any compact subset K of f2 and any constant C\ > the restriction of the operator id to 
Gq {K,C\) — * (Gq (fl),Ti) is continuous. If / belongs to Gq (K, C\) then, analogously to the proof 
of Theorem 3.1 (cf. [7]), its Fourier transform satisfies 

1 -a- A-11 (2 n ^C^)^e N W 
\f(0\^<\\m s s,r> (KCl) Cr(n(V))^\K\^ [ - 1 -, V£eM", 
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for N = 0, 1, 2, ... , where n(V) is the number of vertices of V, G2 is a suitable positive constant in- 
dependent of / and C = max(/i AiS Cf , G2). Summing over N = 0,1,2,..., we obtain for a suitable 
e>0 

1/(01 < C 2 \\f\\ G „r (K!Cl) n(V)\K\eM-e\S\h, ^ e R n . 

Therefore, for any Ci > there is an e > such that ||/|Ls, -\-p lw -, < C-2n(T')\K\\\f\\ G s,v(K d) f° r ai l 
/ € Gq' (if, Ci); thus for a suitable positive e the inclusion Gq' (if, C\) c -> Gq (if, e) is a continuous 
embedding of Banach spaces. Since the inclusion map Gq (if, e) <— » (Gq' (f2),Ti) is continuous, by the 
definition of the inductive topology n, the result is proved. D 

We treat now the topology of the multi-anisotropic Gevrey functions with arbitrary support. First we 
define for any compact subset if of il: G S,V (K) := Uc>o G s ' p (if, C) and we endow G S,V (K) with the 
inductive limit topology of Banach spaces G S,V (K, G), writing G S ' V (K) = indlim ( 7 > oG ;s ' 7:: '(if, G). ^From 
Proposition 3.1, it turns out that G S ' V (K) are (DFS)-spaces; in particular they are reflexive and complete 
Hausdorff, Montel and Schwartz spaces. Let {ifjjjgN be an exhaustive sequence of compact subsets of 

o 

f2, i.e. for every j — 1,2,... ifj_i cKj (with Kq := 0) and UigN^O = ^- For an y P a ^ r °f indices l,j 
with I > j we denote by p- the restriction operator p l - : G s ' V (Ki) — ► G s,v (Kj) defined by pi(/) = /ix 
for all / G Gq (if/). Of course, the mappings p'- are linear and continuous and, for any j — 1,2,..., 

J+U+2 _ J+2 



they satisfy p 1 , pGi = pi ■ Therefore, following [32] (cf. also [19]), the projective limit of the sequence 
{Gq (if,)}jgN with respect to the mappings {pAi>j is defined as the space of all sequences {/j}jgn of 
G°°-jets fj <= G s ' v (Kj) such that 

PJ + \fj+i) = fi, i = l,2,.... (11) 

This projective space is isomorphic to G s ' V (£l), if we identify any sequence {.fj}jen fulfilling (11) with 
the function / in G s - V (n) defined by setting f(x) = fj(x) for x E Kj, j = 1,2,.... Then G s ' v (fl) 
is endowed with the projective topology of the sequence {G S ' V (Kj)}j^ with respect to the mappings 
{pi}l>j (cf. [15], [19]); this procedure does not depend on the sequence {Kj}j e m and makes G s ' v (fi) a 
complete Schwartz space (cf. [15], [19]). Therefore we will write 

G s > v (n) = projlim Xccf2 G^(if) - projlim Kcc „(indlim c ^ co G s ^(if, G)). 

Concerning the topology in the spaces S S ' V , we just observe that the semi-norms p a . e , ^ a .e m (6) endow 
S s,v with a locally convex topology. 

Remark 8. The inclusions (5) of Gevrey classes are continuous with respect to the previously defined 
topology. 

We now consider the algebraic properties of multi-anisotropic Gevrey classes. It is clear that if u, v € 

G s ' v (n), k e C, then u + v e G s < p (f2), ku e G s ^(f2). 



150 CALVO-MORANDO 

Proposition 3.3. If a £ N n , then for any < C < C and any compact subset K of ft, the derivative 
D a : G sV (K,C) -► G S ' V (K,C) is continuous and it satisfies \\D a f\\ G s,v {K , c >) < M\\f\\ G s,v (K> c) for 
every f E G S ' V (K,C) and some constant M > depending only on a, C and C . Therefore, the 
derivative D a defines a continuous linear operator from each of the spaces G s ' V (ft) and Gq (51) into 
itself. 

The proof is immediate by direct computation, or after observing that the sequence (/ik(a,T')) IJ ' sk ^ a, ' p ' , 
a e N™, fulfills the differentiation property stated by Roumicu (cf. [30], inequality (7)). The problem of 
the pointwise multiplication for multi-anisotropic Gevrey functions is solved by the following result. 

Proposition 3.4. Let ft be an open subset ofW 1 , V be a complete polyhedron and V* its complementary 
polyhedron given by Definition 2.3; then for any s > 1 we have: G S ' V (51) • G s,v (51) C G 8 ^ (ft) and for 
any complete polyhedron V such that fi(P') = fi(V) and V* % V : G s ' V (ft) ■ G s - V ' (ft) % G s - V (ft). 

For the proof and counterexamples we refer to Calvo [8] and Hakobyan-Markaryan [16]. 

Remark 9. In view of the inclusion P C P*, we have G S ' V (51) C G s,v (ft) and they coincide only in 
the standard or the anisotropic case (cf. [8], Proposition 2.1). Moreover, from Proposition 3.4, G s, ^(51) 
is not an algebra under the pointwise multiplication, except the standard and anisotropic cases. 

Remark 10. As the inclusion G s (ft) C G S ' V (51) holds for any complete polyhedron V , then G s (ft) • 
G s ' v (ft) c G s ' v (ft). 

^From the topological point of view, the following results can be proved. 

Proposition 3.5. Let V be a complete polyhedron, V* its complementary polyhedron, C\, G2 > and K a 

compact subset of ft. Then \\fg\\ G s,v (Kfil+C2) < ||/||g^(k,Ci) hWc^* (k,C 2 )' f or ever V f e G S > V (K,G\) 
andgeG s > v *(K,C 2 ). 

Proposition 3.6. Let V be a complete polyhedron in R" and V* its complementary polyhedron. Then, 
for any open subset 51 ofR n , any compact subset K of ft and s > 1; 

1. G s,v '(51) is a topological G S ' V (51) -module; 

2. Gq (51) is a G S ' V (51) -module in which the pointwise multiplication is hypocontinuous. 

By the properties of the multiplication of multi-anisotropic Gevrey functions (cf. Remark 10, Propo- 
sition 3.5), we can give an equivalent topological description of the space G s ' V (ft) in analogy with the 
inhomogeneous Gevrey case. 

Corollary 3.1. Let 51 be an open subset ofW. n and {Kj}j e fj an exhaustive sequence of compact subsets of 



ft; chosen any \j € Gq(Kj) such that < %j < 1 and Xj\k--x = 1 then G s,v (ft) — projlim ^^Gq (K. 
where the projective limit in the right-hand side is taken with respect to the mappings ipj : Gq (Kj + \) 

G s ^{K ),f^ X3 f. 



j )- 



MULTI-ANISOTROPIC GEVREY CLASSES... 151 

Corollary 3.2. If SI is an open subset o/R™ and K\,Ki are compact subsets of £1 such that K\ C K_i, 
then the inclusion maps: Gq (K\) c — » G S ' V (K2), Gq (K\) °— ► G 8,v (SI) are topological homomorphisms. 

The proof is analogous to that in [4], following from Propositions 3.5 and 3.6. 
Combining Propositions 3.3, 3.4, 3.6, we get the following result. 

Proposition 3.7. Let P(x,D) = X)ui<m a a(x)D a be a linear partial differential operator with coeffi- 
cients a a £ G sV (CI). Then the following are linear continuous operators: 

P(x, D) : G s ' v (Sl) -» G s ' v (Sl), P(x, D) : G S ' T '(SI) -» G s ' r (Sl). 

Concerning the convolution product of multi- anisotropic Gevrcy functions, the following result can be 
established. 

Proposition 3.8. Let f £ G s,v (M. n ) and g £ L\ (W 1 ). Then the convolution product f * g belongs 
to G s,v (M. n ); more precisely for any compact subset K of R™ there is a constant C > such that 
\\.f * 9\\g°.t>(K,C) < \\f\\G°-T(,K-H,C)\\9\\Li(H), where H = supp.g. Analogously, if f £ G S ,V (R n ) and 
g £ Lj 1 oc (M") then f *g £ G s, ' p (M n ); in particular for any compact subset K o/R™ there exists a constant 
C > such that \\f * g\\ G e,v( KtC ) < \\f\\G-^(H,c)\\9\\L^K-H), where H = supp / . 

Corollary 3.3. Let V be a complete polyhedron in R" and set S(f,g) :— f * g; then the following are 
hypocontinuous bilinear maps: 

S : G s ' v {R n ) x L^ omp (R") -» G s - v (R n ), S : G s ' v (R n ) x Ll oc (R n ) -» G s - v (R n ). 

Remark 11. In view of Proposition 3.8, analogously to the standard Geurey case we can prove that 
Gq (f2) is dense in G s,v (ST), Gq (SI) is dense in C^°(f2) and G s,v (St) is dense in C°°(Sl) with continuous 
inclusions. The proof is based on the convolution with functions tp e £ G s (Sl) C G s ' V (Sl), <p £ — > 6 (cf. [4], 
Lemma 3.8 and [30], Corollary 3). 

4 Multi-anisotropic ultradistributions 

Now we present the topological dual spaces of the multi-anisotropic Gevrey classes: the multi-anisotropic 
ultradistributions. They admit equivalent characterizatons according to the topology defined in the 
multi-anisotropic Gevrey spaces; in particular we study the properties of the Fourier transform and prove 
a version of the Paley- Wiener-Schwartz Theorem for multi-anisotropic ultradistributions with compact 
support (cf. Theorems 4.1, 4.2). We then examine the algebraic and topological properties and give an 
application concerning the well posedness of the Cauchy problem for a certain class of operators with 
constant coefficients. 



Definition 4.1. For any s > 1 and any open set SI o/R", the space of multi-anisotropic ultradistributions 
T>' s p(Sl) is the topol 
strong dual topology. 



T>' sV (Sl) is the topological dual space of the multi-anisotropic Gevrey class Gq (SI), endowed with the 
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Proposition 4.1. The following conditions are equivalent: 

1. u belongs to T>' sV (fl); 

2. u is a linear form on Gq' (51) such that u(fj) —* for any sequence {fj}jeti C Gq' (51) converging 
to in Gq' P (51); 

3. for any compact subset K of £1 and any e > 0, there is a constant C e > such that for all f G 
G S ' V {Q), with supp f <Z K , it holds \u(f)\ < G e sup Q£N „ e^(fik(a,V))- sllk( - a '' p) sup xeK \D a f(x)\. 

The proof follows from standard topological arguments (cf. [19], [32], [33]). 

Remark 12. For any complete polyhedron V in K™, any open subset 51 of R™ and t > s > 1, the 
inclusions T>'(Q) C T>' t j,{£l) C 2?^.p(f2) ZioW continuously (as a consequence of the continuous inclusions 
Gq (51) C G ' (51) C Cq°($1), c/. Remark 11). iFrom Remark 6, we derive also the following inclusions 
of multi- anisotropic and standard ultradistributions: T>' » (51) C D' s p(51) C 2?'_ M _(f2) C 2?^, (51). 

Let us mention some particular cases of multi-anisotropic ultradistributions. 

1. If V is the Newton polyhedron of an elliptic operator, then T>' s V {£1) coincides with T>' s (Cl), the space 
of the ultradistributions associated to the standard Gevrey class Gq(51); 

2. If V is the Newton polyhedron of a quasi-elliptic operator, then V' s -p(51) = T>' s ($1) is the set of the 
anisotropic ultradistributions associated to the anisotropic Gevrey class Gq' 9 (51). From Proposition 
4.1, T>' s (51) is the set of the linear forms on Gq 9 (51) such that for any compact subset K of 51 
and any e > there is a constant C £ > for which the inequality |u(/)| < C e sup aeN „ e' a '(a ■ 
q)- sa - q sup xeK \D a f(x)\ holds for all / G Gq' 9 (51) with supp/ C K. 

Definition 4.2. For every s > 1, we denote by £' s -p(51) the topological dual space of the multi-anisotropic 
Gevrey class G S,V {Q), endowed with the strong dual topology. 

As in the space of Schwartz distributions, we can define the support of a multi-anisotropic ultradistribution 
u G T>' s y, (51) as the intersection of all closed subsets of 51 in whose complement u vanishes; then, in analogy 
with Proposition 4.1, we have the following result. 

Proposition 4.2. The following conditions are equivalent: 

1. u belongs to £' sV {£l); 

2. u is a linear form on G s ^ '(51) such that u(fj) — ► for any sequence {fj}jefi C G S:V (il) converging 
to in G s ' p (51); 

3. u is a linear form on G S ' P (51) and there is a compact subset K of SI such that for any e > there 
is a constant C £ > such that for all f G G S ' V (51) it holds: 

K/)| < C s supe^{iJ,k{a,V))-^ k{a ' v) sup \D a f{x)\. (12) 



MULTI-ANISOTROPIC GEVREY CLASSES... 153 

4- u belongs to V sV (£l) and has compact support in Q. 

We can equivalcntly define the multi-anisotropic ultradistributions with compact support by means of 
the Fourier transform and the Fourier-Laplace transform, in analogy with the standard ultradistributions 
(cf. [20] , [28] ) . It follows that the multi-anisotropic ultradistributions can be seen as a particular case of 
the inhomogcncous ultradistributions treated in [10]. 

If u belongs to £' s v (R n ), then its Fourier transform can be defined by setting u(£) = u x (eT lx '*), V£ € R n , 
that is well defined as e~ tx '£ belongs to G s (M n ) C G s,v (R n ). The rules of derivation and multiplication 
of the Fourier transform in £'(R n ) are still satisfied in £' s v (R n ). 

Theorem 4.1. If u belongs to £' sV (R n ), then for any e > there is a constant C e > such that 

K£)|<C e exp(e|£||), V£ e R n . (13) 

Proof. If u belongs to £' s v (R n ), then u(£) = u x (eT lx '*) is a function, since u has compact support. From 
formula (12), taking f(x) = e~ tx '^ we get: 

|«(0| = K(e~ ix< )\ < C e sup e^^k(a,V))-^ k ^ v) sup \D^e~ ix <\ 

a£N" x£H 

<C £ sup e^(fxk(a,r))-^ k ^ v) \^ ki ^ V) . 

Applying the inequality t d < e t d d for t = — \£\j, and d — ^(a^V) with an arbitrary e\ > 0, we can 
estimate 

sfik(a^'P) 



\u(0\ < C E sup e l«l(/iA : ( a ,7'))- s ^( a ^)exp( £l |C||) (»k(a,V)) s ^ c 



a,V) 
a£N" v J \£l 

s-t|a| 



< C £ sup e H ( - I exp( £l |e|^ 



Now taking e = I ^- J M we obtain |u(£)| < C £ exp(ei|^||,), that gives the result. D 

Definition 4.3. The space of multi-anisotropic ultradistribution S' sV {R n } is the topological dual of 
S s ' r (R n ). 

We have obviously the inclusions £' sV (R n ) C S' sV (R n ) C V' s:p (R n ) and S'(R n ) C 5^ P (R n ), where 
<S'(M™) is the space of tempered distributions, dual space of <S(R"). 

In analogy with the spaces <S'(M"), it is possible to define the Fourier transform also for u £ S' s v (R n ), 
by the use of Parscval's formula: u(f) = u(f), for all / e S s ' V (R n ) (as also / e S s ' V (R n )). For u € £' s ^, 
this definition obviously coincides with the previous one. 

Proposition 4.3. The Fourier transform is an automorphism of S^ v (R n ). 

Corollary 4.1. Any function U(£) satisfying for all s > the condition (13) in R n belongs also to 
S' sV (R n ), and therefore is the Fourier transform of an element u of S' sV {R n ). 
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It follows from the inclusion S' sV (R n ) C T>' sV (W l ) that if [/(£) satisfies (13), then it is the Fourier 

transform of an element of T>' s -p(K n ) (as we will need in the proof of Theorem 4.3). 

Finally, we prove a version of Paley- Wiener-Schwartz Theorem for multi-anisotropic ultradistributions. 

Theorem 4.2. If u belongs to £ / sV (W 1 ) and suppu C K, where K is a convex compact subset of ' W 1 , 
then for any e > there is a constant C £ > such that the Fourier- Laplace transform U of u satisfies 



|t/(C)| <C £ exp(# K (9C)+£|Cl|J, VCeC", (14) 

where Hx(t) := sup^g^- x ■ t, for t G W 1 . If an entire analytic function U(Q satisfies (14), then U is the 
Fourier- Laplace transform of an ultradistribution u G £ / sV (W l ) with suppw C K. 

Proof. If u belongs to £' s v (M. n ) and suppw C K, then (14) holds in analogy with Theorem 4.1. 
Conversely, let U(Q satisfy (14). Then, as in the standard Gevrey case (cf. [4]), the linear form: 

u(<p) := (27T)-" J U(-S)<p(Qdt, ^ e G^(R") 

defines a multi-anisotropic ultradistribution w G DjpfE") with suppu C if, whose Fourier-Laplace 
transform coincides with [/. Therefore, in view of ^. of Proposition 4.2, u belongs to £' s V (M"). D 

Remark 13. The inequality (14) is an estension to the complex space C™ of (13). 

We now study the topological properties of the multi-anisotropic ultradistributions T>' s -p(f2) and £' s -p(f2). 
In view of Definition 4.1 and according to [32], Theorem 4, the strong dual topology makes T>' s -p(f2) a (FS)- 
space; in particular it is a complete bornologic Montcl and Schwartz space. An explicit fundamental sys- 
tem of continuous semi-norms is given by setting for any u G T>' s v (£l): p B j (u) := sup feB j |u(/) |, j, m — 
1,2,..., where, for any pair of positive integers (j, m), B J m := {/ G Gq' (Kj, Cj) : ||/||g s < v (k -,c •) ^ m }j 
{■^j'}jeN is an exhaustive sequence of compact subsets of £1 and {Gj-j-jgn is an increasing sequence of 
positive numbers diverging to +oo. Following the arguments of Komatsu ([20], Proposition 5.11 and 
Theorem 5.12), £' s v (£l) are complete bornologic Montcl and Schwartz spaces. 

In the space of multi-anisotropic ultradistributions, we can define the usual elementary operations. 
Let V be a complete polyhedron and V* its complementary polyhedron. For any u G T>' sV {£l), f G 
G S ' V (f2) and a G N" the following operations are well defined: 

- the product fu(<p) := u(fif), V<p G Gq' (f2); 

- the derivative D a u(tp) := (-l)-^u(D a tp), V^ G G 8 ' V (Q). 

^From Propositions 3.3 and 3.4, the derivative is continuous in T>' s -p(f2) and £' s -p(f2) and setting M(/, it) := 
/w the following maps are bilinear and hypocontinuous: 

M : G s > r *(fl) x T>' sV (n) -» £>^(ft), 

M : G s ' p *(ft) x £j j7 ,(ft) -» £j i7 ,(ft), 

M : G S o V '(n) x ©^(fi) -» £jp(ft). 
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Corollary 4.2. Let V be a complete polyhedron and V* its complementary polyhedron. Let P(x, D) := 
S|a|<m da(x)D a be a linear partial differential operator with coefficients a a G G S ' V (f2). Then the 
following are continuous linear operators: 

P(x,D) : V t>v (il) - T>' s , v (fl), P(x, D) : £' s>v (fl) - £' S>V {£1). 

If u € X>^(E") and / e Go' P (R n ), or u € ^. P (M") and / G G S ' P (R"), the convolution product u * / is 
defined by (u * f)(x) = u y (f(x — J/)), where w y acts on /(x — y) as an ultradistribution in y. 

Proposition 4.4. Lei / G G S ' P (R") and u G £' s . v (R n ) (or f G Go' P (K") and u G X>^(ir)j; i/ien the 
convolution product u* f belongs to G S ' V (M. n ). 

Proof. We prove the proposition for / G G s,v (R n ) and u G £' sV (M. n ); the other case is similar and we 
omit it. For all a G N", D%{u * /)(x) = u y (D*f(x - y)) is well defined, since D°/(s - y) G G S < P (1R£) 
for all y G M" and u is linear and continuous in G S ' V (W 1 ); therefore u* f belongs to C°°(IR n ); now we 
prove that it is also in G s < v (M. n ). From the definitions of G s - r (R n ) and £' StV (M. n ) (cf. formulas (4) and 
(12), respectively), for any compact subset K of R" there is a C > such that for any a G N™ it holds: 

sup |Z£(u * /)(x)| = sup K(£"/(z - y))| 

< C e sup £ l' 3 l( M fc(/3,^))~ SA " £(/3 ' 7 ' ) sup sup \D%l£f{x-y)\ 

/3eN™ xEKyeli 

<C £ sup s m (nk(f3,V))- s » k(p - V) sup |25" +/9 /(«)| 

/3GN" z£H-K 

< C £ sup £ l /3 l( M fc(/3,'P))- SAi ' £(/3 ' 7 ' ) C |a|+ ^ l+1 (M/c(a + /3,'P))^' c(a+/3 ^ ) 

/3GN" 

< C e sup ^l( / xfc(/3,7'))-^ ( ^ ) Cl a l + l^+ 1 (MA : (a,7')+M(/3,^)) s( ^ (a ' P)+Mfe(/? ' 7 ' )) , 

/36N" 

where in the last step we have applied 

k(a + 3, V) = max (a + 3) ■ v < max a • v + max 3 ■ v = k(a, V) + k(B.V). 
i/ev(7>) ^ev(-p) ;/ev(-p) 

,/From the elementary inequality t d < d d e t ~ d we obtain: 

sup |D£(ii*/)(a;)| < C e sup C lal+m+1 e^^k(a i r)) s ^ k(a - V) e s ^ ,3 ^e Sfl ^ 
<CC e (Ce^)l Q l( Af fc(a,'P)) s ^ (a ^ ) sup £ \0\ e ^H0,r) c \f3\_ 

So, taking e = (Ce SM ) _1 and Ci = Ce SM , C2 = CC e for the previous choice of s, we get the estimate 



sup 

x£K 



\D%(u*f)(x)\ <C 2 C[ a] (nk(a,P)) sl " k( - a ' r \ VaGN", 



that implies that u* f belongs to G s ' V (R n ). D 

The convolution product satisfies the usual properties (analogously to the case of Schwartz distributions); 



?s,Vnon\ „, a f rmn\ („^ f a n s ' V 



in particular, for any / G G s ^(R n ), u G £' s . v {R n ) (or / G G s ' y (R n ), u G V' sV (R n )) and g G £' s , v (JBL n ), i 



it 
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holds (u * f) * g = u * (f * g) and supp(u * /) C supp u + supp /. Therefore, we can define the product 
by convolution of two ultradistributions u,v G T>' s ^(W 1 ), one of which has compact support, by setting 
(u * v) * g = u * (v * g) for all g e Gq (R n ); this is well defined in view of Proposition 4.4 and u * v 
belongs to X»^(R n ). 

To conclude our treatment, we show some applications of the multi-anisotropic ultradistributions to the 
study of partial differential equations. 

We first point out that the multi-anisotropic ultradistributions are the suitable setting for the problems 
(for instance hypoelliptcity, local solvability and iterates of operators) in which existence or regularity 
results are proved in the frame of multi-anisotropic Gevrey classes, cf. for instance [1], [5], [6], [9], [12], 
[13], [14], [16], [18], [27], [35], [36]. In fact, all these results can be reformulated by replacing the class of 
Schwartz distributions with the corresponding multi-anisotropic ultadistributions. 

As further application, we study the Cauchy problem in multi-anisotropic ultradistributions for weakly 
hyperbolic operators. The well-posedness will be proved for the so-called multi-quasi-hyperbolic operators 
introduced by Calvo [7] and generalizing the s-hyperbolic operators of Larsson [21]; they are shaped in 
such a way that the well-posedness of the Cauchy problem holds for multi-anisotropic Gevrey classes. 
Let us recall the definition; for more precise characterizations and properties we refer to [7]. 

Definition 4.4. We say that a differential operator with constant coefficients in R( x M" 

P{D) = P{D U D X ) = D?+ Yl a »J DV M (15) 

is multi-quasi-hyperbolic with respect to V of order s > 1 (for short (s,V) -hyperbolic) if there exists a 
constant C > such that for any (t, QeCx K™ the symbol of P{D) satisfies the condition: 

P(r,0 = r m + ]T a FJ fV = =► |3r| < C\S\j,. 

|i/|-t-j<m,j^m 

Obviously, if P(D) is (s,P) -hyperbolic then it is also weakly hyperbolic, i.e. all the roots r of the 
characteristic equation P m {T,£) = r m + J2\u\+j=m j^tm^ 1 '^ ~ ® arc rca ^ ^ n tnc °PP 0S ite direction, if 
P m (r, £) satisfies the weakly hyperbolic assumption, in order to have the (s,"P)-hypcrbolicity we need to 
ask some Levi-type conditions on the lower order terms, modeled on V, cf. [7]. We just point out the 
following result, in order to give an idea of the multi-quasi-hypcrbolicity conditions. 

Proposition 4.5. Let P(D) in (15) be weakly hyperbolic and suppose that the multiplicity of the roots 
of its principal symbol P m (r, £) is equal to M < m and the lower order terms satisfy for some k < M 
and a constant C > 0: 

Kjn<C\^(O m - M - j for W\+j<m-l. (16) 

Then P(D) is (% ,V) -hyperbolic. 

In [7] it was proved that, under the hypothesis of (s,"P)-hypcrboricity, the Cauchy problem (17) admits 
a unique solution u G C°°(R, G s < v (R n )) for any data u k e G r - V {W 1 ) if r < s. 
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Theorem 4.3. Let P(D) be an (s ,V) -hyperbolic differential operator in R t x R™. Let 1 < r < s and 

Uk G T>' rV (Wf.) (k — 0, 1, . . . ,m — 1). Then the Cauchy problem 



P(D)U = DJ"« + E|,| + i<m, ^ «^s^ = 

Dfii(0, x) = Uk(x), k = 0, 1, . . . , m — 1 



(17) 



admits a unique solution u G C°°(R, ZV p(R")). 



Proof. For the finite speed of propagation of weakly hyperbolic operators with constant coefficients, it is 
not restrictive to take the data with compact support Uk G £' s -p(R n ), fc = 0, . . . , m — 1. Therefore, after 
performing the partial Fourier transform (with respect to the x variable and taking t as parameter) of 
the Cauchy problem (17), the unique solution of the equivalent Cauchy problem (an ordinary Cauchy 
problem in t, with £ as parameter) is given by: 

m—l 

6(t,0=E fl i(^ ii >(*'0. ( 18 ) 

3=0 

where u 3 (j — 0, . . . , m — 1) arc the Fourier transforms of the data of (17) and Fj are the unique solutions 
of the Cauchy problems 

P(D u £)F j =0 

D^F j (0,^) = S jk , fc = 0,...,m-l, 

for djk = 1 if j = k and otherwise. Let us fix now an arbitrary T > 0. The Fj are estimated by 
Lemma 12.7.7 of Hormandcr [17] thanks to the hypothesis of weak hypcrbolicity of P(D), and therefore 
for suitable constants c\, C\, C2, C2, C" > and all £ G R™, t E \—T, T] we have: 

\Fj(t,0\ < (C 1 (0) m+1 cicxp(C'|t||£||) < c 2 exp(C 2 (l + |t|)|£||). 

Then we can estimate w(£,£) given by (18) as follows: for all e > there is a constant C e > such that 

rn— 1 

|fi(*,OI< ^c 2 C £ exp( £ |C||)exp(C 2 (l + |t|)|C||). 
j=o 

As r < s, for t G [— T, T] and for all e' > 0, taking e sufficiently small (depending on s' , r, s, T), there is 

i 
a constant C e > > such that it holds |u(t, £)| < C e > exp(e'|£|p), V£ G R"; this proves that for every fixed 

t G [-T,T] we have u G X>; p (M™). Similar estimates for &[u(t,£) (cf. [17], Lemma 12.7.7) show that 

d\u G V' rV {W l ) for all t G [-T, T]; since T is arbitrarily fixed, we conclude that u G C°°(M, X>; . v (R n ). □ 

We finally illustrate the notion of multi-quasi- hypcrbolicity and the previous result by some examples. 

1. Let us consider the case when V is the Newton polyhedron of an elliptic operator, i.e. |£|-p = (£). 
From Proposition 4.5, any differential operator P(D) = P m (D) + Q(D) in M™ +1 , such that its 
principal part P m {D) is hyperbolic and Q(D) has order q < m, is —-hyperbolic; therefore, for any 
r < ^ and any data u k G T>' r (R n ), fe = 0, . . . , m - 1, there is a unique solution u G C°°(R, DJ.(R n )) 
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of the corresponding Cauchy problem. 

If P m (D) is hyperbolic, with multiplicity of the characteristics equal to M and q = m — M + k for 
a given k, < k < M, then P(D) is ^-hyperbolic. When k = M — 1, (16) is always satisfied and 
we obtain the well-known result of G s well-posedness for s < N f I _ l (cf. for instance [21]). 

2. Let V be the complete polyhedron in R 2 with vertices V(P) = {(0,0), (0,2), (1,0)}; then the 
associated weight function is |(£,?y)|-p = (l + |£| + |?7 2 |) 2 . Consider the operator of order 3: 

P{D Xl D y ,D t ) = P 3 (D X , D y , D t ) + P 2 (D X ,D V7 D t ) + P 1 {D Xl D y ,D t ) + c, (19) 

such that the principal part P 3 (D X , D y , D t ) is hyperbolic, P2(D X , D yi D t ) — c\D 2 and P\(D X , D y , D t ) 
is any operator of order 1, with ci, c G C. It is multi-quasi- hyperbolic of order | with respect to V 
(cf. Proposition 4.5) and therefore, from Theorem 4.3, for any r < | and any data w^ <G T>' rV (R n ), 
k = 0, 1, 2, there is a unique solution u E C°° (M.,V r v (M. n )) of the corresponding Cauchy problem. 

3. Let V be the same polyhedron as in Example 2; then if we ask the conditions of Proposition 
4.5 with M = 2, k = 1 to the operator (19), we have that P%(D Xl D y ,D t ) is hyperbolic with 
multiplicity of the characteristics equal to 2 and the lower order terms must be of the following 
kind: P2(D x ,D y ,D t ) — c\D y + C2D x D y + c^D y D t and Pi(D x , D y ,D t ) is any operator of order 
1, with Ci,c 2 ,c 3 G C This implies that P(D) is multi-quasi-hyperbolic of order 2 with respect 
to V and for any r < 2 and any data Uk G T>' rV (R n ), k = 0,1,2, there is a unique solution 
u G C ca (M.,V rV (M. n )) of the corresponding Cauchy problem. Observe that the lower order terms 
here are more general than in Example 2. 
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Abstract 

In this paper, by means of Mawhin's continuation theorem, the existence of periodic solutions 
for a p-Laplacian Duffing equation with deviating argument is obtained. 
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1. INTRODUCTION 

Consider the p-Laplacian Duffing equation with a deviating argument 

(MAt)))' + 9(x(t-T(t))) = e(t), (1.1) 

where p > 1 is a constant, <p p : R — ► R, fp{u) = \u\ p ~ 2 u is a one-dimensional p-Laplacian, e, r are 
periodic functions with period T > 0, and g, e, r G C(R, M). 

There has been a great deal of research works on such an equation which is used to describe 
fluid mechanical and nonlinear clastic mechanical phenomena. For example, when p = 2 and 
t(£) = 0, the existence of T— periodic solutions to Eq.(l.l) was extensively studied in [1-3]. In [4-6, 
9, 13], by using the time maps and the phase plane analysis, the authors discussed the existence of 
periodic solutions to Eq.(l.l) for p^2 and r(£) = 0. On the other hand, for p = 2 and r(£) ^ 0, 
the existence of T— periodic solutions to several second order scalar differential equations were also 
studied in [8, 10-12]. In [8], X. Huang and Z. Xiang studied the following type of Duffing equation 
with a single constant deviating argument 

x"(t)+g(x(t-T))=p(t). (1.2) 

Under a one-sided boundedness condition imposed on g(x) such as 

\g{x)\ < R for x > M, (1.3) 

where M > 0,i?o > are constants, and a signal condition xg(x) > for |x| > M, the authors 
obtained a periodic solution for Eq.(1.2). In [12], S. Ma, Z. Wang and J. Yu studied delay Duffing 
equations of the type 

x"(t) + m 2 x(t) + g(x(t - t)) = p(t). (1.4) 

They established several criteria to guarantee the existence of periodic solutions of Eq.(1.4) by 

assuming 

sup \g(x)\ < oo. (1.5) 

xeR 

Recently, S. Lu and W. Ge in [10] discussed the existence of periodic solutions for the second order 
differential equation with multiple deviating arguments 

n 

x"(t) + f(x(t))x'(t) + J20i(t)g{x(t - 7j(t))) = pit). (1.6) 

In their work, some linear growth condition imposed on g[x) such as 

lim M^-re [0,+oo). (1.7) 

|x|^+oo \X\ 

was needed. 

The main technique of these works [8, 10-12] is to convert the problem into the abstract form 
Lx = Nx, with L being a non-invertiblc linear operator. Thus the existence of solutions of the 
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problem can be given by the Mawhin's continuation theorem [7]. But as far as we are aware of, 
the corresponding problem of Eq.(l.l) with p =/= 2 and r(t) ^ has never been studied. This is 
mainly due to the fact that the Mawhin's continuation theorem is not applicable directly since the 
p-Laplacian <p p {u) = \u\ p ~ 2 u is not linear with respect to u except when p = 2. 

In this paper, we translate equation (1.1) into a two-dimension system to ensure Mawhin's 
continuation theorem can be applied. This method can also be used to solve problems for other 
equations with p-Laplacian. Moreover, the one-side growth condition we impose on g{x) in order 
to obtain a priori bound of periodic solutions for Eq.(l.l) is weaker than the corresponding ones 
in (1.3), (1.5) and (1.7). 

2. MAIN RESULT 

First, we recall Mawhin's continuation theorem which our study is based upon. 

Let X and Y be real Banach Spaces and let L : D(L) C X — > Y be a Frcdholm operator 
with index zero, here D(L) denotes the domain of L. This means that Im L is closed in Y and 
dimmer L — dim(Y/7m L) < +oo. Consider the supplementary subspaccs X\ and Y\ such that 
X = Ker L X± and Y = Im L ® Yi and let P : X — > Ker L and Q : Y — ► Yi be the natural 
projections. Clearly, Ker LC\(D(L)r\Xi) = {0}, thus the restriction Lp := L\ D ^ L - )nXl is invertible. 
Denote by K the inverse of Lp. 

Now, let fi be an open bounded subset of X with D(L) Oil ^ <j>. A map N : il — » Y is said to 
be L— compact in fi, if QN(Cl) is bounded and the operator K(I — Q)N : il — + X is compact. 

MAWHIN'S CONTINUATION THEOREM [7] Suppose that X and Y are two Banach 
spaces, and L : D(L) C X — > Y is a Frcdholm operator with index zero. Furthermore, 51 C X is 
an open bounded set and N : 51 — > Y is L— compact on fi. If 

(l)Lo; ^ A7Va;,Vx e <9S1 n D(L), A e (0, 1); 

(2)Nx £ Im L,\/x effin Ker L; and 

{Z)deg{JQN^ Jl n ifer L, 0} 7^ 0, where J : 7?ri Q — ► _ftTer L is an isomorphism, 
then the equation Lx = A^a; has a solution in 51 C| D(L). 

In order to use Mawhin's continuation theorem to study the existence of T— periodic solutions 
for Eq.(l.l), we rewrite Eq.(l.l) in the following form 

X[(t) = <p q (X2(t)) = |X2(t)|«- 2 X2(t) 

4(t) = -g(a; 1 (t-T(t))) + e (t), 

where 5 > 1 is a constant with - + - = 1. Clearly, if x(t) — (xi(t), X2(t)) T is a T— periodic solution 
to Eqs.(2.1), then X\(t) must be a T— periodic solution to Eq.(l.l). Thus, the problem of finding 
a T— periodic solution for Eq. (1.1) reduces to finding one for Eq. (2.1). 

Now, we set C T = {<t> e C(R,R) : 4>{t + T) = <f>(t)} with norm |^| = max te[0 , T] \<j>(t)\, 
X = Y = {x = (x 1 (-),x 2 (-)) e C(M,M 2 ) : x(t) = x(t + T)} with norm ||a;|| = max{|xi| , |x 2 |o}- 
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Clearly, X and Y are Banach spaces. Meanwhile, let 

L : D(L) C A -> Y, Lx = x 1 = ( " 1 



x' 



2 



.v:^-r. v,= | ^ X2) 

-g( Xl (t-T(t))) + e(t). 

It is easy to see that Ker L — M 2 , Im L = {y <G Y : L y(s)ds — 0}. So L is a Fredholm operator 
with index zero. Let P : X — > Ker L and Q : V — > /to Q C R 2 be defined by 

1 /" T 1 /* T 

Px= - x(s)ds; Qy= — y(s)ds, 

and let if denote the inverse of L\x e rPnD(L)- Obviously, KerL — ImQ — R 2 and 

[Ky]{t)= f G(t,s)y(s)ds. (2.2) 

Jo 



G{t,s) = > T> 



where 

< s < t < T. 

S -^, 0<t<s<T. 

From (2.2), one can easily see that iV is L— compact on il, where fi is an open, bounded subset of 
X. 

THEOREM 1. Suppose the following conditions are satisfied, 

[Al] J T e(s)ds = and e(t) ^ 0; 

[A2] there exists a constant d > such that ug(u) > for |w| > d or ug(u) < for \u\ > d; 

[A3] there is a constant r® > such that lim i i"_i = tq, 
then Eq.(l.l) has at least one T— periodic solutions if 2roT p < 1. 

PROOF. Considering the following operator equation 

Lx = \Nx, AG (0,1). (2.3) 

, xAt) , 
Let fii € {x : x G A, Lx = AAx, A e (0, 1)}. If x(t) = ( ) e fii, then from (2.3), we see 

xa(t) 

x'^t) = \<p g (x 2 (t)) = \\x 2 (t)\«- 2 x 2 (t) 
x' 2 (t) = -Xg(x 1 (t-r(t))) + Xe(t) 

From the first equation of (2.4), we have X2(t) — (p p (jx' 1 (t)). Hence by the second equation of 
(2-4), 

[<Pp(\a?i (*))]' + Aff(xi(i - r(t))) = Ae(t), 



[M^i (*))]' + A" fl (xi(t - r(i))) = A"e(t). (2.5) 
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Integrating the two sides of (2.5) on [0,T], we get 



g{xi{t - T(t)))dt = (2.6) 

So there is a constant £ € [0, T] such that 

0(*i(£-t(O))=O. 

From assumption [.42], we see that |xi(£ — r (£))| < d. Write £ — r(£) = fcT + to ; where fc G Z and 
to e [0,T). Then 

|aJi(*o)| = ki(e-r(0)|<d, 

which implies 

\x 1 \ <d+ f |xi(a)|d*. (2.7) 



On the other hand, taking absolute values and integrating both sides of Eq.(2.5) on [0,T], we 

have 

So\[<Pp(^(t))]'\dt < \ p [Jo\9(Mt-r(t)))\dt + Jo\e(t)\dt] 

< Jv\g(xi(t-r(t)))\dt + Jo\e(t)\dt. 
In view of roT p < 1 , it is easy to see that there is a constant e > (independent of A) such that 

(r + e)TP<l. (2.9) 

For such a constant e > 0, we have from assumption [A3] that there is a constant p > d (independent 
of A) such that 

\g{u)\ < (r + e)|u| p ~\ for u < -p. (2.10) 



Let 



E 1 = {te[0,T}: \xi(t-T(t))\<p}, 
E 2 = {te[0,T]: Xl (t-T(t))> p}, 
E 2 = {te[0,T\: Xi(t-T(t))<-p}. 



From (2.6), we know that 



(/ +/ +/ )g(x 1 (t-T(t)))dt = o. 



It follows from [A2] that 
Jg{ Xl {t - r{t)))\dt = | f g( Xl (t - r(t)))dt\ < f \ g ( Xl (t-r{t)))\dt+ f \g{ Xl {t - r{t)))\dt 

E/2 " E<2 " E\ J Ey, 

and then by (2.10), we have 

Io\g(xi(t-T(t)))\dt = (f El + f E2 + f E3 )\g(xi(t-T(t)))\dt 

< 2f Ei \g(x 1 (t-T(t)))\dt + 2f E3 \g(x 1 (t-T(t)))\dt (2.11) 

< 2g p T+2(r + e)T\x 1 \ p Q -\ 
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where g p = max |g(u)|. Substituting (2.11) into (2.8), we get 

\u\<p 

f \[<p p tfi(t))]'\*t < 2 9 P T +\e\i+ 2(r + e)T|x 1 |^ 1 , 
Jo 

where |e|i = L \e(s)\ds. 

From cp p (x'i(0)) — ip p (x' 1 (T)), we know that there is i] € [0,T] such that 

V P (x'i{v)) = 0. 

So 

\<Pp&i)\o < JoMx'titWdt 

< 2. 9p r+|e| 1 + 2(r + e)T| a;i |^ 1 . 
In view of \ip p (x[)\ = \x[\%~ , we get 

Kir 1 < 2(r + eJTlxilg" 1 + 2.g p T+ |e|i. 

By (2.7), 

|x' 1 |P- 1 <2(r + e )T(d+ / |x , 1 (*)|d«) p - 1 +2^T+|e|: 



Next we prove that there exists a constant R > such that 

|&i| <i2. 
Case 1. If 1 < p < 2, i.e., < p — 1 < 1, then from (2.13) we know that 



r-' IP -1 



< 



2(r + ^TdP- 1 + 2(r + e )T(/ T !<(«) I^)^ 1 + 2g p T + |e|i 



By (2.9), we have 



< 2(r + e^dP- 1 + 2(r + £ )TVilo + 2 9p t + M 



, _! 2(r + £ )TrfP- 1 +2ff p r+|e| 1 



i- 



-Ho 



< 



i.e., 



kilo < 



1 - 2(r + e)TP 
2(r + ^TdP- 1 + 2g p T+\e\ 1 



Ri 



(2.12) 



(2.13) 



(2.14) 



(2.15) 



1 - 2(r + e)TP 
Case 2. If p > 2, then p — 1 > 1. We know from [Al] that Xi(t) is not constant and then 

Jo |xi(a)|ds > 0. In fact, if x\(t) is a constant, then by (2.5), e(t) — c and this contradicts 

assumption [Al]. Now it is elementary to check that there is a constant h > (independent of A) 

such that 

(1 + uf- 1 < I + pu, Vue(0,/i]. (2.16) 

(i) If tAto ^ h > thcn 



kilo < 



Th 



(2.17) 



(ii) If ^j^ < h, then from (2.13) and (2.16), 

\xWl~ 1 < 2(r + e)T(d + T\x[\ )P- 1 + 2g p T+\e\ 1 

= 2(r + £ )T.TP-Viir 1 [l + 5T^r 1 + 2g p r+|e| 1 

< 2(r + e )TPKir 1 [l+Tg^] + 20„T+|e|i 

= 2(r + ^T^arilg- 1 + 2pd(r + e)!*" Vilg -2 + 2g p T + \e\ lt 
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and then 

[1 - 2(r + e^silS" 1 < 2pd(r + e )TP- Vilo~ 2 + 2g p T + |e|i. 
From (2.9) and p — 1 > p — 2, it follows that there exists i? 2 > such that 

\x' 1 \o<R2. (2.18) 

Let R = max{Ri,R 2 , ^}. It is easy to see from (2.15), (2.17) and (2.18) that (2.14) holds in any 
case. Thus by (2.6), 

|cci|o<d + :r|a;i|o<d + T.R:=M 1 . (2.19) 

By the first equation of (2.4), we have 

/ \x 2 ( S )\ c >- 2 x 2 ( S )ds = 0, 
Jo 

which implies that there is a constant t 2 € [0,T] such that x 2 {t 2 ) — 0. So 

Mo < / \x' 2 {s)\ds. (2.20) 

Jo 

On the other hand, by using the second equation of (2.4), we obtain 

T 

\x 2 (s)\ds < X(g Ml T+ |e|i) < g Ml T + |e|i, 
where gu x = max |g(w)l- So from (2.20), we have 

|u|<Mi 

\x 2 \ <g Ml T+\e\ 1 :=M 2 . (2.21) 

Let Sl 2 — {x E Ker L : Nx G Ira L}. If x G £1 2 , then x € Ker L and QTVx = 0. From 
assumption [Al] we see that 

\x 2 \i- 2 x 2 ^0, 

11 (2.22) 

, ff(&i)=0. 

So 

|a;i|<d<Mi, x 2 = < M 2 . (2.23) 

Let £1 = {x = (xi,x 2 ) T G X : |cci |o < Ni, \x 2 \o < N 2 }, where N\ and N 2 are constants with 
Ni > Mi, N 2 > M 2 and (N 2 ) q > dg d , where g d = max |flf(w)|. Then Hi C ft, ft 2 C ft. From (2.19), 

\u\<d 

(2.21) and (2.23), it is easy to see that conditions (1) and (2) of Mawhin's Continuation Theorem 
are satisfied. 

Next, we claim that condition (3) of Mawhin's Continuation Theorem is also satisfied. For this, 
define the isomorphism ,/ : Im Q — ► Ker L by 

{(x 2 ,xi), if ug(u) < for |«| > d, 
(—x 2 ,xi), if ug{u) > for |«| > d, 

and let H(v,/i) := pm + ^^JQNv, (v,/u) € ft x [0,1]. By simple calculation, we obtain, for 
(x,fi) G d{nC\KerL) x [0,1], 

■ n(x\ + x\) + ^{-xig{xi) + \x 2 \ q ) > 0, if ug(u) < for \u\ > d, 
x H(x, n) = \ 

H{x\ + xj) + i=^(a;iff(a;i) + \x 2 \ q ) > 0, if ug{u) > for |u| > d. 
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Hence 

deg{JQN, Q n KerL, 0} = deg{H(x, 0), Q n #eri, 0} 
= deg{H(x, 1), fi n #eri, 0} = de.g{7, fi n #eri, 0} 
^ 0, 

and so condition (3) of Mawhin's Continuation Theorem is also satisfied. 

Therefore, by Mawhin's Continuation Theorem, we conclude that equation 

Lx = Nx 

has a solution x(t) — (xi(t),X2(t)) T on Q, i.e., Eq.(l.l) has a T— periodic solution x\{t) with 

|a?i| < Af 2 - 

THEOREM 2 Suppose assumptions [Al] and [A2] in Theorem 1 hold, and [A3] is replaced by 

[A3]' there is a constant r\ > such that lim p_i = ri, 
then Eq. (1.1) has at least one T— periodic solution if 2r\T v < 1. 

In fact, if [A3]' holds, then (2.10) can be replaced by 



So it follows from 



that 



\g(u)\ < |ri + e|u p , for u > p. 



(/ +/ +/ M*i(t-T(t)))<tt = o 



Jfl(*i(t-T(t)))|dt=| / g{x!{t - r{t)))dt\ < \g(xi(t-T(t)))\dt+ \g(xi(t - T(t)))\dt 

and so (2.12) is satisfied. The rest of the proof is analogous to the proof of Theorem 1. 

REMARK 1. It is obviously that the one-side linear growth condition [A3] (or [A3]') is weaker 
than the corresponding ones in (1.3), (1.5) and (1.7). 
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BOSBACH AND RIECAN STATES ON RESIDUATED LATTICES 

LAVINIA CORINA CIUNGU 

Abstract. Residuated lattices were introduced firstly as generalization of ideal lat- 
tices of rings and they served as algebraic structures for substructural logics. The 
notion of a state is an analogue to probability measure and it has been studied for dif- 
ferent types of non-commutative fuzzy structures such as pseudo MV-algebras, pscudo 
BL-algebras and bounded non-commutative R£- monoids. In this paper we investigate 
the states on residuated lattices and we show that the extension of Georgescu's original 
problem from pseudo BL-algebras has negative solution for good residuated lattices. 



1. Introduction 

The notion of a state is an analogue to probability measure and it has a very im- 
portant role in the theory of quantum structures ([10]). The state on MV-algebras 
was introduced firstly by F.Kopka and F.Chovanec ([21]) and the state on BL-algebras 
was introduced by B. Riecan ([23]). In the case of non-commutative fuzzy structures, 
the states were introduced by A. Dvurecenskij ([7]) for pseudo MV-algebras, by G. 
Georgescu ([13]) for pseudo BL-algebras and by A. Dvurecenskij and J.Rachunek ([11]) 
for bounded non-commutative R£-monoids. 

In the case of a pseudo MV- algebra M, A. Dvurecenskij proved in [6] that there is an 
£-group (G,u) with strong unit u such that M is isomorphic to Y{G,u) — {g e G/0 < 
g < u}. This allowed him to define a partial addition +, that is x + y is defined if 
x < y~ = u — y and the state is a mapping s : M — ► [0, 1] which preserves the partial 
addition + and s(l) = 1. We recall that the elements a and b are orthogonal if a + b is 
defined in M. 

The other non-commutative structures don't have such a group representation and it 
was more difficult to define the notion of states for these structures. 
We recall that a state on MV-algebras always exists in contrast to pseudo MV-algebras 
([7]), on the other hand, in [9] it was solved the existence of states for linear pseudo 
BL-algebras (see also [8]). 

In the case of pseudo BL-algebras G. Georgescu defined in [13] the Bosbach state and 
this definition was generalized by A. Dvurecenskij and J. Rachunek ([11]) for non- 
commutative R£-monoids. 

For a good pseudo BL-algebra G. Georgescu proved that any Bosbach state is also a 
Riecan state, but he formulated as open problem to find an example of Riecan state on 
a good pseudo BL-algebra which is not a Bosbach state. 

Inspired by the above mentioned results, in this paper we extend the notion of states 
to residuated lattices and the final results consist of proving that any Bosbach state on 
a good residuated lattice is a Riecan state, but conversely it turns out not to be true. 

Date: 2006.03.15. 

Key words and phrases. Residuated lattice, Bosbach state, Riecan state, orthogonal elements, nor- 
mal filter. 
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The paper is organized as follows. 

In Section 2 we give the definition of a residuated lattice and we prove the basic prop- 
erties of this structure which are also valid for other structures such as pseudo BL- 
algebras, weak pseudo BL-algebras and bounded non-commutative R£-monoids. The 
distance functions defined in this section are very important for the main results in the 
next section. 

In Section 3 we define the Bosbach and Riecan states on a residuated lattice and we 
investigate their basic properties, proving that any Bosbach state is a Riecan state. 
As an answer to Georgescu's open problem, we give an example of a Riecan state on a 
good residuated lattice which is not a Bosbach state. 

We refer to [3], [16] and [22] for general notions on lattices theory and for unexplained 
notions and results on residuated lattices. 

2. Residuated lattices and their basic properties 

Definition 2.1. A residuated lattice is an algebra L = (L, A, V, 0, — >, ~~», 0, 1) of type 

(2, 2, 2, 2, 2, 0, 0) satisfying the following conditions: 

(Li) (L, A, V, 0, 1) is a bounded lattice ; 

(L 2 ) (L, 0, 1) is a monoid ; 

(L 3 ) xQy<zi&x<y^zi&y<x-^zfor any x,y,z G L. 

In the sequel we agree that the operations A, V, have higher priority than the 
operations — », ~». 

Examples 2.2. Let's consider L = {0, a, b, c, 1} with 0<a<b<c<l and the 
operations 0, — >, ~~> given by the following tables: 









a 


b 


c 


1 




















a 











a 


a 


b 











b 


b 


c 





a 


a 


c 


c 


1 





a 


b 


c 


1 



-»• 








6 


c 


1 





1 


1 


1 


1 


1 


a 


b 


1 


1 


1 


1 


b 


b 


c 


1 


1 


1 


c 








b 


1 


1 


1 





a 


b 


c 


1 



•N^> 








6 


c 


1 





1 


1 


1 


1 


1 


a 


b 


1 


1 


1 


1 


6 


b 


6 


1 


1 


1 


c 





6 


b 


1 


1 


1 








b 


c 


1 



Then (L, A, V, 0, — >, ~+, 0, 1) is a residuated lattice. 



(M,0, 



,0,1) with 



Examples 2.3. [4], [5] Let's consider a pseudo MV-algebra M 

the additional operation x y = (y~ © x~)~. 

The order on M is defined by x < y i& x~ (B y = I (iff y © x~ = 1). 

Defining x A y = x Q (x~ © y) and x\/y = x(Bx~Qy, according to [14], Prop. 1.13, 

(M, A, V, 0, 1) is a bounded distributive lattice. 

Applying [14], Prop. 1.7, (M, 0, 1) is a non-commutative monoid. 

If we define x — > y = y © x~ and x ~* y = x~ © y, then according to [14], Prop. 1.12 we 

have xQy<ziSx<y^ziSy<x-^z. 

Thus, M = (M, A, V, 0, — >, ~~>, 0, 1) is a bounded residuated lattice. 

Remark 2.4. (1) If additionally, for any x,y G L the structure L satisfies the conditions: 

(L 4 ) (x^y)Ox = xO(x-^y)=xAy, 

(L 5 ) (x -> y) V (y -> x) = (a: ~» y) V (y -> x) = 1 

then L is a pseudo BL- algebra. 

(2) If L satisfies the conditions (£i), (-^2), (-^3) and (£5), then it is a weak pseudo BL- 

algebra (or pseudo MTL-algebra). 
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(3) If L satisfies the conditions (Li), (L 2 ), (L 3 ) and (£4), then it is a bounded Ri-monoid 
(divisible residuated lattice) ([If]). 

One can easily prove that the structure L = (L, A, V, O, — ►, ~~», 0, 1) from Example 
2.2 is a pseudo MTL-algebra, but it is not a pseudo BL-algebra because (b — ► a) © b ^ 
b {b ~h a), so (L4) does not hold. 

There are residuated lattices that are not pseudo MTL-algebras. Indeed, put V = 
L © (L 2x2 © L 3 ), where L 2X 2 = L 2 x L 2 and © represents the ordinal sum of structures 
(see [19]). Note that L 2x2 © L 3 does not satisfy (L 5 ), therefore V doesn't satisfy it 
either. Also, V doesn't satisfy (L 4 ) because L doesn't. Thus, V is a residuated lattice 
that is neither pseudo MTL-algebra, nor R£-monoid. 

Definition 2.5. A residuated lattice is called commutative if x y = y x. 

Proposition 2.6. A residuated lattice is commutative iffx^y = x~^y. 

Proof. " => ": For any x,y G L we have the following equivalences: 

x < y — >z4^xQy<z-^x<y-^z, 

hence, y — *■ z = y ~» z. 

" •<= " : For any z£L,xQy<z^x<y^z^x<y^z<^yQx<z. 

Thus, x Qy = y x (indeed, for z = y x we have x Qy < y Qx and for z = x y we 

get y Q x < x Qy) □ 

In a residuated lattice L = (L, A, V, 0, — >, ~~>, 0, 1) we define two negations for all 
xGL:x~=x— >0 and x~ = x -w 0. 

Proposition 2.7. ^[1],[20]^ In any residuated lattice the following properties hold: 

(1) a; -»• (1/ -»• z) = (x j/) -> z; 

(2) x ~-~> (y ~-+ 2) = (y x) ~~» 2;; 

(3) x < j/ #f x -> j/ = 1 iff x^y=\\ 

(4) x— >x = x~»x = l; 

(5) x — > 1 = x ~~> 1 = 1; 
(6)0-n = 0-»i = l; 
(7)i0O = O0i = O; 

(8) (x ^ y) x < y and x Q (x -^ y) < y; 

(9) x < y — > (x y) and x < y ^ (y Q x); 



(10 

(11 
(12 

(13 

(14 
(15 
(16 
(17 
(18 
(19 
(20 
(21 
(22 
(23 



x < y implies x Q z < y Q z and z x < z Qy for any z G L; 

(x— >y)©x<xAy and x (x ~~> y) < x A y; 

(x — ► y) x < x < y — > (x y) and (hj/)0i<j/<h(i/0i) . 

x (x ~h y) < y < x -w (x y) and x (x ~h y) < x < y ~h (y x); 

If x < V then z — *■ x < 2; — ► y and 2 ~* x < 2 ~* y; 

If x <y then y ^> z <x —* z and y -^ z < x -^ z; 

1 — > x = x and 1 ~~» x = x; 

x ^y < (y -►z) ~+ (x-> z); 

x ^ y < (jj -w z) — > (x ~h 2) ; 

x^y = x^(xAy); 

x -^ y = x ~^> (x Ay); 

y < x ^ y and y < x ~~> y; 

If x < y then x < z — > y and x < z -^ y ; 

x — ► y < (x 2) — > (y 2); 
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(24 
(25 
(26 
(27 
(28 
(29 
(30 
(31 
(32 
(33 
(34 
(35 
(36 
(37 
(38 
(39 
(40 
(41 
(42 
(43 



(45 
(46 
(47 
(48 
(49 
(50 
(51 



x ~+ y < (z x) ~+ (z y) ; 
1 = 1~ = and (T = 0~ = 1; 

x~ x = and x i~ = 0; 

x < y~ iff x O y = and x<y~ = 0iffyOx 

x < x~~ and x < x~~; 

x — > y~ = (x y)~ and x ~» y~ = (y © x)~; 

a: < y~ ij^j/ <x~; 

If x <y, then y~ < x~ and y~ < x~; 

x < x~ — > y and x < x~ ^ y; 

x ^ y <y~ -^ x~ and x -^ y <~^ y~ — > x~; 

x ^ y~ = y -^ x~ and x ~» y~ = y — > x~; 

x — ► x~ = x ~+ x~ ; 
£ (V« g /j/i) = V ie/ (x «;); 
(Vigjj/i) 0x= V ig j(j/i x) ; 
(Vjg/Xi) ~+ y = A i6 /(xi ~h y) 

(Vig/Xi) ->• y = A ie /(x; ->• y) 
y ~* (Ajg/Xj) = A ie/ (y -w xj) 
y -> (Ajg/^i) = Aig 7 (y ->■ x,) ; 
x — ► (y ~~> z) = y ~~> (x — *■ 2); 
x ~h (y — >■ 2) = y — *■ (x ~-+ z); 

x V y) -»• (x A y) = (x -»• y) A (y -»• x); 

x V y) ~+ (x A y) = (x ~h y) A (y ~+ x) ; 

x V y) _ = x _ A y~ and (x V y)~ = x~ A y~; 

£ A y)~ > x~ V y~ and (x A y)~ > x~ V y~; 

x V y)~~ > x~~ V y~~ and (x V y) > x V y" 
y~ -w x _ = x~~ — »■ y = x — »■ y~~; 
y~ — >■ x~ = x~ _ ~h y~~ = x ~~» y . 



If a residuated lattice is a chain, then it is a weak pseudo BL-algebra. 
Definition 2.8. ([4], [5]) A residuated lattice L is good if x = x~~ for any x £ L. 
Proposition 2.9. In any good residuated lattice we have (x~ 0y~)~ = (x~ 0y~)~. 
Proof. Applying Proposition 2. 7(29), (50), (51) we have: 

(x~ y~)~ = x~ — *■ y~~ = x~ — *■ y~~ = y~~~ ~-+ x~~ 
= y~ ~* x~~ = y~ -^ x~~ = (x _ y~)~. 
(In the last equality we also applied Proposition 2.7(29)). □ 

Proposition 2.10. In any yood residuated lattice we have x y~~ < (x y) - ~. 
Proof. Because the residuated lattice is good and by Proposition 2.7(8), we have: 
(x y)~ r = (x y)~~ > (x y)~~ A x~~ > x~~ (x~~ ^(i0 y)~~) 
= x~~ (x ^»(i0 y)~~) = a: (x~~ ~~> (x — > y~))~. 
But, applying Proposition 2.7(29) and Proposition 2.7(2) we have: 



x 



~» x 



w" 



a; ~ ~^ (( x ~~ *• 2/ ) ~^ 0) = (x~ — >■ y ) x~ ~~> 
((x — > y _ ) x )~ > (x A y~)~ > x V y~ 



x~ V y 
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(By Proposition 2.7(29) we have (x~~ ^t/")0i~' < (x~~ Aj/ _ ), so 
((x — *• y~) x )~ > (x A y~)~). 
It follows that 

(x y) > x~~ (x~ V y~~) = (x x~) V (x y~~) 
= V (x~~ y ) = x y~~ = x y~~. 

(We applied Proposition 2.7(37-38) and Proposition 2.7(26)). □ 

Proposition 2.11. Let L be a good residuated lattice. We define a total binary operation 
© on L by x © y : = (y~ x~)~,x,y G L. Then for all x,y,z G L we have: 

(1) x@y.= {y-Qx~Y; 

(2) © is associative; 

(3) x,y <x©y; 

(4) x©0 = x — = 0©x; 

(5) x © 1 = 1 = 1 © x; 

(6) x © y = x" ~h y = 2/~ ~~ * # • 

Proof. (1) follows from Proposition 2.9. 

(2) We have : 

(x©y)©,2 = (f 0i~)"0z= («~©(y~0x~)"~)~ 

= z ->(i/ 0i ) = ,2^(yQxJ=,2^(y^x J 

(we applied Proposition 2. 7(29), (35)); 

x©(y©,z) = i0(z~0f)" = ((z~0f)"~03;T 

= (2~ y~) — ► x~~ = (^~ y~)~~ — ► x~~ 

= {z~ y~) — ► x = z~ — *■ (y~ — ► x~~) = z~ — *■ (y~ — ► x ) = (x © y) © z. 

(we applied Proposition 2. 7(50), (1)); 

(3) By Proposition 2. 7(29), (32) we have: 

x © y = (y~ 0^)~=i - ^ y~~ > x 

x®y=(y~Q x~)~ = y~ — ► x > y; 

(4) Applying Proposition 2. 7(26), (16) we get: 

x © = (0~ x~)~ = 0~ — > x = 1 — ► x~~ = x~~ = x ; 

© x = (x~ © _ )~ = x" ~+ = x~ -w = x . 

(5) x © 1 = (1~ s~)~ = x" -w 1 — = x" -w 1 = 1 (Proposition 2. 7(29), (5); 

1 © x = (a;- © i-)~ = 1" -w ar~ = ~» s-~ = 1 (Proposition 2.7(29), (6)). 

(6) x © y = (y~ x~)~ = y~ — > x~~ = y~ — ► x~~. 
x © y = (y~ x~)~ = x _ ~h y~~- 

It follows that x © y = x~ ~-» y = y~ — *■ x . □ 

In a residuated lattice we can define two distance functions: 

di(x,y) = (x — *■ y) A (y — > x) = x V y — ► x A y 

^(x, y) = (x ~* y) A (y ~~» x) = x V y ~* x A y. 
(later equalities hold according to Proposition 2.7(45-46)). 
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Proposition 2.12. The two distance functions fulfill the following properties: 

(1) di(x,y) = di(y,x) andd 2 (x,y) = d 2 (y,x); 

(2) di(x,y) = 1 iff 'x = y iffd 2 (x,y) = 1; 

(3) di(x,0) = x~ and d 2 (x,0) = x~ ; 

(4) di(x, 1) = x = d 2 (x, 1); 

(5) di(x,y) < d 2 (x~,y _ ); 

(6) d 2 (x,y) < di(a;~,j/~); 

(7) di(x,y) < d 1 {x~-,y~~)\ 

(8) d 2 (x,y) ^ d 2 (aT~ l j/-~^; 

(9) d 2 (x~,y-) = di{x~~,y-~)] 

(10) di{x~,y~) = d 2 (x~~,y ). 

Proof. (1) Obvious. 

(2) d\ (x, y) = 1 ■£$■ rr — > y = 1 and y^>x = l<^x<y and y < x -^ x = y; 
Similarly, d 2 (x,y) = 1 -^ x = y. 

(3) di(x, 0) = (x -»• 0) A (0 -»■ x) = a;" A 1 = x"; 
d 2 (x, 0) = (x-*0)A(0^i)=i~A1 = i~; 

(4) di{x, 1) = (x — ► 1) A (1 — > x) = 1 A x = x; 
d 2 (x, 1) = (x ~~» 1) A (1 ~-» x) = 1 A x = x. 

(5) By Proposition 2.7(33) we have: 

di(z,y) = (x -+ y) A (y -+ x) < (y~ ~» x ~) a (x - ~* y~) = d 2 (x~,y _ ). 

(6) By Proposition 2.7(33) we have: 

d 2 (x,y) = (x^y) A(y ^ x) < (y~ -»• x~) A (x~ -+ j/~) = di(x~, j/~). 

(7) By (5) and (6) we get: d 2 (x,y) < di(x~,y~) < d 2 (x ,y~~). 

(8) Similarly, di(x,y) < d 2 (x~,y~) < di(x~~,y~~). 

(9) By above properties we get: 

d 2 (x~,y-) < di(x ,y~~) < d 2 (x~^~,y ) = d 2 (x~,y~), hence d 2 (x~,y~) = d±(x ,y~ 

(10) Similarly: 

di(x~,y~) < d 2 (x ,y~~) < di(x ,y ) = di(x~,y~), hence di(x~,y~) = d 2 (x ,y* 

D 

The following result is inspired by [13]. 

Proposition 2.13. On £/ie residuated lattice L let s : L — > [0, 1] be a function such 

that s(l) = 1. T/ien the following are equivalent: 

(i) 1 + s(x Ay) = s(x V?/) + s(di(x,y)) for all x, y G L; 

(^ 1 + s(x Ay) = s(x) + s(x — *• y) /or a// x, y G L; 

fiiij s(x) + s(x — ► y) = s(y) + s(y — ► x) /or a// x,y <E L, where the + is the usual 

addition of real numbers. 

Proof. (i)=^(ii) If a < b, then a Ab = a, aV6 = 6, a ^ b = 1 and 

di(a, b) = (a — > 6) A (6 — > a) = 1 A (6 — ► a) = 6 — > a, 

hence by hypothesis, 1 + s(a) — s(b) + s(b — ► a). 
Letting a = x Ay and 6 = y it follows that 

1 + s(x Ay) = s(y) + s(y — ► x A y) = s(y) + s(y — > x) (we applied Proposition 2.7(19).) 

(ii)=>(iii) s(x) + s(x — * y) = 1 + s(x A y) = 1 + s(y Ax) — s(y) + s(y — > x). 

(iii)=^(i) We have that di(x,y) = x V y — ► x A y, hence, applying the hypothesis we get 
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that: 



s(x Vy) +s(di(x,y)) 



(x A y < x V y 



s(x Vi/) + s(x V y 
s(x Ay) + s(x A y 
1 + s(x A y) 
xAy-^x\/y = 1) 



x A y) = 

x V y) = s(x Ay) + s(l) 



Proposition 2.14. On the residuated lattice L let s : L 
that s(l) = 1. Then the following are equivalent: 
(i) 1 + s(x Ay) = s(x V y) + s(d 2 (x, y)) for all x, y G L; 
(ii) 1 + s(x Ay) = s(x) + s(x ~~» w) for all x, y G L; 
fmj s(x) + s(x ~* w) = s(w) + s(w ~~> x) /or a// x,y G L. 



a 

[0, 1] 6e a function such 



Proof. Similarly. 



□ 



3. BOSBACH STATE AND RiECAN STATE 



Inspired by [13], [11], [12], we introduce the notion of Bosbach state on a residuated 
lattice L. 

Definition 3.1. A Bosbach state on a residuated lattice L is a function s : L — ► [0, 1] 
such that the following conditions hold for any x,y G L : 
(Bi) s(x) + s(x -+y) = s(y) + s(y -> x); 
(.62) s(x) + s(x ~> y) = s(y) + s(y ~* x); 
(B 3 ) s(0) = and s(l) = 1. 

Examples 3.2. Let's consider the set L = {0, a,b, c, 1} with 0<a<b<c<l and 
the residuated lattice L = (L, A, V, 0, — >, ~*, 0, 1) with 0<a<b<c<l where the 
operations 0, — >, ~~> are given in the following tables: 









a 


b 


c 


1 




















a 





a 


a 


a 


a 


b 





a 


a 
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b 


c 
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b 


c 


c 


1 





a 


b 


c 


1 




a 

b 
c 
1 



a b c 1 ~» 

11111 "IT 

1111 a 

6 111 b 

6 6 11 c 

a 6 c 1 1 



a 6 c 1 
11111 
1111 
c 1 1 1 
a 6 1 1 
a 6 c 1 



The function s : L — > [0, 1] defined by: s(0) = 0, s(o) = 1, s(6) = 1, s(c) = 1, s(l) = 1 
is the unique Bosbach state on L. 
L is actually even a good pseudo-MTL algebra. 

Proposition 3.3. Let s be a Bosbach state on L. Then for all x,y G L the following 
properties hold: 

(1) s(x^y) = s(s -wy); 

(2) s(di(x,j/)) = s(d 2 (z,y)); 

(3) s(x _ ) = s(x~) = 1 — s(x); 

(4) s(x ) = s(x ) = s(x~~) = s(x ) = s(x); 

(5) x < y implies 1 + s(x) = s(y) + s(y —> x) = s(y) + s(y ~^ x); 

(6) x < y implies s(x) < s(y); 

(7) s(x y) — 1 — s(x — > y~) and s(w 0x) = l- s(x ~» y~); 
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(8) s(x) + s(y) = s(x Qy) + s(y — > x); 

(9) s(x) + s(y) = s(y Q x) + s(y~ ~> x); 

(10) s(x~ -> y~) = s(y— -► aT~); 

(11) s(x~ -► y~) = s(j/~- -> x—) 

Proof. (1) By Proposition 2.13 and Proposition 2.14 it follows that: 
s(x) + s(x — »■ y) = 1 + s(x Ay) = s(x) + s(x ~* y), hence 
s (x ->y) = s(x -wy); 

(2) By Proposition 2.13 and Proposition 2.14, s(di(x,y)) = 1 + s(x Ay) — s(s V y) — 
s(d 2 (x,y)). 

(3) s(x) + s(x~) = s(x) + s(x -> 0) = s(0) + s(0 -»• x) = s(0) + s(l) = 1, hence 
s(x _ ) = 1 — s(x). By (1) we have s(x~) = s(x _ ), hence s(x~) = s(x~) = 1 — s(x); 

(4) Applying (3) twice; 

(5) Since x < y we have x— *-y = x~~>y = l. 
Applying (I?!) and (_B 3 ) we get that: 

s(y) + s(y — *■ x) = s(x) + s(x — > y) = s(x) + 1. 

Similarly, by (5 2 ) and (_B 3 ) we obtain s(y) + s(y ~-+ x) = s(x) + 1; 

(6) By (5) and (3) we get that s(y) — s(x) = 1 — s(y — > x) = s((y — > x)~) > 0; 
(7)By(3) S «x©y)-) = l-s(x©y). 

But (x y) _ = x — ► y~, so s(x y) = 1 — s(x — »■ y~). 
Similarly, s(y x) = 1 — s((y x)~) = 1 — s(x ~» y~); 

(8) Applying (i^) and (7) we have: 

s(x y) + s(y~ — > x) = s(x y) + s(x) — s(x — > y~) — s(y~) 

= s(x Qy) + s(x) - (1 - s(x Qy)) — 1 + s(y) = s(x) + s(y); 

(9) Applying (B 2 ) and (7) we have: 

s(y x) + s(y~ -w x) = s(y x) + s(x) + s(x ~~> y~) — s(y~) 

= s(y x) + s(x) + 1 — s(y Q x) — 1 + s(y) = s(x) + s(y); 

(10) By Proposition 2.7(33) we have x" ~~» y~ < y -rJ — > x , so, by (1) and (6) it 
follows that: 

s(x~ — > y~) = s(x _ ~~> y~) < s(y — ► x~~) < s(x~~~ ~* U~~~) 
= s(x~ ~~> y~) = s(x~ — ► y~). 

Thus, s(x~ — ► y~) = s(y~~ — »■ x~~); 

(11) Similarly. D 

According to [13], [11], [23] we introduce the following notion. 

Definition 3.4. Let L be a good residuated lattice. The elements x,y E L are called 

orthogonal, denoted by x _L y iff y < x~ . 

If the elements x,y £ L are orthogonal, we define a partial operation + on L by 

x + y := x © y. 

Proposition 3.5. In a good residuated lattice the following are equivalent: 
(i) x ±y ; 
(ii) x— < y~ ; 
(in) y~~ x = 0. 
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Proof, (i) •&■ (Hi) x _L y <^> y ~ < rr' 

2.7(27)). 

(ii) -y4> (m) x 



x 



■v4> 1/ ~ x 



(by Proposition 



<jT 



y 



y 



^y — Qx~ 



(by Proposition 2.7(29)). D 



Proposition 3.6. In a good residuated lattice the following hold: 

(1) x~ _L x and ill"; 

(2) If x < y then x -L y~ and y~ _L x; 

(3) 7/L zs commutative, then x -L y iffyJ-X. 



Proof. (1) x" 


-rsJ 


= x~ 


^ eX/ 1 eX./ ■ 


X 


~ - = 


X 


— ^ 


— 


X =>- X 


± 


X 


(2) x < y => 


2T 


< x _ 


=*sr 


— < 


x~ 


^y 


^ 


< 


x~ 


' =>• x _L 


y~ 




x < y => x~ r 


J < 


J/~~ 


= y~~ 


=*"iT 


1 


X. 














(3) x .Ly <=> 


3/~ 


~ 0x 


= <^> x 


— r^j 


Qy" 


^ — 





O 


y ± x. 







a 

The following notion of a state was firstly defined for BL-algebras in [23], in [13] for 
pseudo BL-algebras and in [11] for another more general structure. 

Definition 3.7. Let L be a good residuated lattice. A Riecan state on L is a function 
s : L — > [0, 1] such that the following conditions hold for all x, y G L : 
(Ri) If x _L y, then s(x + y) = s(x) + s(y); 
(i? 2 )s(l) = l. 

Example 3.8. Let's consider again the residuated lattice in Example 3.2. 

One can easily check that x = x~~ for any x G L, so L is a good residuated lattice. 

We claim that the Bosbach state s : L — ► [0, 1] defined by: s(0) = 0, 5(0) = l,s(6) = 

1, s(c) = 1, s(l) = 1 is also Riecan state on L. 

Indeed, the orthogonal elements of L are the pairs (x, y) of the following table: 
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y 


X 


y ~ 


x (By 
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b 
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1 


1 











1 



One cas easy check that s is a Riecan state. 

Proposition 3.9. Let s be a Riecan state on the good residuated lattice L. Then the 
following properties hold for all x,y G L : 

(1) s(x~) = s(x~) = 1 — s(x); 

(2) s(0) = 0; 

(3) s(x ~) = s(x~ ) = s(x ) = s(x ) = s(x); 

(4) If x < y then s(y) — s(x) = 1 — s(x © y~) = 1 — s(y~ © x); 

(5) If x < y then s(x) < s(y). 

Proof. (1) By Proposition 3.6(1) we have ill" and x~ _L x. By (Ri) and Proposition 

2.7(26) it follows that: 

s(x) + s(x~) = s(x © x~) = s(x x~y = s(x — x~)~) = s(0~) = s(l) = 1, hence 
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s(x ) = 1 — s(x). 
Similarly, s(x~) = 1 — s(x); 

(2) s(0) = 5(1") = 1 - s(l) = 0; 

(3) s(x~~) = 1 - s(x~) = 1 - 1 + s(x) 

(4) By Proposition 3.6(2),(1) we have 



s(x). Similarly the others; 



s(x © y ) = s(x) + s(y ) = s(x) + 1 - s(y) 



s(y~ © x) — s(y~) + s(x) 
(5) By (4) s(y) - s(x) = 1 - s(x © y - ) > 0. 



s(y) + s(x); 



D 



Theorem 3.10. Lei L be a good residuated lattice. Any Bosbach state on L is a Riecan 
state on L. 

Proof. Let s be a Bosbach state on L. Assume x -L y, i.e. y < x~ . 

By Proposition 3. 6(3), (5) we have: 

1 + s(y) = 1 + s(y~~) = s(x~) + s(x~ — > y~~) = 1 — s(x) + s(rc~ — > y ), hence 

s(x~ ^y~~) = s(x) +s(y). 

On the other hand, x © y = (y~ a;~) _ = (y _ x _ )~ = x _ ~^> y , hence 

s(x © y) — s(x~ ~^ y _r ") = s(x _ — >■ y ) = s(x) + s(y). 

Therefore, s(x © y) = s(x) + s(y) and by hypothesis s(l) = 1. 

It follows then that s is a Riecan state on L. □ 

By the next example we show that there exists a Riecan state which is not Bosbach 
state. 

Example 3.11. Let's consider again the residuated lattice in Example 2.2, 

L = (L, A, V, 0, — >, -w, 0, 1) where L = {0, a, b, c, 1} with 0<a<6<c<l. It is easy 

to check that L is a good residuated lattice. 

The function s : L -»• [0, 1] defined by s(0) = 0, s(o) = 1/2, s(b) = 1/2, s(c) = 1, s(l) = 1 

is a Riecan state. 

Indeed, the orthogonal elements of L are the pairs (x, y) of the following table: 
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One can easily check that s is a Riecan state. 

But the function s above defined is not a Bosbach state. 

Indeed, trying to check the conditions (B2) of Bosbach state definition we obtain: 
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s(a) + s(a ~» b) = s(a) + s(l) = 1/2 + 1 = 3/2 
s(b) + s(b ~* a) = s{b) + s(b) = 1/2 + 1/2 = 1, 
so the condition (B 2 ) doesn't hold. 
We conclude that s is not a Bosbach state. 

Remarks 3.12. (1) In case of good pseudo-BL algebras, in [13] G.Georgescu left as an 
open problem to find an example of Riecan state which is not a Bosbach state ; 

(2) In case of good R£-monoids, A.Dvurecenskij and J.Rachunek ([11]) proved that any 
Riecan state is also a Bosbach state, hence it is true for pseudo BL-algebras ; 

(3) By the above example we proved that in case of good residuated lattices, Riecan 
states need not be Bosbach state. Moreover, as the above structure is actually a pseudo 
MTL-algebra, we can see that this is also valid for the class of pseudo MTL-algebras. 

In the sequel we shall write state instead of Bosbach state. 

Definition 3.13. Let L be a residuated lattice. A nonempty set F of L is called filter 

of L if the following conditions hold: 

(Fi) If x, y G F, then x y G F; 

(F 2 ) If x G F, y G L, x < y then y <E F. 

Proposition 3.14. [12] If F is a filter of L then: 
(F 3 ) 1 6 F; 

(-F4) If x G F,y G L, then y — > x G F,y ^ x G F; 
(F 5 ) If x,y G F then x Ay G F. 

Proposition 3.15. [12] For a subset F of L the following are equivalent: 

(1) F is a filter; 

(2) 1 G F and if x,x — > y G F, then y G F; 

(3) 1 G F and if x,x ~~» y G F, then y G F. 

A set F that fulfills (2) and (3) is called deductive system. 

Definition 3.16. A filter H of L is called normal if for any x,y G L 

x-^yGi/iffx-^yGH. 

Example 3.17. Let's consider the good residuated lattice from Example 2.2, 
L = {L, A, V, 0, — >, ~*, 0, 1} where L = {0, a, b, c, 1} with 0<a<b<c<l. 
It is easy to check that H = {c, 1} is a normal filter of L. 

With any normal filter H of L we associate a binary relation =h on L by defining 

x= H y iS di(x,y) G H iff d 2 (x,y) G H. 

Remark 3.18. x =h yi&x—>y,y-^x£Hi&X'^y,y'^x£lI. 

Proposition 3.19. For a given normal filter H of L the relation x =h y is an equivalent 
relation on L. 

Proof. Reflexivity: x =h x because x — >x = x-^x=l^F. 
Symmetry: Obviously x =h V =^ V =h x according to the above remark. 
Transitivity: Let's consider x =h y and y =h z. 
We apply Proposition 2.7(17-18): 

x — > y < (y — > z) ~h [x — >■ z) 

x -^ y < (y ^> z) — >■ (x ~* z). 
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Because x ~-+ y G H it follows that (y ~~> z) — *■ (x ~+ z) G if. 
Because y -^ z E H and (y ~-+ 2;) — ► (x ~~» 2;) G if, we get z -^ x E H. 
Also by Proposition 2.7(17-18) changing x and 2 we have: 

2 — » y < (y — > x) ~-+ (2 — ► x) 

2; ~-> y < (y ~~> x) — > (2 ~h x), 

so we get 2 ~* x G if. 
Similarly, x — * 2 G if and 2 — > x G if . 
Thus, x =# 2 and the transitivity is proved. □ 

For any x G L, let x/L be the equivalence class x/ =# • 
L/if becomes a residuated lattice with the natural operation induced from those of L. 
If x, y G f , then x/if < y/if iff x—>yGff iff x~^yG if. 

Definition 3.20. If s : L — ► [0, 1] is a state on L , we define the kernel Ker(s) by 

ffer(s) = {x G f I s(x) = 1}. 

Proposition 3.21. If s is a state on residuated lattice L, then Ker(s) is a normal filter 
on L. 

Proof. Obviously 1 G Ker(s). 

Assume x,x — > y G Ker(s), that is s(x) = s(x —* y) = 1. 

Then, by Proposition 2.13(iii), s(y) + s(y — > x) = s(x) + s(x — > y) = 2, hence 

s(y) = s(y — * x) = 1. It follows that y G fi'er(s). Thus, Ker(s) is a filter of L. 

By Propositions 2.13 and 2.14 we have 

s(x) + s(x — ► y) = 1 + s(x Ay) = s(x) + s(x -^ y), hence s(x — ► y) = s(x ~~> y). 

It follows that x ^ y G Ker(s) iff x ~~> y G Ker(s). 

Thus, Ker(s) is a normal filter of f . □ 

Proposition 3.22. If s is a state on the good residuated lattice L, the following prop- 
erties hold: 

(1) x/Ker(s) = y/Ker(s) iff s(x Ay) = s(x V y); 

(2) If s(x Ay) = s(x V y), then s(x) = s(y) = s(x A y). 

Proof. (1) x/Ker(s) = y/Ker(s) iff d±(x,y) G Ker(s) iff s(di(x,y)) = 1 iff s(x Ay) = 
s(x V y) (by Proposition 2.13(i)); 

(2) By Proposition 3.9(5) we have s(x Ay) < s(x), s(y) < s(x V y) and by hypothesis it 
follows that s(x) = s(y) = s(x Ay). □ 

Theorem 3.23. f e£ L be a good residuated lattice. If s is a Riecan state on L, then 
the function s : L/Ker(s) — > [0, 1] defined by s(x/Ker(s)) = s(x) is a Riecan state on 
L/Ker(s). 

Proof. First we prove that s is well-defined. 

Indeed, if x/Ker(s) = y/Ker(s), then by Proposition 3.22 it follows that s(x A y) = 

s(x V y). Then by Proposition 2.13(i)we have s(di(x,y)) = 1. 

It follows that di(x,y) G Ker(s) and similarly, g?2(x, y) G Ker(s). 

Thus, X =Ker(s) ZA 

Moreover, if x =x e r(s) y, then s(x) = s(y). 

Indeed, x =^ er ( s ) y is equivalent to s(x — > y) = s(y — > x) = 1 and by Proposition 

2.13(iii) it follows that s(x) = s(y). 

Applying the method used in [11] we prove now that s is a Riecan state on L/Ker(s). 
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First we recall that if x < y, then there is an element x\ G x such that x\ < y. 

Indeed, it is sufficient to take x\ = x A y. 

Assume that x _L y, that is y~~ < x~ , hence x~~ < y~~~ = y ~ = y~, so x~~ < y~. 

Let's take Xi G £~~ such that Xi < y~. Hence, x^f~ < y~ and by Proposition 3.5(5) it 

follows that Xi _L y. 

Therefore, 



s(x + y) 



s((y~ 0i" 

= s(f i + y 



- s(y~ 0x~)" 
s(:ri + y~~) 



= s(x ©y~ 
= s(x) + s(y) 
(We took in consideration that x\ =Ker(s) x implies s(xi 



= s(x © y) 
■■ s(xi) + s(y~ 

s(x)). 



J ) = s(x) + s(y) 



D 



Remarks 3.24. Let's consider the set L = {0, a,b, c, 1} with 0<a<b<c<l and 
the residuated lattice L = (L, A, V, 0, — >, ~^, 0, 1) with 0<a<6<c<l, where the 
operations 0, — >, ~^ are given in the following tables: 
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1 



One can easily check that L is a not good residuated lattice (a~~ = a, but a~~ = b). 

(1) G.Georgescu proved that for pseudo BL-algebras the existence of a state is equivalent 
with the existence of a maximal filter which is normal ([13]). In the above example, 
H = {1} is a maximal and normal filter of L, but there are no states on L. 

Indeed, assume that A admits a Bosbach state s such that s(0) = 0, s(a) = a, s(b) = (3, 
s(c) = 7, s(l) = 1. From s(x) + s(x — > y) = s(y) + s(y — ■> x), taking x = a,y = 0, 
x = b,y = and respectively i = c,t/ = 0we get a = 1/2, /3 = 1/2, 7 = 1/2. 
On the other hand, taking x = b, y = a we get /? + 7 = a + 1, so 1 = 3/2 which is a 
contradiction. Hence, L does not admit a Bosbach state. 

(2) A.Dvurecenskij proved in [8] that every linear pseudo BL-algebra admits a state. 
The above example shows that there exist linear residuated lattices having no states. 

(3) In the case of a BL-algebra A, it is proved that a filter H is normal if and only 
iixQH = HQx for any x G A ([5], Proposition 1.3). This equality doesn't hold in 
the case of residuated lattices. Indeed, let's consider the normal filter H = {a,b,c, 1} 
of the residuated lattice L in Example 3.2. In this case we have c H = {a, c} and 
H c = {a, 6, c}, so c H ^ H c. 
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Abstract 

We consider the skewed-T distribution defined as a normal mixture with 
inverse gamma distribution. Analytical formulas for its value-at-risk, VaR 
quantile, and average value-at-risk, AVaR conditional mean are derived. 
High-accuracy approximations are developed and numerically tested. 

Keywords: skewed-T distribution, asymmetric, value-at-risk, VaR, AVaR 

1 Introduction 

The skewed-T distribution is a popular choice for modeling financial time series 
of asset returns. The VaR quantile and the average VaR quantile, i.e. AVaR, of 
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those returns are usually estimated from a large sample of observations. If such 
large sample is not available, as in a case when only short history of returns is 
present, then we need a reliable way for assessing the magnitude of the VaR and 
AVaR risk measures. Analytical formulas might help in this case and let thor- 
ough analysis been performed on the risk measures by varying the distribution 
parameters and assessing different risk levels. 

We note that asymmetric distributions can be defined in different ways from 
their symmetric counterparts. For one such case of skewed- T distribution we see 
analytical formulas for VaR and AVaR derived in [1] (AVaR is denoted CVaR 
in [1]). In this case the skewed Student-t density function was proposed by 
Hansen (1994) in [2]. The density is an extension of the conventional symmetric 
Studcnt-t distribution. The asymmetry is introduced by weighting differently, 
multiplying by different weights, the negative and the positive values of the 
symmetric Student-t distribution. 

We consider skewed-T distribution defined as a normal mixture with inverse 
gamma distribution (e.g. see [3] for details). Such skewed-T random variable, 
X, is defined by 

X = ix + -yW + ZVW, 

where W ~ Ig(y/2, v/2), i.e. W is inverse gamma random variable, Z is multi- 
variate normal random variable Z ~ A^(0, S), and W, Z are independent. In 
the paper we present the analytical formulas for a-level VaR(A) and AVaR(A) 
risk measures. We denote the (i-dimcnsional distribution by X ~ td(v, /j,, £,7) 
where v stands for degrees of freedom, v > 4, /1 is a location parameter, and X is 
d-by-d covariancc matrix. Finally, the sign of 7 controls the distribution asym- 
metry: positive for skewed to the right, having fat right tail of asset returns, 
and vice- versa, negative for skewed to the left; except for the case v = 5. 

In the paper we specifically consider the cases for 7 7^ 0, that is, the cases 
with "true" asymmetry in X. Nevertheless, we note that for small 7's (of 
order 10 -6 ) our formulas numerically converge to the symmetric, conventional 
Studcnt-t, AVaR formula 

r (^) ^ (, , (VaR a (X)f 



AVaR a (X) = 

r(f) {v-\)a 

for v > 1. 

The paper is organized as follows: in next Section 2 we state the classical 
definitions of VaR and AVaR. Then we elaborate on the form of the skewed-T 
pdf needed for development of the analytical formulas. An integral represen- 
tation of the Bcsscl function (involved in the pdf) is utilized. The analytical 
formulas for VaR and AVaR are stated in two theorems. Their properties are 
discussed and one related proposition is stated. The proofs of the theorems and 
the proposition are presented in the appendix with thorough details. Two corol- 
laries state approximation versions of the theorems statements. The corollaries 
results are very useful in numerical implementations. Thcire proofs are in the 
appendix as well. In Section 3 we discuss some issues arising in numerical im- 
plementations of the developed formulas. The issues are resolved via the Bessel 
function asymptotic forms and via locating the spike-like unimodal peak of the 
quadrature integrand function. The paper is concluded in Section 4. 
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2 VaR and AVaR for skewed- T distribution 

The definition of VaR calls for a confidence level a E (0, 1). Then the VaR of 
portfolio return at confidence level a is defined as the smallest number xq such 
that the probability that the loss X exceeds xo is not larger than (1 — a). That 
is, in general 

VaR a (X) = inf {x : P(X > x ) < 1 - a} 
= inf {x : F x {x ) > a} 

where Fx (•) is the cdf (cumulative distribution function) of X, F^ is the inverse 
function of Fx provided one exists, and the last equality holds for continuous 
distributions. In probabilistic terms VaR is the a-quantile of the loss distribu- 
tion. If we consider the random variable X for modeling the asset returns then 
—X models the asset losses. Here we will not distinguish between the two, but 
we will derive analytical formulas for both tails of the skewed-T distribution, 
that is, formulas for smaller and larger a values for the VaR quantilc. 

If we let the random variable X denote portfolio loss then the definition of 
the a level AVaR is given by the following conditional expectation 

AVaR(X) = E [X\X > VaR a (X)] 

xf(x)dx 



1 ~ a JX>x„ 

that is, the a level average value-at-risk AVaR(X) is the average loss larger 
than the a level quantilc loss VaR a (X). Similarly to the VaR case, we will 
derive AVaR results for both distribution tails combined with the two cases 
for the sign of the asymmetry parameter 7 which controls the fatness of the 
distribution tails. 

For our analytical results we need the probability density function, f(x), of 
the skewed-T random variable X, which is given by 

2 1 -("+ d )/ 2 expffcc-MYE-V) 

f{x) - 



r(| )(™)<V 2 |S| V2 f x + (s- M )'S-i(:r- M ) \ { " +d)/2 

K {v+d)/ 2 ( A /(i/+(z-/i)'£- 1 (z-/'))7'£- 1 7) 

(VO' + Oz-^'E-Hz-^b'E-h) 



-{v+d)/2 



where K\(-) is the modified Bessel function of the third kind with index A (also 
know as modified Hankel function or Macdonald function). For details see, for 
example, [4] and [5]. The skewed-T distribution is in the class of generalized 
hyperbolic distributions. When we model asset returns with this distribution 
then the resulting portfolio return can be seen as a random variable which is a 
linear combination of skewed-T returns. Because of a property of the generalized 
hyperbolic distributions such linear combination has a generalized hyperbolic 
distribution as well (see Corollary 2.2.4 in [8]). 
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For assessing the VaR and AVaR of a single asset we consider its return as 
univariate, d — 1, skewed-T random variable. The corresponding univariate 
probability density (pdf ) function is 

fix) = , : ^tv / £ e 4 « e 7 «* dt 

where, for convenience, we set /x = 0, E = cr 2 = 1, and A = (V + l)/2. That is, 
we consider X normalized by the standard transformation 

X — u 7 , , — 

= -W + N(0, l)VW. 

a g 

where AT(0, 1) stands for a random variable from the standard normal distri- 
bution. For numerical implementations we note that the skewness controlling 
parameter 7 of the normalized skewed-T random variable — — actually becomes 
- when the above normalized pdf j(x) is utilized. 

In the last form of the pdf, /(x), we applied the following integral represen- 
tation of the Bessel function (with y = sj(y + x 2 )7 2 ) 



™-\® 



«dt 



Among other places this representation can be seen in [6]. We note that the 
skewed-T distribution is also popular under the name asymmetric Laplace dis- 
tribution, for example, in statistical applications in medical research: see [7] 
where the inverse gamma random variable W is replaced with a special case of 
its reciprocal values. 

2.1 VaR formula for skewed-T distribution 

In this section we develop a method for computing VaR(X), i.e., the 1 — a 
quantile of a skewed-T random variable X. We look for a formula and/or 
numerical procedure yielding xq — VaR Q which is such that 

/■OO 

1 — a = / f(x)dx 

where f(x) is the univariate density which is also normalized with the notations 
we introduced. 

For a given skewed-T random variable we know the sign of the skewness 
controlling parameter 7 yielding heavier right or left distribution tail. Similarly, 
we have to know the sign of xq, the a level VaR(X), in order to distinguish 
between the two distribution tails (that is, we have to know whether we look 
for the VaR quantile for a "smaller" or for a "larger" a value). We so, first, 
compute the above integral on the interval [0, 00], and we set 

/■OO 

1 — ao = / f(x)dx. 
Jo 

Hence, if the given VaR level a is such that a < cuo then we look for negative 
xq, otherwise, we look for positive xq. This naturally leads to two cases in 
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the xo = VaR a calculation depending on whether the specified VaR level a is 
greater than or less than the «o value we set. These two cases will have to 
be combined with the other two cases coming from the sign of the skewness 
controlling parameter 7. This naturally leads to total of four cases which we 
describe and study in this section and in the next section with respect to the 
VaR and AVaR formulas. 

The formula for computing a$ comes as a corollary of the following theorem. 

Theorem 1. The VaR formula for skewed-T random variable, that is, the value 
of xo = VaR a is coming as the unique zero of the following equation (provided 

7>o; 

g{xo) = _ a + 2 shH r i-c+^v^* fe - V2t) dt = 0. 

7 Jo VV2t / 

For negative skewness the value of xq — VaR a is coming as the unique zero 
of the next equation (i.e., provided 7 < 0) 

g(x ) = l-a+ 2C ^- l°° t- ( " +2)/2 e -^<f> te -V2t)dt = 0, 
7 Jo \V2t ) 



In both cases the zero, xq of g, is sought on the interval (— 00, 0] provided a < a$ 
or, on the interval [0, +00) provided a > ctQ. 

Proof. For the case 7 > see the Appendix. □ 

In the theorem statement the $(•) stands for the standard normal cdf, the 
constant 

j,A 2A 

c- 



depends on the skewed-T distribution parameters: degrees of freedom v, A = 
(y + l)/2, and 7 is the skewness controlling parameter. 

We note that <?(•) is an increasing function of Xq from (—a) to 1 — a as Xq 
ranges from minus to plus infinity. Hence, the unique zero of g can be found by 
any numerical routine, for example, by one like a bi-sectional search. 

The integrals on infinite intervals in the theorem have to be computed nu- 
merically. Also the search for the zero xq of g has to be performed on infinite 
intervals. We so derive approximations of the theorem statement where the infi- 
nite intervals are replaced with finite intervals. We prove that the accumulated 
numerical error is bounded by 1CP 9 when the infinite intervals are replaced by 
finite intervals. 

Corollary 1. The integral on infinite interval in Theorem 1 can be replaced 
with the following integral on a finite interval 

._^,,_i_T\ /o _ "1 ^ I 7^n nrr \ 

/() 

where 



\V2t J 



to(x) = o 
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The approximation error R(to(xo)) brought in 

g(x ) = -a+ [""" f-(-+ 2 )/ 2 e-^$ (?pL - y/2t\ dt + R(t (x )) 

for 7 > 0, and for 7 < as well, is less than 1CP 9 . 

Furthermore, the search for the zero xq of g is performed on the following 
intervals 

[-9/7,0] if a<a ,7>0, 

[0,+oo) if a>ao,7>0, 

(—oo,0] if a<ao,7<0, 

[0,-9/7] if a>a ,7<0, 

Proof. For the case 7 > see the Appendix. □ 

Getting rid of the error term R(to(xo)) still preserves the increasing nature 
of g(x ). Hence, the search for the unique zero xq is fine with the approximation 
we propose in Corollary 1. The value of a^ which specifies the sign of x$ comes 
as corollary from the above approximation after substituting the later with zero. 

Corollary 2. The formula for a is 

2CsF r18 



a 



7 Jo 



r ( " +2)/2 e _ « $(-y/2i)dt, «/7>0, 



2Cv^ '- 18 



a = 1 + ^^ / t- ( ~ v+2 V 2 e- ! 3r$(-y/2i)dt, ifj<0, 

7 Jo 

Proof. By substitution xq — 0. □ 

The proofs of the theorem and the first corollary in the appendix are pre- 
sented for the case 7 > 0. The formulas for g(xo) when 7 < are derived from 
their 7 > counterparts by substituting X with —X, 7 with —7, and the VaR 
level a of X with 1 — a which is the VaR level a for —X. 

In both cases, for positive and negative skewness, when the zero Xq of g(-) 
has to be sought on infinite interval 

xq G (—00, 0] provided a < ao and 7 < 0, 
io G [0, +00) provided a > ao and 7 > 0, 

we perform some additional analysis which let us do the zero search on a fi- 
nite interval. Note that these are the cases of the heavy tail in the skewed-T 
distribution. For the case xq G [0, +00) let us assume for example that we 
are looking for Value-at-Risk, x = VaR a , at confidence level a less than, say, 
99.99%. Hence, 1 — a > 0.0001, or in general 1 — a > e where the e is a small 
positive number which we can specify in advance. That is, if we choose, for 
example, e = 0.0002 then we will be able to do the search for the zero xq of g on 
a finite interval but, the user specified VaR confidence level must not be greater 
than 99.98%. Thus, for a chosen small positive number e, the — /+ infinity in 
the above two intervals can be replaced with — /+ "big" number M depending 
on e. 
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Proposition 1. The infinite intervals for the search of the unique a level xq — 
VaR a can be replaced by finite intervals such that the —/+ infinity in Corollary 
1 is replaced with — / + M given by 



M = 


2d+3VSd 


T7 


2 


[*m 



whe 

-i -2/v 



and e is an arbitrary small positive number specified in advance. 

Proof. See the Appendix □ 

Here v and 7 are the skewed-T distribution parameters, and T(-) is the 
Gamma function. Technically, in the case xq £ [0,+co), we have that g(0) = 
—a + an < 0, while g(M) > 1 — a — e > and g(+oo) = 1 — a > 0. So, the 
interval [0, +00) for the zero xq is replaced with [0, M] provided that e is chosen 
such that e < 1 — a. Note, M depends on e. 

Thorough proof for the M formula in the first case, xq G (— 00, 0], is pre- 
sented in the Appendix. 

2.2 AVaR formula for skewed-T distribution 

The AVaR (average VaR, also known as conditional value-at-risk CVaR, or 
ETL, i.e. expected tail loss) is defined as the expectation of a distribution tail. 
As we already discussed it with respect to the VaR formula, for the skewed-T 
distribution we distinguish four cases depending on whether we are interested in 
computing the expectation of the left or the right distribution tail and, on the 
sign of the skewness controlling parameter 7. As it is also discussed, the interest 
in computing the conditional expectation of the left or the right distribution tail 
might depend on whether the distribution is utilized for modeling asset returns 
or asset losses. We so study all possible four cases for the conditional tail 
expectations. 

Case 1: x > 0,7 > 0, 

1 r 00 

AVaR, = E[X\X > x ] = —— r / xf(x)dx 

P(X > x ) J X0 

Case 2: x < 0,7 > 0, 

1 f X( > 

AVaR 2 = E[X\X < x ] = —— r / xf{x)dx 

P{X < xo) J -00 

Case 3: x > 0,7 < 0, 



AVaR 3 = E[X\X > x ] = ——^ r / xf(x)dx 



P(X > x ) J x , 



Case 4: x < 0,7 < 0, 

1 f Xo 

AVaR A = E[X\X < x ] - -^^ r / xf(x)dx 

P(X < Xq) J_oo 
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The alpha level AVaR depends on xo which stands for the alpha level VaR, 
that is, xq = VaR Q is the 1 — a quantilc of the distribution. The xq is such that 

/>oo 

1 — a = / f(x)dx 

J Xq 

The VaR Q is studied in the previous section. 

Along with the notations we have so far, like C and to(x), here we introduce 
two additional notations 

= ^7 2 + (7^o) 2 and h = ^ - Vtt 

\/2t 



and, an expression which repeatedly appears in the final AVaR formulas 



KI 



2 xA-l 



/v'a-lC r)[-\ e ™ ->/* J™ r x+1 > 2 e-"-£${h )dt 



which is the difference between the modified Bessel function of the third kind 
with index (A — 1) and a finite integral. Moreover, 

2 xA-l 



KI=K x _ 1 {0)l-\ e"°, if 9 + 7 x <0 

that is, the integral vanishes (has a value of order 10 -9 ) for 7 and Xq such that 
their values satisfy the last inequality 

Theorem 2. The AVaR formula for skewed-T random variable, in each one of 
the four cases we describe, is 



AVaRl = 71 Ti ^ + n W \ 2 KI 

(1 — ot)(y — 2) (1 — aj7 z 

-AC 

AVaR 2 = T KI 

AC 
AVaR 3 = -^KI 

(1 — a)'f z 

~jv -AC 
AVaRi = , ' - + T KI 

ayv — 2) aj z 

Proof. See the Appendix for all details about the proof of the AVaR\ for- 
mula. The AVaR 2 formula is derived as a complement for AVaR\ to the mean, 
E(X) = {pfv)/{y — 2), of the normalized skewed-T random variable X. The 
other two formulas, AVaRz and AVaR^, come from the first two after the sub- 
stitution of X with —X, the substitution of the skewness parameter 7 with —7, 
and the substitution of a = ax with (1 — a) = ai-x)- d 

We note that the AVaR calculation for the skewed-T distribution requires 
numerical integration on infinite interval. Similarly to the previous section we 
approximate it with integration on a finite interval. Next we state this result. 
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Corollary 3. The integral on infinite interval in the KI expression in Theorem 
2 can be replaced with the following integral on a finite interval 

t a (x a ) 2 

£-A+l/2 e -^$(/lo)<ft 





The approximation error is lees than 



(1- a){v- 2) 



10" 



Proof. See the Appendix for all details about the proof of the AVaRi approxi- 
mation. □ 

Theorems 1 and 2 provide the analytical formulas for VaR and AVaR of the 
skewed-T distribution defined as a normal mixture with inverse Gamma dis- 
tribution. The approximation versions of the formulas presented in Corollaries 
1 and 3 allow to carry on numerical tests of those formulas. The results are 
presented in the next section. 

3 About issues in numerical implementations 

In this section we present our findings when the analytical VaR and AVaR 
formulas are tested in numerical experiments. We, first, generate ten million 
variates from the skewed-T distribution. This let us achieve good sample esti- 
mates for VaR and AVaR quantities at different confidence levels a. We vary 
the confidence level from one to ninety nine percent. Then we compare the esti- 
mated quantities with their analytical counterparts. The percent relative error 
100 * \{sampleEstimate — analytical Re suit) J sampleEstimate\ stays below one 
percent. But, when we begin vary the distribution parameters significantly then 
we discover that some additional theoretical work must be done. 

Two important issues deserve our attention. First, the accuracy of the nu- 
merical integration, and second, the asymptotic behavior of the modified Bessel 
function of the third kind. The later is well studied in the scientific literature. 
We so only point out the way we utilize this asymptotic behavior for achieving 
high numerical accuracy. 

About the first issue, the accuracy in the numerical integration, after exten- 
sive numerical testing we note that the integrand function, that is, the function 
defining the quadratures has a spike-like shape which can easily destroy the 
accuracy in the numerical integration. Finding the exact point at which the 
spike appears requires additional amount of numerical calculations or theoret- 
ical analysis. So, we basically determine that the spike must appear near the 
point 7 2 /2. This fact is stated and proved in the next proposition. 

Proposition 2. The integrand function in the quadratures in Theorems 1 and 
2, respectively, in Corollaries 1 and 3 

u(t) = t- 8 e-^<S>(^_-V2i 



where 6 — (y + 2)/2, or 9 = X — 1/2 = v/2, has maximum for t > in a 
neighborhood of t — 7 2 /2. 
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Proof. We use the notation ho introduced in the previous section. The first 
derivative of u(t) becomes 



u'(t) = t-°- 2 e 



^£ St) *(M - (7^o + 2t) ^U'(fto) 



The first expression multiplying the cdf Q(ho) changes sign at t\ = v~f 2 /{Aff) 
being positive for t < t\ and negative for t > t±. The second expression multi- 
plying the pdf Q'(ho) changes sign at £2 = ~1Xq/2 only if 7 and xo = VaR a 
are such that 7x0 < (note, we are interested in partitioning the quadratures 
for t G [0, io(^o)]i that is for positive t's, on two intervals which union covers 
the quadratures interval). 

If jxq > then the second expression in u'(t) does not change sign. Hence, 
the derivative has a unique zero, respectively the integrand function in the 
quadratures has a unique maximum, for t "near" t\, that is, for t < t\ because 
the second expression in u'(t) takes on negative values which shift the t\ zero 
to the left. We note that in both cases for 9, i.e. for (v + 2)/2 and v/2, the t\ 
value is close to the 7 2 /2 approximation which we suggest in this proposition, 
and which is numerically tested. 

If 7x0 < then the derivative u'(t) can change sign (eventually more than 
once) for t between t\ « 7 2 /2 and £2 = — 7£o/2. Otherwise, for t < min(£i,£2) 
the derivative u'(t) takes on positive values, and for t > max(£i,t2) the deriva- 
tive has negative values. Therefore there is at least one maximum for the in- 
tegrand function u(t) between t\ and £2, that is, for t belonging to the interval 

[min(£i,t 2 ), max(ii,i 2 )]- 

We combine the conclusions from the above two cases, and we approximate 
the location of the maximum with t\ « 7 2 /2 for all cases. 

□ 

Based on the proposition and the numerical experiments, we conclude that 
every case of numerical integration in the formulas for VaR and AVaR must be 
partitioned in two quadratures at 7 2 /2. This is especially important for near 
symmetric skewed-T distributions, that is when 7 goes to zero. This completely 
resolves the numerical issues arising in the analytical VaR calculation. However, 
in the analytical AVaR calculation we have to deal with the Bcssel function 
evaluation involved in our formula. 

We use the following two asymptotic properties of the modified Bessel func- 
tion of the third kind 

K x (x) — x [*-e- x 



for large x » |A 2 — 1/4|, and 

K x (x) 



r(A) 



for small positive x « \/\ + 1. The first asymptotic is especially important 
for large 7. For such 7's we have that (3 goes to plus infinity and (3 has the order 
of Zq . In this case we see that the Bcscel part 



2 xA-l 



*A-l(0) ( £ ) ^ 
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in the KI expression tends to zero which significantly helps in the numerical cal- 
culations because, otherwise, one might have to deal with an undefined numeric 
expression looking like zero times infinity. On the other side when evaluating the 
above expression for small 7 then the second asymptotic significantly improves 
the accuracy in the analytical AVaR calculation. 

4 Conclusions 

We develop analytical formulas for computing the a level VaR and AVaR for a 
random variable X having the asymmetric Studcnt-t distribution, also known 
as the skewed-T distribution. It is defined as a normal mixture with inverse 
Gamma distribution. The distribution pdf and the AVaR formula require the 
Bessel function calculation. 

The analytical formulas are tested and they appear to be accurate for dif- 
ferent confidence levels a. The parameters of the skewed-T distribution X ~ 
tdiy-, H, (J, 7) are also varied. For the normalized random variable (X — (i)/cr it is 
important to vary the degrees of freedom parameter v and the ratio 7/er when 
the achieved numerical accuracy is tested against very large sample estimates. 
We tested the analytical formulas for v in the range [4,400] where the results 
for v > 300 are approximated very well with v = 300. The test range for the 
ratio 7/cr is [10~ 4 , 10 2 ]. In all tested cases the analytical formulas yield results 
which differ from ten million sample size estimates by less than one percent. 

The derived analytical formulas are very useful if only a small number of 
sample observations is available. In this case we find that the sample estimates 
tend to underestimate the heavy tail extreme quantilcs. On the other side, for 
large sample size we find that the sample estimates tend to overestimate the light 
(short) tail extreme quantiles. Further qualitative and quantitative analysis 
could be performed on the derived formulas in a future research concerning 
their applications in modeling financial time series. 

Appendix 

The VaR formula for 7 > 
(Proof of Theorem 1) 

The result for the a level Value-at-Risk, xq — VaR a of a skewed-T random 
variable, derived in the main text, says that xq is the unique zero of the following 
equation 

g{xa) = - a + 2 £^1 f°° r (-+2)/2 e -^$ (w - V2i) dt = o, if 7 > o, 

7 Jo VV2i J 



where the zero, Xq of g, is sought in the interval [—9/7,0] provided a < a , 
or in the interval [0, +oo] provided a > a . Furthermore, g(-) is an increasing 
function of xo which actually implies the uniqueness of the zero. 
Here we prove this fact. We begin with the VaR definition 



/•oo 

1 — a = / f(x)dx 

•J X(\ 
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which is rewritten in 



/•DC 

g(x ) = 1-a- / f(x)dx. 

Jx 



Next, we simplify the integral 



,-A-l -t-^£ ™_(25l_ 



f{x)dx= C r^-'e-t-^e^-^^dtdx 

Jx a JO 

s~i /*00 2 T 00 -,2 

= - / r^V*"^ / e 7 *- « d(7z)di. 

7 Jo Jz 

The change of variables z = 72;, z = 7^01 i n the inner integral yields 

y"~f /*00 2 /*00 2 

/(a;)da;=- / r^e - * - ^ \ e z -^dzdt 



7 Jo 

- /-oo o r / \ " 

di. 



A- 1/2 -^' 



2<vsf rv-^,.-^ 



7 Jo 
We now use the following identity 

2C0F 



7 Jo 



r A-l/2 e -^ di=1 



(note, the above right-hand side, 1, must be replaced with -1 if 7 < 0). We 
substitute back A = (y + l)/2, and we obtain 

f{x)dx = 1 - 2C ^- f°° r^ +2 )/ 2 e-^$ fe - V2i) dt 



which completes the proof. 

The approximation VaR formula for 7 > 
(Proof of Corollary 1) 

We note that for t such that 

\/2t 



the tail of the last integral (in the above proof) becomes infinitely small. This 
is so because the standard normal cdf satisfies <1> ( :l j= — y/2t) < $(—6) < 1CT 9 , 
and the integral from the remaining integrand function is bounded by one over 
the tail of the integral (this statement is rigorously proved below) . The tail is 
on the interval t £ [to(xo), +00] where £0(^0) satisfies the above inequality The 
last inequality is equivalent to a quadratic inequality with respect to \/i 

2i - 6y/2t - 7x > 

which is true for 

t > £0(3:0) = » 
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(which coincides with the notation to (x) in the main text). We partition the 
last integral on [0, oo] as integral on [0,io(^o)] plus integral on [io(xo),oo]. For 
the latter we argue above that it is infinitely small (basically, it is the error term 
R(to(xo))). This is so because we have the following inequality 

R{to{xo)) ^ 2 _£V^ r r(v+2)/2e _^ $ (j^g _ ^\ dt 

7 Jt a (x„) VV2i / 

< ?£^<i>(_ 6 ) f" t -^+ 2 ^ 2 e-^dt 
7 Jt (xo) 

The last expression simplifies to, and is bounded by $(—6) < 10 ~ 9 
where 7 ( it "7 x -, ; § ) is the lower incomplete Gamma function. Therefore 

r mdx „ 1 _ ^ f a{xa) t -c^)/ V ^* fe - ^ (« 

x 7 io Vv 7 ^ / 



which completes the proof of the approximation formula for <?(x ). Rigorously 
we have 

g(x ) = -a+ ^1 / r (-+2)/2 e -^$ T^o _ ^ \ ^ + ^(^ 

7 Jo VV2i / 

and, 

3 (x ) >- a+ 2 -^ f° (X0) r^ a )/V^* fe - v^ <ft 

7 Jo Vv2t / 

where we chose the lower bound of g{xo) as its approximation. 

Furthermore, (recall, we are in the case 7 > 0), we note that if a > ao, 
i.e., x > 0, then the quadratic inequality is true for t > t (xo)- And, if 
a < a , i.e., x < 0, then the quadratic inequality is true for t > to(fi) provided 
18 + 27x0 > 0. Otherwise, if 18 + 27x0 < then the quadratic inequality is 
true for any t. Hence, the search for negative xo should be performed only 
for xo > —9/7. Finally, the approximation for g(xo) increases in xo because 
from the expression we have for g{xo) we see that $(•) increases in xo and, the 
integral in the g{xo) expression is an integral from nonnegative function on the 
interval [0,io(£o)] where the right end to(xo) of the interval also increases with 
respect to xo. 

The AVaRi formula for skewed-T 
(Proof of Theorem 2) 

The proof for the following formula 

AVaRi = T , ^ ^ + n 4C \ 2 KI 

(1 — a)(y — 2) (1 — aJ7 2 
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is presented below. 

AVaRi = E[X\X > x ] 
1 



u(v ^ , - xf(x)dx 
P{X > xo) J XQ 

(l-«)4 r(|)v^2^i 



C 



(1 - a) 7 2 



o 



t- A-1 c-* -! *" / (7x)e 7:E "" J *"d(7x)dt 



We set z = 7X, zo = 72:01 & n d simplify the inner integral, first, with integra- 
tion by parts 



' Z 

2/ [ e z °~« + / ,- ----,/ : 



and, second, with change of variables technique h = -j= — \/2i, ho = -j= — \/2£ 
leading to closed-form result with standard normal cdf 



z 2 / z% f°° h 2 

ze z -Ttdz = 2tle z °-^+eW2t e~~dh 

= It (e z °~^ 4. e t V^V2w{l - $(h )) 

Hence, the conditional expectation of the right tail of the skewed-T distribution 
becomes 



cy/~1 />00 2/2 \ 

AVa^ = — / rV* - ^ e z °-^ + ^VnV^tl - Who)) ) dt 

(1 - a) 7 2 Jo \ J 

2C 

(Ei + E 2 — E 3 ), 



(1 — a)y 



where 



E x = e Zo / £- A e -*-^-S dt 
Jo 

r°° 2 

E 2 = 2^ r x+1 / 2 e-irdt 
Jo 
_ f°° 2 

E 3 = 2^ / t- x+1/2 e-^<5>{ho)dt 
Jo 

We combine the integral representation of the Besscl function with one earlier 
notation (5 = yjvy 1 + (7x0) 2 (recall zq — 7^0) which simplifies E\ to a closed- 
form result 
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Jo 
= 2e z « (I) Kx.tf) 



We note that the result for E\ (along with the ^-a) 2 multiplier) corre- 
sponds to the Bessel function term in KI 

in the formula for AVaR\. 

Next, we show that E 2 simplifies to the first term in the AVaRi formula. 
We apply the Gamma function definition T(u) = L v u ~ 1 e~ v dv for argument 

2 

u = A — 3/2 with change of variables v = ^j- . Hence 



E 2 = 20F / r x+1/2 e -^dt 
Jo 

( 4 \ A - 3 / 2 

= 2 ^{^f) IXA-3/2) 



->2A-2 



r(A-i/2) 



z/ (A-3/2) 7 2A-3( A _ 3/2) 

7 3 ^ 



2(z/-2)C 

where the second to the last equality comes from the following property T(u) = 
(u — l)r(w, — 1). For the last equality we use the definition of the notation C 
and recall that A = (z/ + l)/2. We note that adjusting the last result for E 2 with 
the multiplier ^-a) 2 yields the first term in the AVaRi formula. 
Finally we deal with the E$ expression 

2 V 7r Jo 

which is an integral on infinite interval. We note that the result for E% (along 
with the r^a) 2 multiplier) corresponds to the third term in the AVaRi for- 
mula, that is, to the integral expression in KI. This completes the proof of the 
theorem. 

The approximation formula for AVaR\ 
(Proof of Corollary 3) 

We keep work on the £3 expression from the end of the previous proof. We 
will approximate the integral with one on a finite interval. We note that the 
argument, h , of the standard normal cdf tends to minus infinity as t goes to 



plus infinity (recall ho(t) = -4= — v2i). Hence, for sufficiently large t we have 
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<&(/io) going to zero. Technically, sufficiently large t can be determined (as in 
the proof of Theorem 1) from $(—6) < 1CP 9 . The inequality ho < —6 is true 
for t > to{xo) where the last notation to{xo) is already specified in the main 
text and in the proof of Theorem 1. We so obtain 



, *o(^o) 2 

/ r A+1 / 2 e-^$(/i )di 

r x+1 / 2 e-^<5>(ho)dt 



E. 



2v^F jo 



oc 



The first integral corresponds to the third term in the AVaR\ formula, that is, 
to the integral expression in KI {"here we complete the proof of this formula") . 
The second integral "vanishes" because it simplifies similarly to the proof of 
Theorem 1. We have that ho(t) < ho(to(xo)) = —6 for t > to(xo), hence the 
integral is bounded by 

2 /*°° 2 

t- x+1/2 e-^^{h )dt <*(-6)* / r x+1/2 e-"-%rdt 

to(x ) Jta(xa) 

As it is already done earlier in this proof, the last expression must be adjusted 
by the multipliers ( - 1 _^ 2 and 2y / 7r. Hence, after simplification (similar to the 
one in the proof of Theorem 1) we obtain that the second integral is bounded 

by 



( 6) *(i-«)(.-2)* r(|-i) 

where the last multiplier is bounded by 1, the second multiplier is a constant 
for given distribution parameters and AVaR level a, and the first multiplier is 
bounded by 10~ 9 . Therefore, we assume that the error made in the transition 
from integral on infinite interval to integral on finite interval is infinitely small. 

The "big" M formula 
(Proof of Proposition 1) 

The proof for the following formula is presented below 



2d + 3V8d 



where 

d=^ 



cT 



(-7) 

v + 2 
2 



-2/v 



in the case a < ao and 7 < 0. 

In this case we look for the unique zero Xo of 

9 (xo) = 1 - a + ™f- £' (X0) t-^e-^$ (^ - V2t) dt = 0, 

in (—00, 0] , and we prove that for a given small positive number e such that a > e 
the zero search can be performed on [— M, 0] rather than on (— 00, 0]. We note 
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that we are in the very left end of the heavy left tail of the skewed-T distribution, 
that is, the small e represent the probability for being in (— oo, — M]. In the 
main text we said that <?(•) is an increasing function from g(— oo) = —a < to 
g(0) = —a + a{) > 0. So, we now prove that 

g{-M) < -a + e, 

that is, g(—M) < provided that e is chosen such that (e < a) it is less than 
the user specified confidence level a for VaR Q . 
We utilize the notations 

2 p -k 2 /2 

\/2n 

h (t) = ^-V2i 
V2i 



and the definition of the standard normal cdf $(•) to rewrite the integral in the 
g(xa) expression as follows 

to(xo) fho(t) 

F(t, k)dkdt. 



Next, we change the order of integration, and present the integral as a sum of 
two integrals 

t (x ) /-oo rh^ (k) 

F(t,k)dtdk+ / / F(t,k)dtdk 

-oo ^0 J -6 JO 

where t = h^ (k) is the inverse function of k = ho(t). The two functions are 
defined on the intervals k e [— 6,+oo) and t <G [0,^(^0)] respectively (note, the 
inverse function exists because ft-o(') is a monotone function). The first double 
integral is bounded by 

r 



4t f°; ,2 ^ ( -6) 

r(i) 

which is a product of (positive) multiplier less than one (i.e. the ratio of upper 
incomplete Gamma function and the Gamma function) and, technically, the 
zero value $(—6) « 1CP 9 . We so focus only on the second double integral in 
the last expression for g(xo). Hence, 



g(x ) = l-a 



r(f)J- 



rim-7' "~ 2 



e~ k I 2 
-^dk 

V2tt 



2 J ' \4ho L {k) 2 
1 f°° ( V1 2 v\ e- fc2 / 2 J7 

where 7 (•; |) is the lower incomplete Gamma function, i.e., T (|) = 7 (•; |) + 
r (•; |). Note, for the pair of double integrals in g(xo) we utilized the identity 
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for 7 < (otherwise, the above expression simplifies to plus one for 7 > 0). 
Next we have 



g(xo) = -a + 



1 



r (!)^-6 



v\ e 
2 



-fc 2 /2 



'27T 



-dk 



7(-;f)e- fc2 / 2 



/2tt 



r(f) 



dk 



where the second integral is technically equal zero for reasons described earlier 
with respect to the first double integral in g(xo). Therefore, we focus on bound- 
ing the integral on finite interval [—6,6]. We note that the lower incomplete 
gamma function in this integral, 7 (•; |), is an increasing function of k in its 



argument 



yy 



Hence, 



g(xo) < -a + 



1 



7 ■ 



r(|)7_ 



-fe 2 /2 



fc=6 



/2tt 



-dk 



r(l) 

Next we bound the lower incomplete gamma function j(u; a) by 



7(w;a)=/ t a - 1 e~ t dt<u a /a. 
Jo 



Hence, 



where 





/ 2 \ v/1 

1 1/7 \ 


g(%o) < 


ir(|) 


K\G) ■- 


(V / fc 2 + 4 7 a;o-fc) 2 


8 




(V9 + 7^0 - 3r 



l(x ) 



fe=6 



Here we may observe that 

where d is specified in the M definition. 

Finally, some tedious algebraic manipulations show that l(—M) = —a + e 
which completes the proof for the "big" M formula. 

Remark: If we decide that we do not have to ignore (we do not want to 
ignore) the two infinite small terms (integrals) in the proof (involving a constant 
times $(—6) where the absolute value of that constant is less than one) then 
we may choose e such that e < a — 2 * 1CP 9 for some specified in advance VaR 
level a. 
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Abstract 

The aim of this paper to introduce the ball closure property in fuzzy 
metric spaces. We also give some theorems on relationship between 
ball closure property and density and also compactness. 

Key Words. Fuzzy metric space, closed ball, compact subset. 

M.S.C. (2000). 54A40, 54E35. 

1. INTRODUCTION 

Since the concept of fuzzy set was introduced by Zadeh [10] in 1965, 
many authors have introduced the concept of fuzzy metric space in 
different ways [1-5]. George and Veeramani [3] modified the concept 
of fuzzy metric space introduced by Kramosil and Michalek [6] and 
defined a Hausdorff topology on this fuzzy metric space. Malik and 
Toma [7] introduced the ball closure property in metric spaces. 

In this paper we study on ball closure property in fuzzy metric spaces 
in the sense of George and Veeramani. We also give some relations 
between ball closure property and density and also compactness. 

2. PRELIMINARIES 

Definition 1 ([8]). A binary operation * : [0,1] x [0,1] — ► [0,1] is 
continuous t-norm if * is satisfying the following conditions: 

(i) * is commutative and associative; 

(ii) * is continuous; 
(iii) a * 1 = a for all a G [0, 1] ; 
(iv) a *b < c* d whenever a < c and b < d, and a, b,c,d G [0, 1]. 

Definition 2 ([3]). A triple (X, M, *) is said to be a fuzzy metric space 
if X is an arbitrary set, * is a continuous t-norm and M is a fuzzy set 
on X 2 x (0, oo) satisfying the following conditions: for all x, y, z G X, 
s, t > 0, 

(i) M(x,y,t)>0, 

(ii) M(x, y, t) = 1 if and only if x = y, 

(iii) M(x,y,t) = M(y,x,t), ' 

(iv) M(x, y, t) * M(y, z, s) < M(x, z, t + s), 

(v) M(x,y,.) : (0, oo) — > [0,1] is continuous. 

Remark 1. In fuzzy metric space X, M(x,y, .) is non- decreasing for 
all x, y G X. 
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Example 1. Let (X, d) be a metric space. Denote a * b = ab for all 

a,b G [0, 1] and let M^ be a fuzzy set on X 2 x (0, oo) defined as follows: 

M d (x,y,t) = -—— — —. r 

kt n + md{x,y) 

for all k, m, n G M, + . Then (X, M d , *) is a fuzzy metric space. 

Remark 2. Note the above example holds even with the t-norm a*b = 
min{a, b} and hence M is a fuzzy metric with respect to any continuous 
t-norm. In the above example by taking k = m = n = 1, we get 

We call this fuzzy metric induced by a metric d the standard fuzzy 
metric. 

Definition 3 ([3]). Let (X,M,*) be a fuzzy metric space and let r G 
(0, 1), t > and x G X. The set 

B(x, r, t) = {y G X : M(x, y,t)>l-r} 

is called the open ball with center x and radius r with respect to t. 

Theorem 1 ([3]). Every open ball B(x,r,t) is an open set. 

Definition 4 ([3]). Let (X,M,*) be a fuzzy metric space and let r G 
(0, 1), t > and x G X . The set 

B[x, r, t} = {y EX : M(x, y,t)>l-r} 

is called the closed ball with center x and radius r with respect to t. 

Theorem 2 ([3]). Every closed ball B[x,r,t] is a closed set. 

Remark 3. Let (X, M, *) be a fuzzy metric space. Define r = {A C 
X : for each x G A, there exist t > 0, r G (0, 1) such that B(x,r,t) C 
A}. Then r is a topology on X. 

Remark 4. 

(i) Since {B(x, -, -) : n = 1, 2, ...} is a local base at x, the topology 

r is first countable. 
(ii) Every fuzzy metric space is Hausdorff. 
(iii) Let (X, M, *) be an fuzzy metric space and r be the topology 

on X induced by the fuzzy metric. Then for a sequence (x n ) n 

in X, x n ■— > x if and only if M(x n , x, t) —> 1 as n — > oo and for 

all t > 0. 
(iv) In a fuzzy metric space every compact set is closed and bounded. 

Definition 5 ([9]). Let (X,M,*) be a fuzzy metric space, x G X and 
A C X . The degree of closeness x to A is defined by 

M(A,x,t) = sup{M(y,x,t) : y E A} 

for all t > 0. 
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3. MAIN RESULTS 

Let (X, M, *) be a fuzzy metric space and A be a subset of X. We 
denote 

B(A,r,t) = {x eX : M(A,x,t) > 1 - r} 

B[A,r,t] = {.x el : M(A,.x,t) > 1 - r} 

for all r G (0, 1) and for all t > 0. 

Definition 6. .Let (X, M, *) 6e a fuzzy metric space. A subset A of X 
is said to have ball closure property iff for all r G (0, 1) and t > we 
have B(A,r,t) = B[A, r, t] . 

If each subset A of X has this property we say that the fuzzy metric 
space (X, M, *) has the ball closure property 

Example 2. Let X = [0, 1] U [2, 3] . Define a*b = ab and 

M(x,y,t) 

for all t > 0. Let A = {1} and r - 
t 



1 



- \x - 

t 
t+i- 



y\ 

Then 



B 



{1},1 



t + 1 



,* 



xeX : M({l},x,t) > 



[0,1]U{2}. 



t + 1 



On the other hand, 



B {!},! 



1 



,t 



xEX : M({l},x,t) > 



t + 1 



= (0,1) = [0,1]. 

Hence (X, M, *) does not have the ball closure property. 

Lemma 1. Let (X, M, *) be a fuzzy metric space and A be a subset of 
X. Then, B(A, r, t) = B(A, r, t) for all r E (0, 1) and t > 0. 

Proof. Since A cA, then B(A,r,t) C B(A,r,t) for all r e (0, 1) and 
t > 0. _ _ 

Let x be an arbitrary element of B (A, r, t) . Then M (A, x, t) > 1 — r 
and there exists a point y E A such that M (y,x,t) > 1 — r for r G 
(0, 1) and t > 0. Therefore, there exists a t , < t < t such that 
M (y, x, to) > 1 — r. Let 1 — r = M (y, x, to). Since 1 — r > 1 — r, 
there exists s G (0, 1) such that 1 — r$ > 1 — s > 1 — r. Now for given 
ro and s such that 1 — r > 1 — s we can find ri, < r\ < 1 such that 
(1 — r ) * (1 — ri) > 1 — s. Now consider the ball B(y, ri, t — to) C A. 
Let z G B(y,r 1 ,t — to), then M(y,z,t — to) > 1 — ri. Therefore, 

M(a;,«,t) > M(y,x,t Q )*M(y,z,t-t ) 

> (1 - r ) * (1 - ri) > 1 - 5 

> 1 - r 



212 EFE 



which implies x G B(A,r,t). Then, B(A,r,t) C B(A,r, t) which com- 
pletes the proof. □ 

Theorem 3. Let (X, M, *) be a fuzzy metric space. Then the following 
are equivalent: 

(i) (X, M, *) has the ball closure property, 
(ii) Every closed subset of X has the ball closure property, 
(iii) Every countable subset of X has the ball closure property. 
(iv) For every point x G X, r G (0, 1), t > and every sequence 

(x n ) n in X, with M(x n ,x,t) — ► 1 — r, there exists a sequence 

(y n ) n in B((x n ) n , r, t) such that y n — ► x. 

Proof. (i)<£=>(ii) is clear from Lemma 1. (i)=^(iii) is obvious. We will 
prove (iii)=^(iv)=^(i). 

(iii)=^(iv): Let the assumptions of (iv) be satisfied. 

Then M((x n ) n ,x,t) > 1 — r for r G (0,1) and £ > 0, hence x G 
5 [(a; n ) n , r,£]. Therefore a; G B((x n ) n ,r,t). 

(iv)=^(i): Let A be an arbitrary subset of X and let x G J5[A, r, t] 
for r G (0, 1) and t > 0. If M(A, x, t) > 1 - r, then a; G B(A, r, t) C 
Ep^tJ for all r G (0, 1) and t > 0. If M(A, x, t) = 1 - r, then there 
exists a sequence (x n ) n C A such that M(x n ,x,t) — ► 1 — r. From 
(iv) we have x G 5(A, r, t). This implies S[A, r, t] C S(A, r, t). The 
B(A, r, t) C B[A, r, t] is a consequence of the continuity of the function 
x — >M(A,x,t). ^ □ 

Theorem 4. Let (X, M, *) 6e a /ttzz?/ metric space satisfying the ball 
closure property and let U be an open set in X . Then (U, M, *) has the 
ball closure property. 

Proof. It is sufficient to show that (U, M, *) satisfies the condition (iv) 
of Theorem 3. Let x G X, r G (0, 1) and (x n ) n satisfy the assumptions 
of (iv). Then there exists a sequence (y n ) n in B((x n ) n ,r,t) such that 
Un — ► x, x G U. Since U is open, we can suppose without loss of 
generality that (y n ) n G B((x n ) n ,r,t) D U such that y n — > x which 
completes the proof. □ 

Theorem 5. Let (X, M, *) be a fuzzy metric space satisfying the ball 
closure property and D be a dense subset of X. Then (D, M, *) has the 
ball closure property. 

Proof. We again make use of the assertion (iv) of Theorem 3. Let 
x G D, r G (0, 1), t > and (x n ) n C D satisfy M(x n ,x,t) — ► 1 — r. 
Then there exists a sequence (y n ) n in B((x n ) n , r, t) such that y n — ► x. 
Since the D is dense in X there exists a sequence (z n ) n in D such that 
M(y n , z n , t) > 1 — - for all n G N and t > 0. Obviously z n — ► x. D 

Theorem 6. Let (X, M, *) be a fuzzy metric space. Then the following 
are equivalent. 
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(i) Every compact subset of X has the ball closure property, 
(ii) Every singleton has the ball closure property, 
(hi) For each x,y G X, r G (0, 1) and t > 0, there exists z£l such 
that 

M(x, z,t)>l-r and M(y, z, t) > M(x, y, t). 

Proof. (i)=>(ii) is clear. Let us prove (ii)^=>(hi)=^(i). 
(ii)=^(iii): From (ii) we have 



B(y,l-M(x,y,t),t) = B[y,l-M(x,y,t),t] 



and x G B[y, 1 — M(x,y,t),t}. Since x G B(y, 1 — M(x,y,t),t), then 

B(x, r, t) n B(y, 1 - M(x, y, t), t) ± 

for all r G (0, 1) and t > which is precisely the assertion of (iii). 

(iii)=^(i): For every compact set A C X, since M(A, x, t) is a 
continuous function, then B(A,r,t) C B[A,r,t}. We will show the 
opposite inclusion. Let x be an arbitrary element of B[A,r,t}. If 
M(A,x,t) > 1 -r, then a; G B(A,r,t) C B(A,r,t), for all r G (0,1) 
and t > 0. If M(A, x, t) = 1 — r, then there exists a sequence (x n ) n in 
A such that M(x n ,x,t) — ► 1 — r, for all r G (0, 1) and t > 0. Since 
A is compact, we can choose a subsequence (a^Jfc of (x n ) n such that 
x nfc — > x , Xq G A. Making use of continuity the metric, we have 
M(x, x ,t) = 1 — r, for r G (0, 1) and t > 0. Hence a; G B[x ,r,t] i.e., 
M(x,a;o,t) > 1 — r for r G (0, 1) and t > 0. On the other hand from 
(iii) there exists z G X such that 

M(x, 2, t) > 1 - r and M(x , z, t) > M(x, x , t). 

Then, M(x, z, t) > 1 — r and M(xo, z, t) > 1 — r which implies that 

B(x,r,t) nB(x Q ,r,t) ^ 



for all r G (0,1) and t > 0. Hence a; G B(x ,r,t) which shows 
B[xo,r,t] C B(x ,r,t). Since B(xo,r,t) C 5(A,r,t), then the inclusion 
B[A, r, t] C ^(A, r, t) is proved. □ 

Theorem 7. £e£ (X, M, *) be a complete fuzzy metric space. Then the 
following are equivalent. 

(i) Every totally bounded subset of X has the ball closure property. 

(ii) Every compact subset of X has the ball closure property, 
(iii) Every singleton in X has the ball closure property. 
(iv) For each x,y G X, r G (0, 1) and t > 0, there exists z E X such 
that 

M(x, z,t)>l-r and M(y, z, t) > M(x, y, t). 

Proof. Applying Lemma 1 and Theorem 6 we obtain the equivalence 
of the assertions (i) -(iv) as an immediate consequence of the fact that 
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in a complete fuzzy metric space the closure of each totally bounded 
set is a compact set. □ 

Theorem 8. Let (Xi,Mi,*) and (X 2 ,M 2 ,*) are fuzzy metric spaces 
in which every compact subset has the ball closure property. Then also 
the product space (X 1 x X 2 , M, *) has this property where M is defined 
by the 

Af ((ari, x 2 ), (3/1, 3/2), *) =mm.{M 1 (xi,yi,t),M 2 (x2,y2,t)}. 

Proof. We use the (iii) of Theorem 6. For r G (0, 1) and t > 0, there 

exists (zi,z 2 ) G Ii x I 2 such that 

M 1 (x 1 ,zi,t) > 1 -r, M 2 (x 2 ,z 2 ,t) > 1-r 
and consequently 

M((x l ,x 2 ),(z 1 ,z 2 ),t) > 1-r. 
Since 

Mi(jyi,«i,t) > Mi(xi,?/i,t) and M 2 (y 2 ,z 2 ,t) > M 2 (x 2 ,y 2 ,t), 

therefore 

M((yi,y 2 ),(^i,^ 2 ),t) >M((z 1 ,z 2 ),(y 1 ,y 2 ),£) 

which completes the proof. □ 
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Abstract 

This paper is concerned with uncertainty principles in the context of the affine- Weyl-Heisenberg group 
in one and two dimensions. As the representation of this group fails to be square integrable, we explore 
various admissible sections of this group that appear in the context of coorbit and a-modulation spaces, 
and calculate the resulting uncertainty principles as well as its minimizers with respect to these sections. In 
special cases, we also consider the relationships of minimzing states with admissibility conditions. 

Keywords: Affine Weyl-Heisenberg group, representations via quotients, uncertainty principles, minimizing 

states, coorbit spaces. 

AMS Subject Classification: 22D10, 47B25 

1 Introduction 

In this paper, we are concerned with the construction of uncertainty principles and the computation of associated 
canonical coherent states. This topic of uncertainty based localization is of interest in abstract as well as in 
applied areas and has been therefore extensively considered in an abundant number of papers and books, see, 
e.g., [1, 2, 4, 5, 7, 8, 9, 12, 15, 16, 19]; even when no uncertainty principle applies, attempts have been made 
to derive some sort of optimally localized coherent states, see [14]. The motivation of the present paper is 
the interest in very special coherent states of the affine Weyl-Heisenberg group which was introduced by B. 
Torrcsani, see [21, 22]. He was the first who constructed irreducible representation and discussed concepts 
of square-integrability. Square integrability is always an important aspect in practical applications of group 
representations since it ensures the invertibility of the associated integral transform. It is shown in [21] that 
the representations of the affine Weyl-Heisenberg group unfortunately fail to be square integrable, i.e., there 
does not exist any admissible vector. Possible remedies are to factor out a suitable closed subgroup and to 
work with quotients and/or to weaken the concept of admissibility. These techniques for treating the affine 
Weyl-Heisenberg group can be nicely used in their full glory for the construction of mixed smoothness spaces 
and Banach frames for them. These mixed smoothness spaces are specific coorbit spaces that lie in between 
Besov and modulation spaces and coincide with the a-modulation spaces, see [6]. Once this abstract theory is 
developed, it is quite natural to ask for uncertainty principle and suitable minimizing states for these special 
group representations modulo quotients. Suitable means here admissible, although we want to emphazise that 
uncertainty relations and minimizing functions are clearly of interest by themselves. To these topics we dedicate 
this paper. 

The most famous uncertainty relation is associated with the Short Time Fourier Transform (STFT). The 
STFT or so-called Gabor transform, see [10], is obtained by applying the action of the Weyl-Heisenberg group to 
a suitable window function and taking the inner product with the function under consideration. As a well-known 
result, the Gaussian function minimizes the associated Hciscnberg uncertainty relation and therefore gives rise 



*This work has been supported through the European Union's Human Potential Programme, under contract HPRN— CT-2002- 
00285 (HASSIP), and through DFG, Grants Da 360/4-3, MA 1657/15-1, TE 354/1-2. 



216 DAHLKEETAL 

to canonical coherent states of the Wcyl-Hciscnberg group. More recent studies considered the uncertainty 
principles which arc related to the affine group in one dimension and the similitude group as well as the affinc 
group in two dimensions [1, 5, 16]. For the one dimensional affine group it was possible to find an analytical 
solution of the form: 

V>0) = c(x-r/)-5- iW2+v \ (1) 

where c is some constant, r\ is purely imaginary and fii, fi2 € K. However, for the multi-dimensional case, it 
was not possible to find solutions which simultaneously minimize all appearing uncertainties with respect to 
all the parameters involved, and therefore solutions that accounted for various subgroups were employed, see, 
e.g., [6, 16, 19, 20, 21, 22]. 

In this paper, we follow similar lines, and we are especially interested in the case of the affinc Wcyl-Hcisenberg 
group and in the associated mixed smoothness spaces that lie in between Besov and modulation spaces. However, 
we are not further interested in the spaces themselves but rather in the special representations that pop up 
in the construction process. For them we consider in detail the computation of canonical coherent states and 
their admissibility properties. The issue of admissibility is discussed in greater detail in Sections 3.2 and 4.2. 
In Section 3.2, we consider an example where switching to quasi-coherent states allows an easy verificaton of 
admissibility, and it turns out that minimal uncertainty and admissibility fit together quite nicely. Moreover, in 
Section 4.2 we are able to give explicit and sufficient conditions for admissibility but which can, unfortunately, 
not be fulfilled by the derived minimizing states. As a suitable alternative, the structure of the coherent states 
(having exponential decay in Fourier space) suggests the application of a smooth cut off operator that provides 
us then with admissible and 'near' minimizing coherent states. 

The paper is organized as follows: In Section 2, we discuss some basic results and summarize related work. 
We calculate the minimizcrs for the one dimensional affine Weyl-Heisenberg group and address the issue of 
admissibility in Sections 3. Finally, in Section 4, we continue by analyzing the two-dimensional affine Weyl- 
Hciscnbcrg group and explore some possible subgroups for obtaining valid minimizers. 

2 Background and Related Work 

A general theorem which is well-known in quantum mechanics and harmonic analysis [8] relates an uncertainty 
principle to any two self-adjoint operators and provides a mechanism for deriving a minimizing function for the 
uncertainty relation. Before repeating this well-known result on uncertainties, let us fix some notation. Let A, 
B be two self-adjoint operators. Their commutator is defined by 

[A,B] := AB-BA, 

the expectation of A with respect to some state tp € dom(A) by 

H(A) :=n A := {Ai/j,^) 

and, finally, the variance of A with respect to some state ip € dom(A) by 

&A4,:=n((A-n(A)) 2 ). 

Theorem 1 Let two self-adjoint infinitesimal generators A and B of a unitary representation of some Lie group 
be given, then for all ijj G dom([j4, B\) n dom(A) n dom(i?) they obey the uncertainty relation: 

AA^AB^ >i|(L4,B]^)| 2 . (2) 

A state "0 is said to have minimal uncertainty if the above inequality turns into an equality. This happens iff 
there exists an n G iM. such that 

{A-n A )^j = r,{B-n B )^. (3) 

For an extensive discussion on the latter theorem concerning the definitcness of ip, we refer the reader to [4, 15]. 

The Weyl-Heisenberg group as well as the affine group are both related to well-known transforms in signal 

processing: the STFT and the wavelet transform, respectively. Both can be derived from square intcgrablc 

representations of these groups. The windowed Fourier transform is related to the Wcyl-Hciscnberg group and 
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the wavelet transform is related to the affine group. The linearized operation of the group at the identity 
element can be described by the infinitesimal generators of the related Lie algebra. If the group representation 
is unitary then the infinitesimal generators can transformed to be self-adjoint operators. Thus, the general 
uncertainty theorem stated above provides a tool for obtaining uncertainty principles using these infinitesimal 
generators. In the case of the Weyl-Heisenberg group, the canonical functions that minimize the corresponding 
uncertainty relation are Gaussian functions. 

The canonical functions that minimize the uncertainty relations for the affine group in one dimension and 
for the similitude group in two dimensions, were the subject of previous studies [1, 5]. In these studies, it was 
shown that there is no non-trivial canonical function that minimizes the uncertainty relation associated with the 
similitude group of R 2 , SIM (2). Thus, there is no non-zero solution for the set of differential equations obtained 
for these group generators. Rather than using the original generators of the SIM(2) group, a different set of 
operators was used in [5] that includes elements of the enveloping algebra, i.e., polynomials in the generators 
of the algebra, in order to obtain the 2D isotropic Mexican hat as a minimizcr. Further results were achieved 
in [1] where a symmetry in the set of commutators was obtained for the SIM(2) group and a possible minimizcr 
in the frequency domain for some fixed direction was computed. This solution is a real valued wavelet which is 
confined to some convex cone in the positive half-plane of the frequency space with an exponential decay inside 
the cone. 

The extension of these studies to the affine group in two dimensions resulted in two possible solutions [16]. 
The first accounted for the overall scaling and rotation and utilizes the results of [1, 5]. The second solution 
was obtained by exploiting a symmetry in the group of commutators which led to 

ip(x,y) = (r) + x)-i- ilXll+iri ^e illb v y . (4) 

It belongs to L 2 with respect to the variable x if we select Re^)/^ > 0, but it belongs not to L 2 in terms of 
the variable y, although it is periodic. 

The affine Weyl-Hciscnbcrg (AWH) group has already been addressed in this context in the early 90's. 
The paper [21] considered wavelets associated with representations of the AWH group. It shows that the 
canonical representation of the AWH group is not square integrable, but can be regularized with some density 
function. This work was later extended to iV-dimensional AWH wavelets [22]. In [17] a scaling was introduced 
in the Hciscnberg group with an intertwining operator. More recently, [19] proposed a mechanism to construct 
generalized uncertainty principles and their minimizing wavelets in anisotropic Sobolev spaces. A new set of 
uncertainty principles was introduced in this paper by weakening the two operator relations and by introducing 
a multi-dimensional operator setting. Recently, a study [6] has considered generalizations of the coorbit space 
theory based on group representations modulo quotients. This is based on applying the general theory to the 
AWH group and obtaining families of smoothness spaces that can be identified with the cn-modulation spaces. 

3 The ID Affine Weyl-Heisenberg Group 

The affine Weyl-Hciscnbcrg group is generated by time translations bet, frequency translations to G K, spatial 
dilations a G R + , and a toral component <fi G R, and is equipped with the group law 

(b,u>, a, 4>) ° {b',ui', a', <ft') = (b + ab',ui + u>' /a,aa! , <j>+ <f> + uib'a). 

The AWH group can be viewed as the extension of the affine group, incorporating frequency translations or, 
alternatively as the extension of the Weyl-Heisenberg group incorporating dilations. The Stone-von-Neumann 
representation of Gawh on Z,2(K) is given by: 

[U(b,w,a,<f>)i/>](x) = a^e^^^'e'^f — ). (5) 

This representation, however, fails to be square integrable, see [20]. The AWH group raises a special interest as 
it "contains" both, the affine group as well as the Weyl-Heisenberg group: If we consider cases where a = 1, we 
are in the Weyl-Heisenberg framework, and if we consider cases where lo = we are in the affine framework. 
Two independent studies have regarded these attributes, and suggested a specific section of the AWH [6, 20], 
where the scale is represented as a function of the frequency It was proven that this section is admissible. 
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In addition, this paper introduces a mechanism that starts at the Weyl-Hciscnberg case and allows a smooth 
transition towards the affine case. 

In what follows, we consider a section where the scale is a function of the frequency and calculate the 
appropriate minimizing functions with respect to the uncertainty principle related to it. Then, we study a 
section where the frequency is regarded as a function of the scale, consider its admissibility and calculate the 
appropriate minimizers. 

3.1 The Sections Where the Scale is a Function of the Frequency 

As suggested in [21, 22] and considered in the context of a-modulation spaces, see [6], we treat the affine 
Weyl-Heiscnberg group and its representation by factoring out a closed subgroup and work with the quotients. 
We will consider Gawh/H with 

H := (0,0, a,4>) eG AWH 

and Borcl sections that do not depend on b, namely: 

a(b,w) = (b,u,0(w),O). 

Further, it was shown in [6] that the specific section 

/?(«) = rfa(w)- 1 = (i + M)- a 

is admissible. 

Next, we consider the effect of varying the value of a £ [0,1]. If a = then we obtain: 

/ 9( W ) = fto(w)- 1 = (l + M)° = l. 

Thus, there are practically no dilations and we obtain Gabor analysis. For a — > 1 we obtain: 



[3(u;)=r la (ur L = (l + \u\y 



1 



Thus, the frequency translations and modulations are inversely proportional which is close to wavelet analysis. 
The intermediate case for which a = | is known as the Fourier-Bros-Iagolnitzer transform, see [3]. 
The representation for the quotient as a function of a is then given by 

[U(b,w, C V)M(z) - (1 + M)3e*"<*- 6 ty ((1 + MH* - b)) . 

As can be seen, this representation is not C 1 for to = 0. Nevertheless, when calculating the infinitesimal 
generators, we may take the one-sided derivatives. 

Lemma 2 The infinitesimal operators Xb,T w associated with the one dimensional Gawh are given by 

d ad 

(T b ip)(x) = -i—i[)(x), and (T u ip)(x) = (i- - x)i>(x) + iax—ip(x). (6) 

The state ip which is the minimizer of the associated uncertainty is of the form, 

iP(x) = e = ^ L (a\x+ lyi-^ + ^ + ^h, (7) 

where A € iR.. 

Proof; Taking the (one-sided) derivatives with respect to u> and b and evaluating them at b = 0, uj = leads to 

d d d ad 

— U(b,L),r] a (cj),Q)ip\ b= o,u=o(x) = -fl-*P( x ), -K~U(b,uj,ri a (uj) 7 0)ip\ b= o^ = o(x) = (-+ix)ip(x) + ax—tp(x). 



By its construction, these operators are only skew symmetric and not self-adjoint, but a multiplication with the 

imaginary 

proves (6). 



imaginary unit i assures self-adjointness. We therefore consider operators T b = i -^U and T w = i -§^U. This 
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The commutator between these two operators is non-zero. This implies that we cannot exactly measure 
the mean values of the spatial frequency and the position simultaneously. By means of Theorem 1, we may 
calculate those states that minimize the corresponding uncertainty principle. Indeed, eq. (3) provides us with 
the differential equation 

d ( %ol 

-i—ip(x) - ^bip(x) = A I (— - x)4>(x) + iax—^[x) - ^ip(x] 

i.e., 

dx^ {x) = #(x) { ^n ) ■ (8) 

Now (8) can be solved by separation of variables which leads us to (7) . □ 

Let A — ij, 7 G R. If 7 < and if 7 > respectively, then the solution is contained in L2 if A*t> > ~ — and if 
Hb < — — respectively. In Figure 1 we have plotted ip, which is the minimizer for this section of the AWH group 
in ID. ° 

3.2 The Sections where the Frequency is a Function of the Scale 

In the previous section we have considered the section 

(3(W) = Vaiu)- 1 = (1 + M)- Q . 

We note that it is not possible to obtain the affine framework using this approach. Hence, let us explore the 
inverse relationship 

lo = Ca(a) = a~° - 1 , 

which determines the frequency as a function of the scale a. 

Let us denote k = — , and restrict the discussion to values of k ranging between and 1 (corresponding to 
values of a ranging between 1 and 00). Thus we obtain u) = ((a) = a~ R — 1. If k is selected to be zero, we then 
obtain no frequency modulation as then lu = 0, and thus we are in the affine case. If k is selected to be one, we 
again observe reciprocal relations between scale and frequency of the form: |o;| — a -1 — 1, which is the same as 
a = 1+ i I , and corresponds to the case of Gabor-like wavelets. 

This concept has again an interpretation in the group theoretical setting. Once more we are working with 
the affine Weyl-Heisenberg group Gawh, but this time we consider the subgroup 

H:=(0,u,l,<l>)eG AW H 

and the associated homogeneous space X — Gawh/H. In order to make this setting well-defined, first of all it is 
necessary to establish square-integrability, see, e.g., [1] for a detailed discussion. In general, let a quasi-invariant 
measure (i on X and a section a be given. Then a unitary representation U of G on a Hilbcrt space Ti is called 
square-integrable modulo (H; a) if there exists a function tp € TL such that the self-adjoint operator A a :TL — > Ti 
(depending on a and ip) weakly defined by 

Kf ■= [ (/, U{<T{h))il>) H V{<T{x))il>dn{h) (9) 

J X 

is bounded and has a bounded inverse. The function ip is then called admissible. If A a is a multiple of the 
identity then we are in the strictly admissible case. We consider the case of the affine group in the following 
lemma. 

Lemma 3 Let ip G L2OR). The operator A a in (9) for the affine Weyl-Heisenberg group, i.e. 

A, f{x) =11 (f,ll>a,b)1> a ,b{x) db ^ ( 10 ) 
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Figure 1: The minimizcrs of the AWH uncertainty for A = 0. lz, /if, = /j, u = and different values of a. 
The real part is plotted solid, the imaginary part is dashed. Note the transition from a Gaussion for small a 
(Weyl-Heisenberg case) to the Cauchy wavelet for large a (affine case). 
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with the section a{a 1 b) — (b, £(a), a, 0), i.e., 

MX) = 1 e 2-C(a)(x-6 )v , f^b\ 

v a V a J 

can be written as a Fourier multiplier operator: 

AJ = mj (12) 

with the symbol 

m c ( 7 ):= / |^(a( 7 -C(a)))| 2 cia. (13) 



Proof. We follow the approach of [13]. For the sake of this calculation we use the approximation 

A T J(x) = J J(f, V>a,6>Vv&(*) X[_t,t](6) d&^. (14) 

In order to compute A^f(-y), we first derive the Fourier transform of ipa,b : 

^ a 6(7) = 4= f e 2 ^( a )^-")e- 2 ^^ (— 1 da:. (15) 

V a J-oo V « / 

If we apply the change of variables y = ^^ we obtain 

^a,i(7) - Va e - 27 " fc >(a( 7 -C(a))). (16) 

With the help of Planchcrel's theorem we further obtain 

(/, Va,6> = (/, V>a,6) = / v^/Me 2,ri S(a(«> - C(o)))dw (17) 

and thus 

47(7) - ///M^(o(w-C(o)))^(o(7-C(o))) ( e- 2 * ib ^-"\<_T n {b) dbdadu 



V>(«( 7 - C(«))) / /M^(o(w - C(a)))T Sm( ; (7 ^ T) du;da. 
The term 

r sin( ; (7 -^ r) (is) 

7r(7 — w)J 
can be seen as an approximation of a (5-function when T approaches infinity. Thus, we obtain by standard 
arguments 

Mf){l) = Ki) J \${<1 - C(«)))| 2 da - /(7)m C (7). (19) 

□ 

In order to verify the boundedness of A a and its inverse one has to check 

C\ < m c ( 7 ) < C 2 (20) 

almost everywhere for constants < Ci,C% < 00. Unfortunately, for the current particular choice of H and (3 
condition (20) cannot be verified. This can already be seen in the simple situation k = 1, i.e. £(a) = - — 1, 
then 

OO -I 

A -".2, 



m c ( 7 ) = / |V(a(7-- + l))| 2 da 



o 



a 



|^(a( 7 +l)-l))| 2 da 

o 

i r°° i i 

1 / i„?./„m2, N- 



IV^dz "^ 0. 
|7+1| Vo 
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Nevertheless, a possible remedy for the non-admissibility of this section is given in the weaker framework of 
quasi-coherent states, see [2]. In this case, we might consider (19) with respect to some positive density i(a, 7). 
For the special situation k, = 1 we might choose 1(0,7) = l/ a i then we obtain 

f°° - 1 1"°° \ih(r - ^)\ 2 

m c (7) = / Wa( 7 -- + l))rMa,7)do = / ^ ^ <*r . (21) 

Jo a Jo x 

This leads to quasi-coherent states that have the standard properties of the covariant coherent states: overcom- 
pleteness, resolution of a positive operator A a and having a reproducing kernel. 

We now turn to calculating the infinitesimal operators and the coherent states minimizing the corresponding 
uncertainty relation. The choice of the section to = £(a) leads to the representation 



[J7(6,C(o),o,0) V](x) = -i =e *(°-"- 1 )<*-*ty (—) 



for which the two infinitesimal generators and the minimizing coherent state are derived in the following lemma. 
Lemma 4 The infinitesimal operators with respect to the representation above are 

T a ip(x) = (kx - -)ip(x) - ixip x (x) and T b ip(x) = -iip x (x). 
The minimizing states are then given by 

1>(x) = (1 - px) i,ia -*- i! ?- i 'e- i ™ c , (22) 



where p = ir with r € R. Then, the minimizing states belong to L2 if r < and 0^ < — k or if r > and 
fib > —K. 

Proof: The proof can be performed by following the lines of the proof of Lemma 2. This time, the corresponding 
differential equation is given by 

where p is purely imaginary. Eq. (23) can again be solved by separation of variables which leads to (22). □ 

The next lemma verifies the admissibility (19) for the restriction to quasi-coherent states with i(a, 7) = 1/a and 
k = 1. Therefore, at least for k — 1, minimal uncertainty and admissibility fit together quite nicely. 

Lemma 5 Assume < r £ 1 and pi, + 1 > r/2 > 0. Then the minimizing elements (22) are admissible 
quasi- coherent states, i.e. the integral (21) is positive and bounded. 

Proof: For simplifying the notation, we define n := ip a — 1/2 — pb/r — 1/r which yields 

iP(x) = (-p) v (x + i/r) v e- lx . 

As long as r > and 3t(7j) < the Fourier transform of tp is given by 

f c(bj +~\~\~ ri ~ l e~ ll - u+1 1/ r for u) > — 1 
^ = { ( } eWhere ^ 

with c = (— p) v y2ir(— i)T(— ry) 1 . Thus the admissibility condition becomes with 77' = Sftr/ 

|c| 2 / du = | C | 2 (r/2)- 2 ("'+ 2 )r(-2(^' + 1)) 



Jo w 

provided that pb + 1 > r/2. D 
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Note that the case k — reproduces the classical pure wavelet conditions. For k = 1 the current solution 
reduces to 

V>(z) = (1 - pxf^-^-^'^e-". (25) 

It is interesting to compare this solution to the one obtained for the previously used section a = f3(u>) for a = 1, 
which yields: 

ip(x) = (1 + \x) l ^-i-^ + i e - lx . (26) 

The constraints for the two solutions to agree for a = 1 are derived as follows 

A = -p, Ma = -AV> • 
In Figure 2 we have plotted the minimizing ip, for this choice of a section for the AWH group in ID. 

4 The 2D Affine Weyl-Heisenberg Group 

In this section we arc interested in finding uncertainty minimizcrs for the two-dimensional affine Wcyl-Hciscnbcrg 
group with a generating clement (A, ui,b,<j>), ut,b ER 2 , A E Gl(2, M.), <f> g M and group law 

(6, u>, A, 4>) o (&', J, A 1 , 4>') = (b + Ab', lo + A~ V, AA', 4> + <t>' + uj T Ab'). 
The Stone-von-Neumann representation of the AWH group in two dimensions is given by: 

[U(b, lo, A, <j>)i,){x, y) = _J_^M X -b,)+^(v-b y )+^ qp {A{x - bxi y- hy) ) ( 27 ) 

with the unimodular Haar measure 

|deW d6rfwdm(A)# ' 

where dm(A) denotes a usual measure when parametrizing the matrix A. In our discussion we explore various 
subgroups of the full 2D AWH group, starting from the SIM(2) group, and moving to the full group structure. 

The admissibility of the derived minimizing coherent states is in the cases discussed below cither difficult 
to check or not confirmable. For instance in Section 4.2 we are able to give explicit and sufficient conditions 
(see Theorem 7 stating that a function which has a compactly supported Fourier transform is admissible) for 
admissibility but which can, however, not be fulfilled by the derived minimizing coherent states. Nevertheless, 
the Fourier transform of the minimizing states have its support (up to shifting etc.) in the positive Euclidian 
half space in which they decay exponentially. Hence, chosing the support size large enough and applying a 
smooth cut off operator provides us with admissible and 'near' minimizing coherent states. 

4.1 The 2D Similitude Weyl-Heisenberg Subgroup 

We start our discussion by considering the similitude group, which only allows rotations and scalings A = A(a, 6). 
The general representation of the 2D similitude Weyl-Heisenberg subgroup is given by 

[U(b,w,(a,0),O)1>](x,v) = le^-M+^-M)^ ( Tg [^^]] (28) 

a \ \ a a J J 

where To = { . ,L \J }. This representation fails to be square integrablc [221, therefore, we are faced 

y — sin(t') cos(t') J 

with the interesting question of selecting an appropriate section. To this end, let H = (0, 0, (a, 0), </>), consider 

Gawh \ H and take the section 

<T(b,W,0) = (&,w,($(w),0),O). 
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Figure 2: The minimizers of the AWH uncertainty for p = O.li, /j, a = fif, = and different values of k. The 
real part is plotted solid, the imaginary part is dashed. Note the transition from a Cauchy wavelet for small k 
(afhne case) to a Gaussian for large n (Weyl-Heiscnberg case) . 
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We consider a coupling between the frequency u> and the scaling a by a = $(o;). More specifically, in the 
spirit of the a-modulation spaces framework, we assume that the function $ depends only on the p-norm of the 
frequency vector lo 

*M - t, n ■■ x ■ ( 29 ) 

As before, we would like to obtain the infinitesimal generators of this group by calculating the appropriate 
derivatives of the representation of this group at the identity element. Depending on the choice of the section 
3>(u>), we will obtain different infinitesimal operators from the partial derivatives with respect to io^: 

f Uk = (T Uk +& Uk (0)T a ), (30) 

for k G {x,y}. Therefore, we have to estimate the derivative of $ at to = 0. Our particular choice of $ yields 

<» = -a(l + ||a;|| 1 ,)- Q - 1 ^||u;||^K- 1 sigii(«*) 



—a 

(i + IMI P )° +1 



w k 



sign(wfc). (31) 



Next, we have to evaluate this expression at io^ = for all k. In contrast to the ID situation, the resulting 
infinitesimal operators and the corresponding commutation relations strongly depend on the choice of p. We 
start by selecting the Li-norm, as this allows a straight forward calculation of infinitesimal generators. 

4.1.1 AWH Minimizers Using the Li-Norm 

In this case: a = <&(u>) = tttt — m — rv7, thus the representation becomes: 

[U(b, w, *(«), B, 0)i>](x, y) = (l + \uj x \ + \u y \) a e^- b ^+^- b y^H ((1 + | Wl | + \w v \) a T {x -b x ,y- by)) . (32) 

As before, we would like to obtain the infinitesimal generators of this group by calculating the appropriate 
derivatives of the representation of this group at the identity element. Depending on the choice of the section 
$, we obtain the infinitesimal genrators with respect to u>k from the directional derivative of $ at in direction 
k G x, y: 

f Uk = (f Uk +^ k (0)f a ). (33) 

Our particular choice of $ yields 

* Wfc (0) = -a. (34) 

Then the self-adjoint infinitesimal operators are given by: 

Tu x i>{x,y) = (ia-x)ip(x,y)+ia(xij x (x,y)+yilj y (x,y)), 

T Uy ip{x,y) = (ia-y)ip{x,y) + ia(xi/j x (x,y) + yipy(x,y)), 

T b x ip(x,y) = -iip x {x,y), 

T b y i>(x,y) = -iip y (x,y), 

Tgip(x,y) = i(yip x (x,y) - xip y {x,y)). (35) 

Out of the ten commutation relations, three vanish, [T^^jT}, ] = 0, [T u ,Tf, x ] — 0, [T^Tf, ] = 0, and we are left 
with seven partial differential equations. 

1. 

(ia-x)ip(x, y)+ia(xip x (x, y)+y^ y (x, y))-/J, Ux ip{x, y) = Ai ((ia - y)ip(x, y) + ia(xtp x (x, y) + yip y (x, y)) ~ ^ y ip(x, y)) 

2. 

(ia - x)tp(x, y) + ia(xip x (x, y) + yip y (x, y)) - H Ux i>(x, y) = A 2 (-iip x (x, y) - Hb x ^(x, y)) 
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3. 

(ia - x)ip(x, y) + ia(xip x (x, y) + yip y (x, y)) - fi Ux ip(x, y) = A 3 (i(ytp x (x, y) - xip y (x, y)) - n ip(x, y)) 

4. 

(ia - y)ip(x, y) + ia(xip x (x, y) + yip y (x, y)) - fi^ipix, y) = A 4 (-ii/j y (x, y) - fJ,b y ip{x, y)) 

5. 

(ia - y)ip(x, y) + ia(xip x (x, y) + yi> y (x, y)) - fi Uy ip{x, y) = A 5 (i(yip x (x, y) - xtp y (x, y)) - ix e ip{x, y)) 

6. 

i(yi> x (x, y) - xtp y (x, y)) - H0ip(x, y) = A 6 (-iip x (x, y) - Hb x ^(x, y)) 

7. 

i{yipx{x, y) - xip y (x, y)) - [i g ip(x, y) = A 7 (-iij> y (x, y) - Hb y ip(x, y)) 

The only simultaneous solution to these equations is the trivial one, ip = everywhere. Therefore, we aim at 
finding a partial solution to this set of equations, which involves operators from the enveloping algebra. First 
of all, we impose rotational invariance. 

Suppose that the minimizer is of the form g{r) where r = \/x 2 + y 2 . Then, we consider the following 
infinitesimal operators with respect to g(r): 

T e g(r) = 0, 

T b g(r) = { Tl+Tl)g(r) = -%r)- l - d f(r). 

Moreover, the operators T Wx , T w are commuting with respect to g(r),i.e., [71^ , T u ]g(r) = 0. These observations 
lead to two possible solutions: the first involves defining a new operator: T u — T Ux T u — XL, T Wx and considering 
its commutator relations with Tg and T&. Then, any function g(r) that is rotation invariant is a valid minimizer 
of the uncertainties related to these operators. 

Another option is to consider T Wx and T w with respect to g(r). The commutators of these operators with 
Tb are not equal to zero and we obtain the differential equation 

g rr (r) + -g r {r) + ^bg{r) = (36) 

r 

whose solution is given by Bessel functions of the first and second kind: 

V'O") = c 1 J (^/^r) + c 2 F (\/W')- (37) 

Nevertheless, this solution does not belong to L-2- 

Another interesting effort is to find a solution for a single differential equation and thus obtain a selective 
minimal uncertainty with respect to two operators only. For example, let us consider equation 2 only: 

(ia - x)ip(x, y) + ia(xip x (x, y) + ytp y (x, y)) - avX^ v) = A 2 (-iip x (x, y) - Hb x ip{x, y)) ■ 

Choosing A 2 = yields 

(ia - x)ip(x, y) + ia(xip x (x, y) + yip y (x, y)) - n Ux ip{x, y) = 0. 

A possible solution is given by the expression: 

^(x 1 y)=y-^- 1 e-^ T (^ 1 (38) 

where r is an arbitrary function of the variable -. This function, however, is not even a member of _L 2 • 
Therefore we are faced here with an example where minimal uncertainty and admissibility do not really fit 
together. Nevertheless, let us again emphasize that the minimizing states are always of interest by themselves. 
A particular solution is depicted in Figure 3. 
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Figure 3: A possible minimizing function for r ( - ) = 1. 



4.1.2 AWH Minimizers Using the L 2 -Norm 

As we have seen in the previous section, the choice a = <f>(o>) =11 + \ /u> x + to 2 , ) proves to be futile. It is 
interesting to explore another solution to the problem mentioned in Section 4.1, where the relationship between 
the scale and frequency is given by 

a = fc(w) = (1 + Ji + oo 2 y )~ a . 

The unitary representation induced by this section of the similitude Wcyl-Hciscnberg group is then given by 

[U(b, w, (*(«),(?), 0)V](x, y) = (1 + wl + ^^((,-M^+fe-M^ ( (1 + UJ 2 + u; 2 y ) a T0(x -b x ,y- b y )) , (39) 

and Tg is the same as already defined. The infinitesimal generators are then given by: 

T Wx V(^y) = -xtp(x,y), 

Tu, v i>(x,y) = -yip{x,y), 

Tb x ip(x,y) = -iip x (x,y), 

T b y ip(x,y) = -iip y (x,y), 

T e ip(x,y) = i{yip x {x,y) - xip y {x,y)). (40) 

It is interesting to note that the dependency on the parameter a has disappeared. This means that selecting 
this type of section may provide a solution regardless of the smoothness space we are dealing with. 
The differential equations resulting from the non-commuting operators are: 

-xip(x,y) - fJ, Ux ip{x,y) = \i(-ii/j x (x,y)- /j, bx ip(x,y)), 

-xip(x,y) - n Ux ip(x,y) = \ 2 (i(yip x (x, y) - xip y {x,y)) - ^{x,y)), 

-yip{x,y) - fi Uy ip(x,y) = \ 3 (-iip y (x,y) - Hb y ip(x,y)), 

-yip{x,y) - fi Uy ip(x,y) = X 4 (i(y^ x (x,y) - xip y (x,y)) - (j,0ip(x,y)), 

-iip x {x,y) - l*b x ip{x,y) = X 5 (i(yip x (x,y) - xtjj y (x,y)) - fieip(x,y)), 

-iip y {x,y) - fj, by ip{x,y) = X 6 (i(y^ x (x,y) - xip y (x,y)) - fj, e tp(x,y)). (41) 

If, again, we search for a solution which is rotational invariant, i.e. ip{x,y) = g(r) , we may satisfy all 
equations that involve the operator Tg. Moreover, applying restrictions to our parameters, e.g. Ai = A 3 = 
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A,^;, x = /if, , lo x = ujy , we may obtain a rotationally invariant solution to the first and third equation as well, 
which is a Gaussian function 

ip(x, y) = e A V 2 ) , with A e iR. (42) 

4.2 AWH Minimizers with Anisotropic Scaling 

In the previous treatment of the two-dimensional case, we regard the frequency as a vector, but treat the scale 
as a scalar argument. Moreover, we use the SIM(2) group rather than the full affine group. We are interested 
to add more degrees of freedom to our setting, and as a first step we observe a relationship where the scale is 
also a two dimensional vector and not a scalar 

a x = (3 1 (u> x ), a y = f3 2 (u)y). 

We explore a generalization to two dimensions of the one-dimensional affine Wcyl-Hciscnberg group, and ignore 
for now rotation and shear. We thus consider the group with a generic element g — (b x ,b y ,u) x ,u) y ,a x ,ay,(j),) 
where b x ,b y ,Lo x ,uj y ,<j) € IR and a x ,a y G M + equipped with a group law 

(b x ,by,w x ,u} y ,a x ,a y ,<f>)o (b x ,by,u) x ,u>y,a x ,a y ,(j)') = 

(b x + a x b' xl b y + a y b y ,u x + a x 1 ui x ,ui y + ay 1 Jy,a x a! x ,a y a!y,§ + <\> + W x a x b' x +uj y a y b' v ). 
This is a subgroup of the 2D AWH group. The inverse element of g £ G is given by 

ff -1 = (-a x 1 b x , -a' 1 by, -a x u x , -a y u> y , a x x , Oy 1 , -0 + b x u) x + b y UJ v ). (43) 

Let us look at the following representation 

[U(b x , b y , to x , Lu y ,a x ,a y , 4>)^]{x, y) = _^ e *((*->.)«.+(i/->,K)+fy ( *^, V — ^) (44) 

wct x a y y a x ci y j 

which is the 2D extension of the Stone- von-Neumann representation of the ID AWH group. This representation 
fails to be square intcgrable, and therefore we restrict ourselves to the homogeneous space Gawh\H with 

H := (0,0, 0,0, a x ,a y ,cj)) eG AWH . (45) 

Next, we consider the section a(b x , b y , ui x ,uj v ) — (b x ,b y , u> x , u> y , (3 x (u> x ),Py(io y ),0), and would like to prove that 
this section is admissible. 

We define a self- adjoint operator A a f 

(A a f)(x,y) := f (f,U(a(h))4>)U(a(h)Wdn(h) 
Jx 



(f,^u> x ,u,y,0 x (u, x ),0 v (u, y ),b x ,b y )i>u> x ,u, y ,0 x (u, x ),0 y (u, y ),b x ,b y (x,y)db x dbydu^ (46) 

It can be written as a Fourier multiplier operator 

(X7)=m AA / (47) 

where 

m P*,l3y(lx,ly) = / I \^((3 X {LO X )("f X - UJ X ),(3y(Uy)(^y- UJy))\ 2 (3 X (U X )fl y (u} y )dUJ X dU}y. (48) 



Next, we follow the lines of [6] to show that W/3 x ./3 is bounded from above and below, i.e. 

Ci < m feA < C 2 (49) 

for constants < C\ < G\ < oo. We start with the following lemma which is a straight forward generalization 
of Lemma 5.1 in [G] to the 2D-case. Therefore we omit the details. 
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Lemma 6 Consider the specific section a given by the functions 

I3 x {u x ) = &, Qi k) = (i + \u> x \y a *, 

A/K) = 0y, ay (Wy) = (1 + |« tf |)- a ». 

Let us define 

r 7l (Wx) := Px(ux)hx -u> x ) = (1 + \u> x \)~ ax {lx -«i), 
r 7„( w s/) ■= Py{Uy){ly - U v ) = (1 + \Uy\)~ ay {ly-W y ). 

Then, for any fixed A > 0, there exist "f x ,A, ly.A > such that for all "f x > 7x,a, 7j, > 7j/,a i/ie functions r Jx , r 7 
are invertible on 

A LOx = {w x : r 7 ,(«i) e [-A,yl]} and A Wh = {a^ : r 7w (Wj,) G [-A,A]} 

respectively. The inverse functions r~ ,r~ of r lx ,r ly on [—A, A] have the form 

t^I = -xgi(nfx,x) + 7x, r~l = -yg2{i v ,y) + i v , 

with some functions gi(j x ,x), gi ("f y , y) satisfying 

i i 

xgi(lx,x)+g 1 (-f x ,x)<-* = 1+7 X and yg 2 (7y, 2/) + 32(73/, 2/) ° H = 1 + ly 

Furthermore, g\ , gi fulfill 

lim 7~ a = ffl ( 7:E ,x) = l, lim 7 1 7" B 32(7 ! /, J/) = 1 

7x^oo 7 H ^oo 

uniformly for 1,1/6 [— A, A] . 

Theorem 7 Let the Borel section a be given by a{b x ,b v ,Lo x ,uj y ) — (b x ,b v ,Lo x ,uj yi (3 x (co x ), y (u>y),O) with f3 x (oJx) - 
(1 + \u> x \)~ a * , f3 y (ujy) = (1 + |cjj,|) _Q! ». Let ip be a non zero L2 function whose Fourier transform is compactly 
supported. Then, ip is admissible, i.e., the condition 

Ci < m f3 ^fj y ("f x , ly ) < C 2 

is satisfied for < C\ < C'2 < 00 . 

Proof. The proof can be performed by following the lines of the proof of Theorem 5.2 in [6]. For reader's 
convenience, we briefly sketch the arguments. We consider the case where cither 7^ or j y tend to +00. Let us 
assume that supp(V>) C [—A, A] x [—A, A]. We substitute x = r lx (u) x ),y — r~(w y ) for j x > j x ,a > 0,7y > 
ly,A > in the expression for rri0 xt {ixily) to obtain 



m !3*,Pyhx,Jy) = I I_\i>(r jx {vx),r ly {ujy))\ 2 l3x(u>x)l3y{uy)duxdujy 

|^(x, 2 /)| 2 /3 :c (r- 1 (x))/3,(r- y 1 (y))(r- 1 )'(r 7 - 1 )'d a ;dy. (50) 



Next, wc calculate the values of the derivatives of the inverse functions 7v 1 , rv 1 using 
r' (u>x) = fl x (u x )(-f x - uJx) - ftK) = -(3 x (tu x ) ( ct x ^- + 1 



r 7 H K) = / ? yK)(7 2/ - W„) - Py{u)y) = -Py(u>y) ( a V ^ + ^ V + 



1 

y 



to obtain 



(r^)'(x) 



r', x «(x)) px{r -i {x) (j + a x ^fg) ' 



«y(y) = z; ' 



r ^ 1(y)) Py(^(y){i + ay ^0- { 
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Thus, for values of j x > "/ x ,a > 0, ly > ly.A > we have 

r A r A 

|2 



m p x ,p y (lx,7y) = / / Ms, 2/) I G(i x ,'r y ,x,y)dxdy (51) 

where 

(* + ax T+7f (1? ) (l + a y Xr^M ) l + axX9l{lx ' x)1 ~^ l + a y V92 ^ y)l ~^' 

where we have used the definitions in the previous lemma. According to this lemma, we may substitute 7""= for 
9i(lx,x) when j x goes to infinity, and the same for 52(71/7 y) when ~f y —> 00 

1 1 



lim G("f x ,"/y,x,y) = lim 
' " '■00,7, 

lim 



11111 Ks,yi x , i y ,u,,y) — 11111 j r 

7.^00,7,^00 ■y^^^v^^l + a x xg 1 ^ x ,xy - l + a y yg 2 {l y ,y) ^ 

1 1 



73,^00, 7 y ^x> 1 , _ __ a *( 1 -^) , , "jt 1 -^;) 



1 + a x xj x "* 1 + a y y^ y 
- 1, 
and therefore we finally have 

/A r-A 
\ \ip(x,y)\ 2 dxdy (52) 

-A J -A 

for any L 2 -function with compact support in the Fourier domain, and thus we obtain that mp^. p is bounded 
from below and above. □ 

Now, that this section is proven to be admissible, we would like to explore the uncertainty principle min- 
imizcrs associated with this representation. We assume that it should be a two-dimensional extension of the 
one-dimensional solution obtained earlier. The representation for the quotient as a function of a x ,a y is then 
given by: 

[U(b x ,b v ,uj x ,oj y , p x (u x ), I3 y (uy),(})il>\(x,y) = 

(1 + M)^(l + | WB |)^ e *(M*-6.)+«,(v-*»)ty((i + M) a *(x - b x ), (1 + \u y \) a *(y - b y )) . 

From this representation we may see that the x and y axes are not correlated, and thus we obtain the following 
infinitesimal generators 

d 

( T b^)(x,y) = ~^-tp(x,y), 
ox 

d 
(T by ip)(x,y) = -—ip(x,y), 

ex u 

{Tu, x ip){x,y) = {-£■ +i)4>(x,y) + a x x—ip(x,y), 

ex 

{T Uy ip)(x,y) = (^-+i)^(x,y) + a y y—^(x,y). (53) 

In order to make these operators self-adjoint, we multiply them by i. The commutators between the x and y 
operators vanish, and we have to solve two independent one-dimensional problems, with the following solutions 

4>(x,y) = (a x X x x+ 1) 2 ^ " xXx ^^e~(a y \ y y+ 1) 2 ay " yXy a i Xy e "v . (54) 

In order for this solution to be a member of L 2 , the following should be met : we denote X x = iuj x , X y — izu y where 
zu x ,zu y G R. Then, if w x , m y < 0, then /x bx > -^,Mfc y > -57- H w Xl w y > 0, then fj, bx < -^,M&„ < ~^r- 
Unfortunately, the Fourier transform of this minimizing state is not compactly supported. However, it has at 
least exponential decay. Therefore, by choosing a sufficiently large interval and using a smooth cut off function 
we obtain admissible and 'almost' minimizing states. 

Acknowledgements: The authors want to thank Y. Y. Zeevi and N. A. Sochen for many fruitful discussions. 
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BOUNDARY VALUE PROBLEMS IN PLAN SECTOR 

WITH CORNERS FOR A CLASS OF SOBOLEV SPACES 

OF DOUBLE WEIGHT 

H. BENSERIDI & M. DILMI 



Abstract. In this note, we study some boundary value problems of elasticity 
in plan domain with corners for a class of Sobolev spaces of double weight. We 
give a generalization of some results of existence and unicity of the solution 
obteined by P. Grisvard [6] in classical spaces of nul weight, by D. Teniou 
[8] in Sobolev spaces of simple weight and by M. Dauge [4] for the system of 
Stokes. 

AMS Classification : Mathematics Subject Classification, 35B65. 
Keywords : Elasticity, Lame, Regularity, Singularity, Sobolev. 

1. Notations 

Let Cl be a sector in M. of sides Tq, r u , angle to and the vertexe S. Let L be 
the Lame operator : 

L = fiA + (A + /i) Vdiv, 
A and \i are Lame coefficients (A > 0,fi > 0) («$), (—/»), i = 1,2 designate re- 
spectively the components of the displacement vector and the density of external 
powers. ^Z = ( <T »j))* = 1,2 , j = 1,2 designate the stress tensor. The stress 
tensor and the displacement vector are related via Hooke '$ law : 

ay = 2[ieij(u) + Xdiv(u)5ij, where £ij(u) = -(djin + diUj), £ij{u) is called 
tensor of linear deformation associated to u. 




+■ x 



Figure 1 
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Lame operator being invariant by translation and rotation; we may then suppose, 
without lass of generality, that S is the origine O and that the first side of f2 is on 
the positive x axis. We define B by : B = M.x}0 , u[. Let 6$, 6^ be two reals such 
that: 0o < 0oo> we put 6 = n - 1, 6^ = n^ - 1. 

Definition 1.1. For to £ N 7 we define the spaces : 

HelfiJV) = {ue LUfi) : r e °- ro+ H(l + r) e °°- e °D>*u(x,y) e L 2 (Q),Va e N 2 , |a| < m } . 

equiped with the inner product : 

(u,v) = Yl f[r 2{e °- m+lan (l + r) 2( -^- e ^D a u(x,y)D a v(x,y)dxdy. 

\a\<m n 

H ZeJB) = { H elL(5)/^'(l + e'r»-\(M)er(B)}. 
equiped with the inner product : 

(u,v)= J2 f[D a (e e « t (l + e t ) e °°- e «u(t,9))D a (e e ° t (1 + e*) fl ~~ fl MM)) dtd0. 

|a|<m B 

Lemma 1.1. ( cf. [4] ). Let 61,62 be two reals, we assume that 6\ < 62- Let k be a 
positive integer then: f <G Hg (fl) if and only if f € Hg e (57) n Hg s (f2) and 
we have 

ll/llffi. „JO) < c ll/llffj. „.m) + II/IIhJ_ „ « 



e l' e 2 



Si, 8 



c foenig a constant which depends only on 61,62- 

Definition 1.2. Lef meN, we define the space V m (B) by : 

V m {B) = lueL 2 {B) I {l + ^ 2 )^ueL 2 (R ,H m - k Q0,u;[) ), pour k = 0, 1, ...to} 

V m {B) is a Hilbert space with the inner product given by : 

(«, v) = Y, / / (1 + £ 2 ) fc l^ ro_fe «l l^ _fc f I <»#• 



We define by F the Fourier transform with repect to the first variable in B. 
The application: F : H m (B) — ► V m (B) is an isomorphism. 

Proposition 1.1 ( cf. [4, 8] ). k £ N , r\ x < n 2 - Let C Vl ^ V2 be the band of the 
complexe C defined by 

C Vl . V2 ={ XeC I ImXe [r?!,»? 2 ]}. 

Let f € H* iiV? (B), then 

(1) The Fourier transform exists for all A <G C VltV2 - 

(2) The application 

[Vi,Vi]— >L 2 (B) 
7)\ — > /(•+«?,-) 
is continuous 
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(3) The application 



a 



Vl,Vz 



H k Q0,uj[) 



A — /(A,-) 

is analytical 

4) There exists a constant c which depends only rj 1 , i] 2 such that 



/(•+^>-) Vk(B) ^ C ^^^ V2 (B)- 



2. Position of the problem Pg s (f2) 

We take into consideration ten types of problems governed by Lame operator. 
If / S Lg (fl) 2 , we look for u if possible in H 2 g (f2) 2 as a solution for the 
following problem : 



$0j$oo ^ ' 



Lu = f in O, 

B,fu = 0onro, , fc = l,2,...,10. 
B*u= on T u , 



The operators of trace 



Blu 
Blu 



B*u 



Btu 



B 5 o* 



B%u 



B{ )U 



Bin 



Blu 



B™u 



= J2^-^ 



U.l] 



u, 



U.l] 

(£(«).»?).t) 



U.T 

(E(")'i)-i 

U.T 

U.T 

(E(")'i)-i 



Blu = 


u 


B 2 u u = 


X^)' 7 ? 


B%u = 


^2(U).T] 


Bt = 


J U.T] 

I (E(«)-»7).r 


Blu = 


I (E(«)-»?).r 



s^= 5>) 



'/ 



U.T] 

(T,( u )-v)-v 



Bl = 
B%u= £>).»? 



U.T 

(EW-'j)-'? 



U.T] 

(E( u )-'))- T 
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3. Usage of polar coordinates 

We put x — r cos 9 , y = r sin 9 , with r = e . 
After the multiplication by (e 2 *), the system Lu = / be cames 



where 



(E){ 



[d 2 + dl + ^ (sin 0.& + cos 0.d)] u ± + 
z/ [cos O.dt — sin $.d$] [sin 6*.<9 t + cos 6. do] u 2 = gi 

\d 2 + d 2 + vq (sin 9.d t + cos9.de)] u 2 + 
uo [sin O.dt + cos 9.de] [cos 9.d t — sin 6*.<9e] Si = 32 

9i(t,0) = e 2t f i^cos^e* sin 6), 
tii(t,9) = Ui(e cos9,e t sin 6), 
i/o = (1-2*/)- 1 . 

A 



with z/ is the coefficient of Poisson defined by v 






2(A + M ) 
g^L^jB) 2 



we have 



Let /f- be the isomorphisme of Hg 9go (Q) 2 on H^ (B) 2 defined by 

Ii{u 1 ,u 2 ) = (wi,u 2 ). 
Propriety 3.1. T/ie application I 2 defined by 



7 2 : H LvJ B ^ 2 -^ H Lnoo^ 2 

(tii,u 2 ) — ► V= (Vi, V2) = (cos^.Ui + sin#.U2,— sin#.ui + cos#.U2) 

is an isomorphisme. 

We put g = (31,32) with (31,32) = -— — I 2 (gi,g2)- 

A + fi 

With these changes, (E) becames 



J. 
dtdO 



d 2 V x 



^l-")W-Vi) + ^ + (l-2i/)^-(: } -4 v )^ = ,„ 



(90 



^ r, (-B)S 



(9 2 y 2 <9 2 Vi d 2 V 2 dV-, 

B^V = 0,onR x {0} 
B*V = 0, on R x {w} 
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where Bq , B^ are boundary operators of Bq , B^, after the Fourier transform. 
The application J| is an isomorphisme of the space H* (B) in itself (propriety 
3.1). Thus : V € H* _ (B) 2 and <? e L 2 _ (B) 2 . 

Propriety 3.2. The problems Pq (ft), P* (B) are equivalents. 
This result, from propriety 3.1. 



4. Fourier transforme of Pj s (CI) 

We have found on what procedes that V £ Hz _ ( B ) 2 . Thus after the propo- 
sition (1.1), V and its derivatives of order < 2 admits a Fourier transform with 
repect to the first variable t in the band C v v defined by 

C^oo = {A G C / 77 < /mA < r^} . 

We have also: g € £ 2 voo (B) 2 , then g admits a Fourier transform in the same 

band. 

For simplicity, we write: d$X = X' for all function X(X, 9) . 

Transforming the problem P^ (B ) by Fourier, we obtain 

(1 - 2v)V(' - 2(1 - v)(l + A 2 )t>i - (3 - 4i/ - iA)V 2 ' = pi 



P A fc (£?)<( 



2(1 - v)V 2 " - (1 - 2i/)(l + A")V 2 + (3 - Av + i\)V{ = g 2 
CfiV = 0, for 6> = 

ClV = 0, for = lo 



where Cq , C^ are boundary operators of Bq , S„, after the Fourier transform. 
More precisely we have 



civ = 


-- v, 




C 1 !/ = 


V 




civ = 


_ f (iX - l)Vi + V{ 
\ (iXv + 1 - v)Vi + (1 - 


i/)^' 


c 2 y = 

1 ^u; y 


f (tA - l)V 2 + V{ 
\ (iXv + 1 - v)Vt + (1 - 


v)% 


civ - 


= V, 




C 3 V = 


f («a - i)v 2 + K 

| (iAi/ + 1 - u)Vi + (1 - 


v)% 


civ - 


f % 

\ (iX-l)V 2 + V{ ' 




C 4 V = 


f % 

\ (iX-l)V 2 + V{ 




C 5 V -- 


= V, 




c 5 y = 


f % 

" 1 (tA - l)V 2 + V{ 




civ - 


f V 2 

\ (*a - i)v 2 + vy ' 




c 6 y = 


{ (iX - l)V 2 + V[ 
\ (iXv + l-v)V 1 + (l- 


v)% 


civ 


= v, 




C 7 !/ = 


\ (iXv + 1 - v)V x + (1 - 


v)% 
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dkv = , Yx , ^ ,c*v=J ^-W + v( 



y ' 



(»Ai/ + 1 - i/)Vi + (1 - i/)Vg " I (tAf + 1 - i/)Vi + (1 - v)V£ 



(7 9 y = i ^ (7 9 V= J ^ 

\ (tAi/ + 1 - i/)Vl + (1 - i/)V£ ' " \ (tAv + 1 - v)V x + (1 - v)Vi 

c w v = i ^i r 10 i/ = i ^ 2 

I (»Ai/ + 1 - v)V x + (1 - v)Vi ' ° I (iA-l)F 2 + y/ ' 



Finally, we have to study the following problem : 

A is a fixed in the band C Va , 71oo , g being in Z/ 2 (]0,w[) 2 , we look for V if possible 
in H 2 (]0,uj[) 2 solution for the problem P k (B) . The study of the homogeneous 
problem corresponding to P£ (B) gives the following results: ( cf. Benseridi and 
Merouani [2] ). 



Result 4.1. Let D k be the determinant of Cramer system given by the conditions: 
(CgV = 0, C*V = 0), then: D k = c fc $ fe , k = 1, 2, ..., 10 . 

The (cfe) are constants, and ($&) are the following functions : 



*i(A) = -4[(3-4ty) 2 s/i 2 (Aw)-A 2 sin 2 (u>)] 
A 

$ 2 (A) = A 2 [s/i 2 (Aw)-A 2 sinV)] 

$ 3 (A) = [4(l-^) 2 +A 2 sin 2 (w) + (3-4i/)s/i 2 (Aw)] 

$4 (A) = s/i(A - i)oosh(X + i)u 

$ 5 (A) = i[(3-4i/)s/i(2Aw) + Asin(2w)] 

A 

$ 6 (A) = A(s/l(2Aw) + Asin(2w)) 

*7( A ) = t [(3 - 4i/)s/i(2Aw) + A sin(2w)] 
A 

$ 8 (A) = A(sft(2Aw)-Asin(2w)) 
$9 (A) = s/i(A - i)oj$h(\ + i)w 
$io(A) = ch(X — i)coch(X + i)u 



Result 4.2. Let F^ be the set of zeros of $fe(A) ; then the homogeneous problem 
corresponding to P k (B) admits a unique solution ( the trivial solution ) if and only 
if\^F k . 
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Proposition 4.1 ( cf. [4] ). For all A <G C/F k ,for all g £ i 2 (]0, w[) 2 , there exists 
one and only one V\ £ H 2 (}0,lj[) 2 solution for the problem P^(B). In addition, the 
resolved of P^(B), 

R X : L 2 {%lo[) 2 — * H 2 {%lo[) 2 

g .— > Rx(g) = V x 
such that the application 

C/F k — * L(L 2 (]0,lo[) 2 ,H 2 Q0,uI) 2 ), 

A i — ► R\ 
is analytical. 

5. Existence and uniqueness of n solutions 



In order to the study the existence and uniqueness of the solution for the problem 
Pg q (f2), it is important to introduce the following definition : 

Defnition 5.1. Let n £ [^oj^oo] > we ca ^ n— solution for the problem Pq q (f2), 
all elements u of H 2 +1 +1 (Q) , verifying 



Lu — f in 51, 
B%u = on r , 
B*u = Q onf u . 



The following propriety is a direct result of lemma (1.1). 

Propriety 5.1. u is a solution for the problem Pq e (ft) iff u is a i] — solution 
of the Pq q (57) and u is a n^ — solution of Pq q (fl). 

Proposition 5.1. If $& have no zero of imaginary part r\, the problem Pq g (ft) 
has a unique r\— solution, in addition there exists a positive constant c such as 

\\ U \\h 2 (fl) 2 — C / L 2 (fl) 2 ' 

-"77+1, "7+1 1 - > e a ,e ao \ iL > 

Remark 5.1. For the demonstration of the proposition 5.1, ( cf. Teniou [8] ). 
6. Comparaison of the n solutions 

Let T] 1 ,r]2 £ [^oj^oo] i Vi < "ti- We know that if <J>fc have no zero of imagi- 
nary part ?7 1 (resp n 2 ), the problem Pq q (f2) admits a unique n 1 — solution (resp 
n 2 — solution) that we not by u Vl (resp u V2 ). 
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We put V Vl = l\ o lf(u, h ), V V2 = if o I^(u V2 ), with this notation , we have the 
following proposition : 

Proposition 6.1. We assume that <&& have no zero of imaginary part rj 1 or rj 2 , 
then 

V Vl -V n2 =i Y, Res(e* tx R x (g)) | A=Ao . 



Proof. The proof of this proposition is very classical. We note first that the sum 
has a meaning because the set Fk n {n 1 < ImX < n 2 } is finite and the residuals are 
well defined (these are the functions on (t, 6) G B ). 

Let 7 be the contour made by the straight line R + irji,M + ir\ 2 - We know that 
R\ is analytical on C/Fk, hence 



Je* tX R x (g)dX = 2wi £ Res(e ltx R x (g)) | A=Ao 



e itx R x (g)dX = 2ni £ />w,/',\ 

7 A GF fc n{)7 1 </mA<?7 2 } 

and 



Je itx R x (g)dX = J e ux R x (g)dX + J e ux R x (g)dX 

7 [— e+iri 1 ,e+iri 1 } [e+irj 1 ,s+ir) 2 ] 

+ J e ltx R x {g)dX + J e ltx R x {g)dX 

[e+iri 2 ,-e+iri 2 ] [-e+ir^.-e+ir^] 



with the limit when e — ► oo, we obtain 



+00 +oo 

Urn je ux R x {g)dX = j e u ^ +i ^ R s+iril (g)d^ - J e *«+*fc) R i+iri2 {g)dt 

7 — oo — oo 

the integrals 

/ e ux R x (g)dX , j e ux R x (g)dX, 

[s+irj 1 ,e+iri 2 } [— s+ir) 2 ,— e+ir/j] 

tends to zero, thus 



+oo _ +oo 

^ / e^R e+lVi (g)-^ J e^R i+iV2 (g) = *£ Res(e itx R x (g)) | A=Ao 



2tt 

— oo — oo Ao£-f , fcn{r/ 1 </mA<?7 2 } 

but 

+oo 



+oo 

„-V2* 



V, 2 = ^ J e^R i+tn2 (g)dt 

— OO 

Which ends the proof. 
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7. Existence and uniqueness of the solution for the problem Pg e (fl) 

Our objective now is to prove a theorem of existence and uniqueness and regu- 
larity of the solution of the problem Pg s (fl). 

Theorem 7.1. Let #o>0oo oe two reals such that 9 < 0^. 

We assume that <&k have no zero in the band C v ,rj > thus for all f £ Lg g (fl) 2 , 
there exists one and only one u £ Hg e (fl) 2 solution for the problem Pg g (fl),and 
we have 

Proof. 

(1) Existence . The hypothesis that $fc has no zero on the band C^ ^ ensures the 
existence of n — solution and the 77^ —solution of Pg g (fl), that we note u rJQ , u Va ^ 
and in addition: Fk fl {j] < ImX < 1]^} = 0. 

We put V Va = I 2 o I 2 ( u v ), V v = t 1 o I 2 ( u v ), proposition (6.1) implies that 
^0-^00 = * E ies(e ltA i? A (5)) U =Ao . As a result V„ = V^ , this 

shows that u rjo — U^ . Now, we put now u = u^ , it is clear that u £ Hg g (fl) 2 
and u € iJ| e (^) 2 - The lemma(l.l) shows that u <G H 2 e (fl) 2 . Thus u is a 
solution of Pg g (fl) by construction. 

(2) Uniqueness. We assume that there exist two solutions u 1 , u 2 £ H 2 e (fl) 2 . 
thus u , u 2 are 77 — solution and 77^— solution ( propriety 5.1 ). Thus from the 
uniqueness of 77— solutions u 1 = u 2 . 

(3) Continuity with repect to the data. We deduce from the proposition 5.1 that 

H«ll^ 0i9o (n)» <c\\f\\ Llo ^ { n r and ||«||^ ^ (n)2 < c||/|| iL ^ (Q)3 



and from the lemma(l.l): ||w|| ff 2 (q\ 2 < C 
thus 

||«||flg (Q)2 <c||/| 



n »=o,»ool"' 


M 




,«„<"> 


^ 


,8^ 


(Q)2- 



Remark 7.1. 

• We can verify that the functions $1 , $2 have no zeros in the band {— 1 < LmX < 0} 
if uj < n . This ensures the regularity of the solution u in Hg (fl) 2 if 6q > 0, 
6>oo < 1 and the vertexe is convexe of Dirichlet type or Neumann type. 

• When 9q = #oo , we reproduce the results of Teniou [8]. 
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Abstract: The exact distribution of the product | XY | is derived when X and Y are Laplace and 
logistic random variables distributed independently of each other. Tabulations of the associated 
percentage points are given. 

1 Introduction 

For given random variables X and Y, the distribution of the product | XY | is of interest in problems 
in biological and physical sciences, econometrics, and classification. The exact distribution of | XY \ 
has been studied by several authors especially when X and Y are independent random variables and 
come from the same family. For instance, see Sakamoto (1943) for uniform family, Harter (1951) 
and Wallgren (1980) for Student's t family, Springer and Thompson (1970) for normal family, 
Stuart (1962) and Podolski (1972) for gamma family, Steece (1976), Bhargava and Khatri (1981) 
and Tang and Gupta (1984) for beta family, Abu-Salih (1983) for power function family, and Malik 
and Trudel (1986) for exponential family (see also Rathie and Rohrer (1987) for a comprehensive 
review of known results). 

However, there is relatively little work of the above kind when X and Y belong to different 
families. In the applications, it is quite possible that X and Y could arise from different but similar 
distributions. In this note, we study the exact distribution of | XY | when X and Y are independent 
random variables having the Laplace and logistic distributions specified by the probability density 
functions (pdfs) 

fx(x) = -exp(-A|x|) (1) 

and 

f (,A Mexp(-//?/) 

Mv) - J— : 7T2, (2) 

{l + exp(-^y)} 

respectively, for — oc < x < oo, — oc < y < oc, A > and /i > 0. Tabulations of the associated 
percentage points are also provided. 

Laplace and logistic distributions have found applications in a variety of areas that range from 
image and speech recognition and ocean engineering to finance. Both are rapidly becoming distri- 
butions of first choice whenever "something" with heavier than Gaussian tails is observed in the 
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data. In many of the application areas, one would be interested in products of Laplace and logistic 

random variables. Some examples are: 

1. in communication theory, X and Y could represent the random noise corresponding to two 
different signals. 

2. in ocean engineering, X and Y could represent distributions of navigation errors. 

3. in finance, X and Y could represent distributions of log-returns of two different commodities. 

4. in image and speech recognition, X and Y could represent "input" distributions. 

For further discussion of applications, the reader is referred to Balakrishnan (1992) and Kotz et al. 
(2001). 

The results of this note are organized as follows: exact expressions for the pdf and the cumulative 
distribution function (cdf) of | XY | are given in Section 2; moment properties of | XY | including 
its characteristic function and moments are considered in Section 3; finally, tabulations of the 
percentile points of | XY | obtained by inverting the derived cdf are provided in Section 4. 

The calculations of this note involve the modified Bessel function of the first kind defined by 



Iu{x) ~ 2T( I / + 1)5D 



o\ k 
X N 



and the modified Bessel function of the third kind defined by 

= *{^(*)-y*» 

2sin(i/7r) 
The calculations also require the following representation of (2): 



f\Y\(y) = 2Jr(-l)V(fc + l)exp{- M (fc + l)y} (3) 

A;=0 

for y > (the series does not hold for y = 0). The properties of the above special functions can be 
found in Prudnikov et al. (1986) and Gradshteyn and Ryzhik (2000). 

2 PDF and CDF of | XY \ 

Theorem 1 derives explicit expressions for the pdf and the cdf of | XY | in terms of the modified 
Bessel function of the third kind. 

Theorem 1 Suppose X and Y are independent random variables distributed according to (1) and 
(2), respectively. The cdf of Z =| XY \ can be expressed as 

oo 

F(z) = 1 - 4yA^^(-l) fc v / fcTT^i (2y/\fi(k + I)*) (4) 

fc=0 
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for z > 0. The corresponding pdf is: 
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m 



AXfi ^(-l) fe (fc + 1) \k (2 y / X f i(k + l)z) + 



k=0 



K x (2y/\[i(k + l)z) ' 



2v/A//(fe + l) 




A/x 



2 V — ^(-i) fc v^TTKi (2^/^ + 1 



(5) 



fc=0 



for z > 0. 

Proof: Using the relationship (3), one can write 



Pr(| XY |> z) 



¥,(\ X \> Z -\ f m {y)dy 

oo 

; "~ / a • \ 

2 / exp 
Jo 



Xz 

y 



]T(-l)V(& + l)exp{- M (A; + l)y} 



,fe=o 



r/y 



x /»oo f 

2^(-l)V(fc + l)/ exp - 



Xz 



fj,(k + l)y\dy 



k=0 

oo 



4j](-l)V(fc + l) 



Az 



fc=0 



+ 1)M 



Ky (2 V / Xfi(k + l)z 



where the last step follows by direct application of equation (3.471.9) in Gradshteyn and Ryzhik 
(2000). The switching of the integral with the sum can be justified by the dominated convergence 
theorem: 



/•oo 

2 / exp 
Jo 

/•oo 

< 2 / exp 

Jo 

/•oo 

< 2 / exp 

Jo 



J2(-l) k »(k + l)exp{-v(k + l)y} 

fc=0 
n 

^2/j,(k + l)exp{-/i(/c + l)y}dy 



= 2 

< oo. 



DC 



Xz 

y 

Xz 

y 

Xz 

y , 

w ' k=0 

Xz\ fxexp(—fj,y) 



dy 



k=0 

oo 



Y^v{k + l)exp{-/i(/c + l)y}dy 



exp I I — : — — — ^ — 7)dy 

n V V J {1 - exp(- W )} 2 



(6) 



The result of (5) follows by using the property K v (z) = —K v ^\{z) — (v/z)K v (z), see http: // 
functions.wolfram.com / BesselAiryStruveFunctions/BesselK/20/01/02/0001/. The term by term dif- 
ferentiation of (4) can also be justified by the dominated convergence theorem. ■ 

Figure 1 illustrates possible shapes of the pdf (5) for A = 1 and a range of values of [i. Note 
that the shapes are unimodal and that the value of \x largely dictates the behavior of the pdf near 
z = 0. 
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LO 



O 
Q_ 




Figure 1. Plots of the pdf (5) for fj, = 1, 2, 5, 10 and A = 1. 



3 Moment Properties of | XY 



The moment properties of | XY | can be derived by knowing the same for X and Y. It is well 
known (see, for example, Johnson et al. (1994, 1995)) that 

n ' 

E(\xn = - 

and 



fc=0 



Thus, the nth moment of Z =| XY | is 

E(Z n ) = 
In particular, 

E(Z) 
which can be reduced to 



2(n!) 2 ^ (-l) fc 



2 

A/x 



Vizi) 

fc=0 



^ - -.\k 
k 



E(Z) 



2 log 2 
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and 



E(Z 2 ) 



y (-i) fc 

^(l + k) 2 ' 



which can be reduced to 



E Z 2 



{xtf^{i + ky 



2tt z 



3(A^) 2 ' 
Using the fact that the characteristic function (chf) of | X | is 

E[exp(it\X\)} = -j— t , 

where i = y/—l denotes the complex unit, the chf of | XY | can be derived as 

E[exp(it\ XY\)] 



2\fi 



2\n 



2Xfi 



1 



exp(-/xy) 



X-ity{l + exp(-fiy)} 2 

A + ity exp(-fiy) 

o A 2 + tV{l + exp(- w )} 



dy 

-^dy 



X + ity 

o A 2 + t 2 y 2 



J2(-l) k Kk + l)exp{-^k + l)y} 



,fc=0 



dy 



oo „ c 

2AV^(-l) fc (fc + l)/ 
fc=o ^ 

oo „ c 

+2itA^ 2 V(-l) fc (A: + l) / 



exp{- / u(/c + l)y} 



A 2 + tV 



dy 



yexp{-fi(k + l)y} 
X 2 + t 2 y 2 



dy 



2 °° ( 

l£(-l)*(fc + l) sin 
fc=o *• 

+ 2^f>l)^ + l)|-{ S in^ 



A//(fc + l) .A/i(fc + l) A//(fc + l) .A/i(/c + l) 



cos 



fc=0 



pA pA 
cos — si — 
t t t t 



-si- 



P =n(k+i) 



where the last step follows by equation (2.3.7.11) in Prudnikov et al. (1986, volume 1). The si( 
and ci(-) are the sine and cosine integrals defined by 



and 



si(x) 



ci(x) 



sini 



dt 



cost 



t 



'-dt. 



respectively. The switching of the integral with the sum above can be justified as in the proof of 
Theorem 1. 
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4 Percentiles of I XY 



In this section, we provide tabulations of percentage points z p associated with the cdf (4). These 
values are obtained by numerically solving the equation 



4 A /A^^(-l) fc v / fc + IKi h^X^k + 1 



1 — p. 



k=0 



Evidently, this involves computation of the modified Bessel function of the third kind and routines 
for this are widely available. We used the function Bessel K (•) in the algebraic manipulation package, 
MAPLE. Table 1 provides the numerical values of z p for /j, = 0.1, 0.2, . . . , 10 and A = 1. 





Table 1 


. Percent a 


?e points 


of Z=\XY\ for A = 


= 1. 


A* 


p = 0.01 


p = 0.05 


p = 0.1 


p = 0.9 


p = 0.95 


p = 0.99 


0.1 


0.030 


0.209 


0.513 


35.507 


52.939 


103.517 


0.2 


0.015 


0.104 


0.257 


17.754 


26.470 


51.759 


0.3 


0.010 


0.070 


0.171 


11.836 


17.646 


34.506 


0.4 


0.007 


0.052 


0.128 


8.877 


13.235 


25.879 


0.5 


0.006 


0.042 


0.103 


7.101 


10.588 


20.703 


0.6 


0.005 


0.035 


0.086 


5.918 


8.823 


17.253 


0.7 


0.004 


0.030 


0.073 


5.073 


7.563 


14.788 


0.8 


0.004 


0.026 


0.064 


4.438 


6.617 


12.940 


0.9 


0.003 


0.023 


0.057 


3.945 


5.882 


11.502 


1 


0.003 


0.021 


0.051 


3.551 


5.294 


10.352 


1.1 


0.003 


0.019 


0.047 


3.228 


4.813 


9.411 


1.2 


0.002 


0.017 


0.043 


2.959 


4.412 


8.626 


1.3 


0.002 


0.016 


0.039 


2.731 


4.072 


7.963 


1.4 


0.002 


0.015 


0.037 


2.536 


3.781 


7.394 


1.5 


0.002 


0.014 


0.034 


2.367 


3.529 


6.901 


1.6 


0.002 


0.013 


0.032 


2.219 


3.309 


6.470 


1.7 


0.002 


0.012 


0.030 


2.089 


3.114 


6.089 


1.8 


0.002 


0.012 


0.028 


1.973 


2.941 


5.751 


1.9 


0.002 


0.011 


0.027 


1.869 


2.786 


5.448 


2 


0.001 


0.010 


0.026 


1.775 


2.647 


5.176 


2.1 


0.001 


0.010 


0.024 


1.691 


2.521 


4.929 


2.2 


0.001 


0.010 


0.023 


1.614 


2.406 


4.705 


2.3 


0.001 


0.009 


0.022 


1.544 


2.302 


4.501 


2.4 


0.001 


0.009 


0.021 


1.479 


2.206 


4.313 


2.5 


0.001 


0.008 


0.020 


1.420 


2.118 


4.141 


2.6 


0.001 


0.008 


0.020 


1.366 


2.036 


3.981 


2.7 


0.001 


0.008 


0.019 


1.315 


1.961 


3.834 


2.8 


0.001 


0.007 


0.018 


1.268 


1.891 


3.697 


2.9 


0.001 


0.007 


0.018 


1.224 


1.826 


3.570 


3 


0.001 


0.007 


0.017 


1.184 


1.765 


3.451 


3.1 


0.001 


0.007 


0.017 


1.145 


1.708 


3.339 


3.2 


0.001 


0.007 


0.016 


1.110 


1.654 


3.235 


3.3 


0.001 


0.006 


0.016 


1.076 


1.604 


3.137 



3.4 


0.001 


3.5 


0.001 


3.6 


0.001 


3.7 


0.001 


3.8 


0.001 


3.9 


0.001 


4 


0.001 


4.1 


0.001 


4.2 


0.001 


4.3 


0.001 


4.4 


0.001 


4.5 


0.001 


4.6 


0.001 


4.7 


0.001 


4.8 


0.001 


4.9 


0.001 


5 


0.001 


5.1 


0.001 


5.2 


0.001 


5.3 


0.001 


5.4 


0.001 


5.5 


0.001 


5.6 


0.001 


5.7 


0.001 


5.8 


0.001 


5.9 


0.000 


6 


0.000 


6.1 


0.000 


6.2 


0.000 


6.3 


0.000 


6.4 


0.000 


6.5 


0.000 


6.6 


0.000 


6.7 


0.000 


6.8 


0.000 


6.9 


0.000 


7 


0.000 


7.1 


0.000 


7.2 


0.000 


7.3 


0.000 


7.4 


0.000 


7.5 


0.000 


7.6 


0.000 


7.7 


0.000 


7.8 


0.000 


7.9 


0.000 


8 


0.000 


8.1 


0.000 
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0.006 0.015 1.044 1.557 

0.006 0.015 1.014 1.513 

0.006 0.014 0.986 1.471 

0.006 0.014 0.960 1.431 

0.006 0.014 0.934 1.393 

0.005 0.013 0.910 1.357 

0.005 0.013 0.888 1.323 

0.005 0.013 0.866 1.291 

0.005 0.012 0.845 1.260 

0.005 0.012 0.826 1.231 

0.005 0.012 0.807 1.203 

0.005 0.011 0.789 1.176 

0.005 0.011 0.772 1.151 

0.004 0.011 0.756 1.126 

0.004 0.011 0.740 1.103 

0.004 0.011 0.725 1.080 

0.004 0.010 0.710 1.059 

0.004 0.010 0.696 1.038 

0.004 0.010 0.683 1.018 

0.004 0.010 0.670 0.999 

0.004 0.010 0.658 0.980 

0.004 0.009 0.646 0.963 

0.004 0.009 0.634 0.945 

0.004 0.009 0.623 0.929 

0.004 0.009 0.612 0.913 

0.004 0.009 0.602 0.897 

0.004 0.009 0.592 0.882 

0.003 0.008 0.582 0.868 

0.003 0.008 0.573 0.854 

0.003 0.008 0.564 0.840 

0.003 0.008 0.555 0.827 

0.003 0.008 0.546 0.814 

0.003 0.008 0.538 0.802 

0.003 0.008 0.530 0.790 

0.003 0.008 0.522 0.779 

0.003 0.007 0.515 0.767 

0.003 0.007 0.507 0.756 

0.003 0.007 0.500 0.746 

0.003 0.007 0.493 0.735 

0.003 0.007 0.486 0.725 

0.003 0.007 0.480 0.715 

0.003 0.007 0.473 0.706 

0.003 0.007 0.467 0.697 

0.003 0.007 0.461 0.688 

0.003 0.007 0.455 0.679 

0.003 0.006 0.449 0.670 

0.003 0.006 0.444 0.662 

0.003 0.006 0.438 0.654 
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3.045 
2.958 
2.875 
2.798 
2.724 
2.654 
2.588 
2.525 
2.465 
2.407 
2.353 
2.300 
2.250 
2.203 
2.157 
2.113 
2.070 
2.030 
1.991 
1.953 
1.917 
1.882 
1.849 
1.816 
1.785 
1.755 
1.725 
1.697 
1.670 
1.643 
1.617 
1.593 
1.568 
1.545 
1.522 
1.500 
1.479 
1.458 
1.438 
1.418 
1.399 
1.380 
1.362 
1.344 
1.327 
1.310 
1.294 
1.278 
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8.2 


0.000 


0.003 


0.006 


0.433 


0.646 


1.262 


8.3 


0.000 


0.003 


0.006 


0.428 


0.638 


1.247 


8.4 


0.000 


0.002 


0.006 


0.423 


0.630 


1.232 


8.5 


0.000 


0.002 


0.006 


0.418 


0.623 


1.218 


8.6 


0.000 


0.002 


0.006 


0.413 


0.616 


1.204 


8.7 


0.000 


0.002 


0.006 


0.408 


0.608 


1.190 


8.8 


0.000 


0.002 


0.006 


0.404 


0.602 


1.176 


8.9 


0.000 


0.002 


0.006 


0.399 


0.595 


1.163 


9 


0.000 


0.002 


0.006 


0.395 


0.588 


1.150 


9.1 


0.000 


0.002 


0.006 


0.390 


0.582 


1.138 


9.2 


0.000 


0.002 


0.006 


0.386 


0.575 


1.125 


9.3 


0.000 


0.002 


0.006 


0.382 


0.569 


1.113 


9.4 


0.000 


0.002 


0.005 


0.378 


0.563 


1.101 


9.5 


0.000 


0.002 


0.005 


0.374 


0.557 


1.090 


9.6 


0.000 


0.002 


0.005 


0.370 


0.551 


1.078 


9.7 


0.000 


0.002 


0.005 


0.366 


0.546 


1.067 


9.8 


0.000 


0.002 


0.005 


0.362 


0.540 


1.056 


9.9 


0.000 


0.002 


0.005 


0.359 


0.535 


1.046 


10 


0.000 


0.002 


0.005 


0.355 


0.529 


1.035 



We hope these numbers will be of use to the practitioners mentioned in Section 1. Similar 
tabulations could be easily derived for other values of p, [i and A by using the BesselK (•) function 
in MAPLE. A sample program is shown in the Appendix below. 

Appendix 

The following procedure in MAPLE can be used to generate tables similar to that presented in 
Section 3. 



percent :=proc (lambda, mu,p) 
local ff,pp,k,z; 



=sum((-l)**k*sqrt(k+l)*BesselK(l,2*sqrt(lambda*mu*(k+l)*z)) ,k=0. .infinity) ; 
=l-4*sqrt (lambda*mu*z) *f f ; 
=evalf (f solve (ff=p,z=0. .200)) : 



ff 
ff 

PP 

end proc; 
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1 Introduction 

The concept of fuzzy sets was introduced by Zadeh [16] . Following the concept of 
fuzzy sets, fuzzy metric spaces have been introduced by Kramosil and Michalek 
[8], and George and Veeramani [5,6] modified the notion of fuzzy metric spaces 
with the help of continuous t-norms. Recently, many authors have proved fixed 
point theorems involving fuzzy sets [2-4,7,9,10,12,14]. 

As a generalization of fuzzy sets, Atanassov [1] introduced and studied the 
concept of intuitionistic fuzzy sets. Recently, using the idea of intuitionistic 
fuzzy sets, Park [15] introduced the notion of intuitionistic fuzzy metric spaces 
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with the help of continuous t-norms and continuous t-conorms as a generaliza- 
tion of fuzzy metric spaces due to George and Veeramani [5] , and showed that 
every metric induces an intuitionistic fuzzy metric, every fuzzy metric space is an 
intuitionistic fuzzy metric space and found a necessary and sufficient condition 
for an intuitionistic fuzzy metric space to be complete. 

In this paper, we observe that an intuitionistic fuzzy metric space is normal 
and prove that in an intuitionistic fuzzy metric space X every open cover admits 
a countably locally finite refinement which covers X. Using this result, we prove 
that every intuitionistic fuzzy metric space has a countably locally finite basis. 
We introduce notions of orbitally complete intuitionistic fuzzy metric spaces and 
generalized contraction mappings, and prove fixed point theorems. Our results 
also extend, generalize and fuzzify several fixed point theorems on metric spaces, 
Menger probabilistic metric spaces, uniform spaces and fuzzy metric spaces. 

2 Preliminaries 

Definition 1 A binary operation * : [0, 1] x [0, 1] — > [0, 1] is a continuous t-norm 
if * satisfies the following conditions: 

(a) * is commutative and associative; 

(b) * is continuous; 

(c) a * 1 = a for all a <G [0, 1]; 

(d) a*b < c* d whenever a < c and b < d, and a, 6, c, d <E [0, 1]. 

Definition 2 A binary operation <0 : [0, 1] x [0, 1] — ► [0, 1] is a continuous t- 
conorm if <0 satisfies the following conditions: 

(a) is commutative and associative; 

(b) <0> is continuous; 

(c) a00 = a for alia G [0,1]; 

(d) a()b < c()d whenever a < c and b < d, and a, b,c,d £ [0, 1]. 

Remark 1 The concepts of triangular norms (shortly t-norms) and triangu- 
lar conorms (shortly t-conorms) are known as the axiomatic skeletons that we 
use for characterizing fuzzy intersections and fuzzy unions, respectively. These 
concepts were originally introduced by Menger [11]. Several examples for these 
concepts were proposed by many authors (see [9-11,15]). 

Lemma 1 ([15]) If * is a continuous t-norm, is a continuous t-conorm and 
n e (0,1), 1 < i < 7, then 

(a) If t\ > r 2 , there are r 3 , r 4 € (0, 1) such that n * r 3 > r 2 and r 2 0^4 < rj.. 

(b) If r 5 £ (0, 1), there are r 6 , r-j G (0, 1) such that r 6 * r 6 > r 5 and r-i^rj < 
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Definition 3 ([15]) A 5-tuple (X, M, N, *,0) is said to be an intuitionistic 
fuzzy metric space (shortly IFM-space) if X is an arbitrary set, * is a continuous 
t-norm, is a continuous t-conorm and M, N are fuzzy sets on X 2 x (0, oo) 
satisfying the following conditions: for all x, y, z G X, s, t > 0, 

(IFM-1) M(x, y, t) + N(x, y, t) < 1; 

(IFM-2) M(x,y,t) > 0; 

(IFM-3) M(x, y, t) = 1 if and only if x = y; 

(IFM-4) M(x,y,t) = M(y,x,t); 

(IFM-5) M(x, y, t) * M(y, z, s) < M(x, z,t + s); 

(IFM-6) M(x, y, .) : (0, oo) -*■ (0, 1] is continuous; 

(IFM-7) N(x, y, t) > 0; 

(IFM-8) N(x, y, t) = if and only if x = y; 

(IFM-9) N(x,y,t) = N(y,x,t) ] 

(IFM-10) N(x, y, t)0N(y, z, s) > N(x, z, t + s); 

(IFM-11) N(x,y,.) : (0,oo) -^ (0,1] is continuous. 

Then (M,N) is called an intuitionistic fuzzy metric on X. The functions 
M(x,y, t) and N(x,y,t) denote the degree of nearness and the degree of non- 
nearness between x and y with respect to t, respectively. 

Remark 2 Every fuzzy metric space (X, M, *) is an IFM-space of the form 
(X,M, 1 — M, *,0) such that t-norm * and t-conorm are associated, i.e. 
x()y = 1 — ((1 — x) * (1 — y)) for all x, y € [0, 1]. But the converse is not true. 

Remark 3 ([15]) In an IFM-space (X, M, N, *, (}), M(x, y, .) is nondecreasing 
and N(x, y, .) is nonincreasing for all x, y € X. 

Example 1 (Induced intuitionistic fuzzy metric [15]) Let(X,d) be a met- 
ric space. Denote a * b = ab and a()b = min{l, a + b} for all a, b £ [0, 1] and let 
Md and N^ be fuzzy sets on X 2 x (0, oo) defined as follows: 

At t +\ l at t ^ d(x,y) 

M d (x,y,t) = -—-—: r, N d (x,y,t) - 



t + d(x,y)' ' ' t + d(x,y) 

Then (Md, Nd) is an intuitionistic fuzzy metric on X. We call this intuitionistic 
fuzzy metric induced by a metric d the standard intuitionistic fuzzy metric. 

Remark 4 Note that the above example holds even with the t-norm a * b = 
min{a, b} and the t-conorm a()b = max{o, b} and hence (Md,Nd) is an intu- 
itionistic fuzzy metric with respect to any continuous t-norm and continuous 
t-conorm. 

Definition 4 ([15]) Let (X,M,N,*,0) be an IFM-space. Fort > 0, the open 
ball B(x,r,t) with center x <G X and radius r G (0, 1) is defined by B(x,r,t) = 
{y G X : M(x, y, t) > 1 — r, N(x, y, t) < r}. Let T(m,n) be the set of all A C X 
with x G A if and only if there exist t > and r G (0, 1) such that B(x,r,t) C 
A. Then T(m,n) is a topology on X (induced by the intuitionistic fuzzy metric 
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(M, N)). This topology is Hausdorff and first countable. A sequence {x n } in 
X converges to x in X if and only if M(x n ,x,t) tends to 1 and N(x n ,x,t) 
tends to as n tends to oo, for each t > 0. A sequence {x n } in X is called a 
Cauchy sequence if for each e > and A <G (0, 1), there exists no G N such that 
M(x n , x m , e) > 1 — A and N(x n , x m , e) < A for all n, m > n . An IFM-space is 
called complete if every Cauchy sequence is convergent. 

Remark 5 Since * and are continuous, the limit is uniquely determined from 
(IFM-5) and (IFM-10). 

3 Main Results 

Theorem 2 Every intuitionistic fuzzy metric space is normal. 

Proof. Let (X, M, N, *,0) be an intuitionistic fuzzy metric space, and S,K 
be two disjoint closed sets in X. Let x G S then x G K c . Since K c is open, 
there exist r x G (0, 1) and t x > such that B(x, r x ,t x ) l~l K = for all x G S. 
Similarly, there exist r y G (0, 1) and t y > such that B(x,r y ,t y ) n S = for 
all x G if. Let s = minlr^, t x ,r yi t y }. Then we can find a po G (0,p) such that 
(1 - p ) * (1 - p ) > 1 - P and poOpo < P- Define [/ = \J xeS B(x,p Q ,p/2) and 
V = Uj, £ ifi?(y,po,p/2). Clearly J7 and V are open sets such that S C U and 
if C V. Now, we claim that U f\V = 0. Let z e U C\V. Then there exist 
x £ S and y £ K such that z G B(x,po,p/2) and z G B(y,po,p/2). Therefore, 
we have 

M(x,y,p) > M(x,z,p/2)*M(y,z,p/2) 

> (l-Po)*(l-Po) > 1-P 

and 

N(x,y,p) < N{x 7 z,p/2)ON{y,z,p/2) 
< PoOpo < P- 

Hence, y G B(x,p,p). But B(x,p,p) c B(x,r x ,t x ), since s < t x ,r x - Thus, 
B(x,r x ,t x ) n if is nonempty which is a contradiction. Therefore, U C\V = 0. 
Hence, X is normal. H 

Remark 6 From the above theorem, we can easily deduce that every metriz- 
able space is normal. Since every intuitionistic fuzzy metric space is normal, 
Urysohn's lemma and Tietze extension theorem are true in the case of intuition- 
istic fuzzy metric spaces. 

Lemma 3 Let (X, M, N, *, 0) be an IFM-space. If A is an open covering of X , 
then there is an open covering B of X such that B is a countably locally finite 
refinement of A. 
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Proof. Since A is an open covering of X, by well ordering theorem, we can 
choose a well ordering < for the collection A. Choose n G N and for U £ A, 
define S n (U) = {x G X : B(x, 1/n, 1/n) C [/} and fl„(t/) = 5„(t/) - Uy <t ,V. 
If V, W G A with V < W and if x G R„(V),y G i?„(W) then we claim that 
M(x,y,l/n) < 1 — 1/n and N(x,y,l/n) > 1/n. Since x G i?„(V), we have 
x G 5„(V) and since y G i?„(W) and V < W, clearly y is not in V and hence 
M (x, y, 1/n) < 1 — 1/n and N(x, y, 1/n) > 1/n. We can find a s G (0, 1/n) such 
that (1 - s) * (1 - s) * (1 - s) > 1 - 1/n and $<)s<)s < 1/n. 

Now, let E n (U) = U {B(x, s, l/3n) : x G R n (U)}. Clearly E n (U)'s are open 
and we claim that E n (U)'s are disjoint. Let V,W £ A with V < W and if x G 
E„(V),2/ G E„(W) then we claim that M(x,y,l/3n) < Is mdN(x,y,l/3n) > 
s. In fact, assume that M(x,y, l/3n) > 1 — s and N(x,y,l/3n) < s. Since 
x G S n (V) and y G S n (W), there exist x G R n (V) and y a G i?„(H / ) such 
that M(x,xo,l/3n) < 1 — s, M(y ,y,l/3n) < 1 — s, N(x,x ,l/3n) > s and 
N(yo,y,l/3n) > s. Since V < W, we have M(x ,y l/n) < 1 — 1/n and 
N(x ,yol/n) > 1/n. But 

1-1/n > M(xo,yol/n)>M(x,x ,l/3ri)*M(x,y,l/3ri)*M(y,y ,l/3n) 

> (l-s)*(l-s)*(l-s) 

> 1-1/n 

and 

1/n < N(x , Vol/n) < N(x, x , l/3n)0N(x, y, l/3n)0N{y, y , l/3n) 

< sOsOs 

< 1/n 

which are contradictions and hence M(x, y, l/3n) < 1 — s and N(x, y, l/3n) > s. 
Define E n = {E n (U) : U G A}. If y e E n (U), then there exists x in i?„(f/) 
such that j/ G -B(x, s, l/3n). But s < 1/n and hence we have y G B(x, s, l/3n) C 
y G B(x, 1/n, 1/n) C U. Since E n (?7) C U for all J7 e A, E n refines A. We 
claim that E n is locally finite. Since s G (0, 1), we can find a ro G (0, 1) such that 
(1 — ro)*(l — ro) > 1 — s and roO^o < s - For each x G X, _B(x,ro, l/6n) intersects 
almost one element of £"„. If _B(x,r , l/6n) intersect E n (U) and E n (V) with 
f7 < V, then there exist y G E n (U) and z G -E„(F) such that M(x,y, l/6n) > 
1 — ro, M(x, z, l/6n) > 1 — ro, N(x, y, l/6n) < r and 7V(x, z, l/6n) < r . Since 
U < V, we have M(y,z, l/3n) > 1 — s and N(y,z,l/3n) < s. Therefore, we 
have 

M(y,z,l/3n) > M(x,y, l/6n) * M(x, z, l/6n) 
> (l-r )*(l-r )>l-s 

and 

N(y,z,\/Zn) < N(x,y,l/6n)(}N(x,z,l/6n) 

< r 0r < s 
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which are contradictions and hence E n is locally finite. 

Now consider the family B = U ne mE n and let x <G X. Since A is a covering 
of X, we can find a U € A such that U is the first element of A that contains 
x. Since U is open, we can choose n € N such that -B(:r, 1/n, 1/n) C £/. Hence 
.x £ S n (U), but C/ is the first element of A that contains x, x G R n {U) and hence 
x e E n . Thus, we get a family 5 of sets satisfying the required conditions. ■ 

Theorem 4 Every intuitionistic fuzzy metric space has a basis that is countably 
locally finite. 

Proof. For a given m £ N, define A m = {-B(a;, 1/m, 1/m) : x <G X}, then A m 
covers X for each m. By Lemma 3, we can find an open covering D m of X which 
is a countably locally finite refinement of A m . Let D = U me Mfl m , then D is 
countably locally finite. We claim that D is a basis for X. Let x £ X. For given 
r € (0, 1) and t > 0, we can choose m£N such that (1 — 1/m)* (1 — 1/m) > 1 — r, 
1/mOl/m < r and 1/m < i/2. If i? is the element of D m which contains x and 
since D m refines A m , then we can find a,x e X such that B C B(x , 1/m, 1/m). 
Therefore, for any y € B, we have 

M(x,y,t) > M(x,y,2/m)>M(x,x ,l/m)*M(y,x ,l/m) 
> (1 - 1/m) * (1 - 1/m) > 1 - r 

and 

N(x, y, t) < N(x, y, 2/m) < A^( Xj XOi i/ m )QN(y, x , 1/m) 
< 1/mOl/m < r. 

Thus, y <G B(x, y, t) and hence B C -B(x, y, t). ■ 

Remark 7 Since the topology induced by a metric and the corresponding in- 
tuitionistic fuzzy metric are same, by using above theorem, we can deduce that 
every metric space has a basis that is countably locally finite. 

Corollary 5 Every intuitionistic fuzzy metric space is metrizable. 

Since every intuitionistic fuzzy metric space is regular (Theorem 2) and since 
every intuitionistic fuzzy metric space has a basis that is countably locally finite, 
the result follows from the Nagata-Smirnov theorem [13]. 

Definition 5 A sequence of maps Tj : X — > X on an IFM-space (X, M, N, *, 0) 
converges uniformly to a map T : X — > X if and only if for every e > and 
A > 0, there exists a positive integer k = fc(e, A) such that 

M{Tx, T t x, s) > 1 - A and N(Tx, T t x, e) < A 

for every x £ X and i > k. 
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Corollary 6 Let X be any nonempty set and (Y, d) be a metric space. Let 
(Y, M,N,*,0) be the induced intuitionistic fuzzy metric space. Then a sequence 
of functions {/„} from X to Y converges uniformly to a function f from X to 
Y with respect to the metric d if and only if {/„} converges uniformly to f with 
respect to the intuitionistic fuzzy metric (M, N) . 

Proof. Assume that {/„} converges uniformly to / with respect to the 
intuitionistic fuzzy metric (M,N). Then, for given r £ (0, 1) and t > 0, there 
exists k e N such that M{f n (x), f(x),t) > 1 - r and N(f n (x), f(x),t) < r for 
all n> k. Let e > be given. Taking r = e/(t + s), we have M(f n (x), f(x), t) > 
1 — e/(t + e) and N(f n (x),f(x),t) < e/(t + e), and hence d(f n (x),f(x)) < e for 
all n > k. Therefore, {f n } converges uniformly to / with respect to the metric 
d. The converse part can also be proved in the same way. M 

Definition 6 An orbit ofT at a point Xo £ X is a sequence {x n } given by 

0(T,xo) = {x n : x n e Tx n -i,n = 1,2,3,...}. 

An IFM-space (X, M, N, *,0) * s called T-orbitally complete if every Cauchy 
sequence which is a subsequence of an orbit T at each x £ X converges to a 
point of X. 

Definition 7 A mapping T on IFM-space (X,M,N,*,()) will be called a gen- 
eralized contraction if and only if there exists a constant q G (0, 1) such that for 
every x, y £ X , 

M{Tx,Ty,qt) > mm{M(x,y,t),M(x,Tx,t),M(y,Ty,t), (2.1) 
M(x,Ty,2t),M(y,Tx,2t)}, 

N{Tx,Ty,qt) < m^{N(x,y 1 t),N(x 1 Tx,t),N(y 1 Ty 1 t), (2.2) 

N(x,Ty,2t),N(y,Tx,2t)} 

for all t>0. 

Throughout this paper, (X,M,N,*,()) will denote the IFM-space with the 
following conditions: for all x,y £ X and t > 
(IFM-r)N(x,y,t)<l, 

(IFM-11 1 ) N(x,y,.) : (0,oo) -> [0,1) is continuous, 
(IFM-12) limt^oo M(x,y,t) = 1, 
(IFM-13) limt^oo N(x, y, t) = 0. 

Lemma 7 Let {x n } be a sequence in an IFM-space (X,M,N,*,()) with the 
conditions (IFM-12) and (IFM-13). If there exists a constant q £ (0, 1) such 
that 

M(x n ,x n+ i,qt) > M(x n -i,x n ,t) (2.3) 



and 



N(x n ,x n+1 ,qt) < N(x n -i,x n ,t) (2.4) 
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for all t > and n = 1,2,3, ... then {x n } is a Cauchy sequence in X. 
Proof. To prove that {x n } is a Cauchy sequence, we prove (2.5) and (2.6) are 
true for all n> n and for every to <G N, 

M(x n ,x n+m ,t) > 1- A (2.5) 

and 

N(x n ,X n+m ,t) < A. (2.6) 

Here we use induction method. From (2.3) and (2.4), we have 

M(x n ,x n+ i,t) > M(x n -i,x„,t/q) 

> M(x n - 2 ,x n - 1 ,t/q 2 ) 

> ... >M(xo t x u t/q n )^l 
and 

N(x n ,x n+1 ,t) < N(x n -i,x n ,t/q) 

< N(x n - 2l x n -i,t/q 2 ) 

< ...<N(x ,x u t/q n )^0 

as n — > oo, i.e. for t > and A € (0, 1), we can choose no <G N such that 

M(x n ,x n+ i,t) > 1 - A and iV(a: n ,a: n+ i,i) < A. 

Thus, (2.5) and (2.6) are true for m = 1. Suppose that (2.5) and (2.6) are true 
for to then we shall show that they are also true for to + 1. 

Using the definition of intuitionistic fuzzy metric space, (2.3) with (2.5) and 
(2.4) with (2.6), we have 

M(x n ,x n+m +i,t) > min{M(x n ,x n+m ,t/2),M(x n+m ,x n+m+ i,t/2)} > 1 - A 

and 

N(x n ,X n+m+ i,t) < mia{N(x ni x n+m ,t/2),N(x n+m ,x n+m+1 ,t/2)} < A. 

Hence (2.5) and (2.6) are true for to + 1. This completes the proof. ■ 

Lemma 8 Let (X, M, N, *,0) be an intuitionistic fuzzy metric space. If there 
exists q G (0,1) such that M(x,y,qt) > M(x,y,t) and N(x,y,qt) < N(x,y,t) 
for x, y £ X. Then x = y. 

Proof. Since M(x,y,qt) > M(x,y,t) and N(x,y,qt) < N(x,y,t), then 

M(x,y,t) > M(x,y,q~ 1 t) and N(x,y,t) < N{x,y 1 q^ 1 t). By repeated applica- 
tion of above inequalities, we have 

M(x,y,t) > M(x,y,q^ 1 t)>M{x,y 1 q- 2 t)>...>M(x 1 y,q- n t)>...a,nd 
N{x, y, t) < N(x, y, q'H) < N(x, y, q~H) < ... < N(x, y, q- n t) < ..., n € N 

which — ♦ 1 and — > as n — > oo, respectively. Thus M(x,y,t) = 1 and 
N(x, y, t) = for alH > and we get x = y. M 
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Theorem 9 Let (X, M, N, *, 0) be an IFM-space where t*t > t and (l-i)O(l- 
t) < (1 — t) for all t £ [0,1]. IfT:X—>Xisa generalized contraction on X 
and X is T-orbitally complete, then T has a unique fixed point y £ X and 
linin^oo T n x = y for every x £ X . 

Proof. Let x be an arbitrary point of X. Then we can construct a sequence 
{x n } in X as follows: 

.T = X,Xl = Tx 0l x 2 = Txi,...,x n = TXn-1,— (2.7) 

We will show that the sequence is fundamental in X, i.e., for each e > and 
A € (0, 1), there is an integer no such that n, m > no imply M(x n ,x m , e) > 1 — A 
and N(x n ,x m ,e) < A. 

Observe that, by (IFM-3) and (IFM-8), x^y implies 

M(x, y, qt) < M(x, y, t) and N(x, y, qt) > N(x, y, t) (2.8) 

for some t > 0. Also (d) in Definition 1 and t * t > t imply 

M(x, z,t + s)> min {M(x, y, t), M(y, z, s)} (2.9) 

and (d) in Definition 2 and (1 - i)0(l - i) < (1 - t) imply 

N(x,z,t + s) < ma,x{N(x,y,t),N(y,z,s)} (2.10) 

for all x,y, z £ X and s, t > 0. 

Suppose that in the sequence (2.7) x n -i ^ x n for every integer n, since 
i n _i = x n = Tx n ^i for some integer n implies immediately that (2.7) is fun- 
damental. Then, for x n -\,X n G X, by (2.1) 

M(x n ,x n+ i,qt) = M(Tx„-i,Tx n ,qt)>min{M(x n -i,x„,t),M(x n -i,x„,t), 
M(x n , x n+1 ,t), M(x n - 1 ,x n+1 ,2t),M(x n , x n , 2t)} 
= min{M(a;„_i, x„, t),M(x n , x n+ i,t),M(x n -i,x n+ i,2t)} 

and since M(x n -i,x n +i,2t) > vam{M(x n -i,x n .,t), M(x n ,x n +i,t)} it follows 
that 

M(x n , x n+ i,qt) > mm{M(x„-i,x n , t), M(x n , x„+i,t)}, (2.11) 

by (2.2) 

N(x„,x n+ i,qt) = N(Tx n -i,Tx n ,qt) <max-{N(x n -i,x„,t),N(x n -i,x n ,t), 
N(x„, x n+ i,t),N(x„-i,x n+ i,2t),N(x n , x n , 2t)} 
= max{iV(a; n _i, x n , t),N(x n , x n+1 ,t), N(x n - 1 ,x n+1 ,2t)}. 

and since N(x n -\,x n+ i,2t) < max{A r (x„_i,a: n ,i),7V(a;„,x„+i,i)} it follows 
that 

N(x n ,x n+ i,qt) < max.{N(x„-i,x n ,t), N(x„,x n+ i,t)} (2.12) 

for all t > 0. 
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Since we assume that x n ^ x n +i for each integer n, (2.8) implies that 

M(x n ,x n+ i,qt) > M(x n ,x n+ i,t), 
N(x n ,x n+ i,qt) < N(x n ,x n+ i,t) 

which are impossible. Then, for each integer n, we have 

M(x n ,x n +i,qt) > M(x n -i,x n ,t), (2.13) 

N(x„,x n+ i,qt) < N(x n -i,x n ,t). (2-14) 

By (2.13) and (2.14), for an arbitrary integer n, we have 

M(x n ,x n+ i,t) > M(x n -i,x n ,t/q) > ... > M(x ,xi,t/q n ), 
N(x„,x n+ i,t) < N(x„-i,x„,t/q) < ... < N(x ,xi,t/q n ). 

By noting that M (xq, Xi, t/q n ) — ► 1 and N(xo,Xi,t/q n ) — ► as n —* oo, using 
inequalities (2.11) and (2.12), we have 

M(x n ,x n+1 ,qt) > M(x n - lt x n ,t), 
N(x n ,x n+ i,qt) < N(x n -i,x„,t) 

for each integer n, q <G (0, 1) and t > 0. Hence, by Lemma 7, {x n } is a Cauchy 
sequence in X. Since (2.7) is an orbit of T at x £ X and X is T-orbitally 
complete, there is a point y £ X such that y = linin^oo x n = linin^oo T n x. 
Now, we prove that 

Ty = lim x n+ i = y. (2-15) 

n — >oo 

Let B(Ty, A, e) be any neighborhood of Ty. Since y = hin^^oo x n , there exists 
an integer k such that n > k implies 

M (x n , y, (Kf) e) > 1 - A, JV (*„, y, (^M ) < A, (2.16) 
M(x n ,x n+1 ,( -y-^e) ) > 1 - A, AM x„,z„+i, ( -^e) J < A(-2.17) 

Then, by (2.1) and (2.2), we have 

M(x„+i,Ty,e) = M(Tx„,Ty,qe/e) > mm{M{x n ,y,e/q), M(x n ,x n +i,e/q), 

M(y, Ty, e/q), M(x n , Ty, 2s/q), M(y, x n+1 ,2e/q)}, 

N(x n+1 ,Ty, e) = N(Tx n , Ty, qe/e) < max{7V(x„, y, e/q),N(x n , x n+1 ,e/q), 
N(y, Ty, e/q),N(x n , Ty, 2e/q), N(y, x n+1 ,2e/q)} 

for all t > 0. Since by (2.9) 

> min J M (y,x n+ i, (— — J sj ,M (x n+ i,Ty, ( — — ) s 
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and 

M f x n ,Ty, — j > mirJ M (x n ,x n+1 , - J ,M (x n+1 ,Ty, - 

we obtain, as M is nondecreasing, that 

J M(x n) y,(^) e ),M(a ;n ,a :n+1) (^)-- 
I M (x n+1 ,y, (^) e) ,M (x n+1 , Ty, (^) e 

' (2-18) 
and also since by (2.10) 

< max j TV U,x„+i, f — — j ej ,iV f x n+ll Ty, I — — 

and 

N (x n ,Ty, — j < max N (x n7 x n+1 , -),N f x n+ i,Ty, - j > , 

we obtain, as iV is nonincreasing, that 

N (x„,y, (^)e) ,^V(a;„,a;„ + i, (^He) , 
' N(x n+u y,(^)e),N(x n+1 ,Ty,(^)e) 

(2.19) 

Hence for all n > fe, by (2.16) and (2.17), we have 

M{x n+1 ,Ty, e) > 1 - A and N(x n+1 ,Ty, e) < A or (2.20) 



.\./(.r„_ l ..r./ / .r) = .1/ (.,-„_,. T//. ( iii ) -] aU( | 
.V(.r„_|.r ( y..-) = .V (./■„_,. r. V . (l±«)c). (2.21) 



in (2.18) and (2.19) e by ei = ^e > e, it would follow 



Thus, we proved (2.15) if (2.20) is valued. If (2.20) were false, then substitutings 

i+g 

2? 

.!/(.<•„+ 1. T//.--,) == \l{.r n _ u Ty,(^^\e^=M\x n+1 ,Ty,0^\ e 

.V(./-„ +l .r/y.j,) = A ■(.,-,_, 7// . (i±£^ ei ^ = 7vL„ +1 ,Ty, (^) ^J 
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Hence 

M(x n+1 ,Ty,e) = M (x n+1 ,Ty, 0^) A = M (x n+1 ,Ty, 0^) A, 

N(x n+1 ,Ty,e) = N (x n+1 ,Ty, 0^) A = N (x n+1 ,Ty, 0^) A ■ 
Proceeding in this direction, we would obtain that 

1-A > M(x n+1 ,Ty,e) = ... = Mlx n+1 ,Ty,n^A\ e J - 1, 

A < N(x n+1 ,Ty,e) = ... = N lx n+1 , Ty,H^\ e) ^0 

as k — ► oo which are contradictions. Therefore the inequalities (2.20) is correct, 
which imply (2.15). So, we conclude, there exists a fixed point for T. 

To prove the uniqueness of the fixed point y in (2.15), suppose that w =/= y 
and Tw — w. Then, by (2.1) and (2.2), we have 

M(vwat) M(Ty Tw at) > min { M(y,w,t),M(y,Ty,t),M(w,Tw,t), 

M[y,w,qt) - M(iy,iw,qt)amm<^ M(y,Tw,2t),M(w,Ty,2t) 

= min {M(y, w, t), 1, 1, M(y, w, 2t), M{w, y, 2t)} 
= M(y,w,t), 



N(v w at) - N(Tv Tw at) < max I N ^ W ' *>' N ( y > Ty > f) ' N ( W > Tw > f) ' 
J\{y,W,qt) - J\{ly,lw,qt)<m ax ^ N{y,Tw,2t),N{w,Ty,2t) 

= max {N(y, w, t), 0, 0, N(y, w, 2t),N(w, y, 2t)} 
= N(y,w,t) 

hence, by Lemma 8, we have w = y. This completes the proof. M 
Next, we prove Theorem 9 in T-orbitally complete metric space: 

Corollary 10 Let (X, d) be a metric space and let T : X —* X be a mapping. 

V 

d(x,y),d(x,Tx),d(y,Ty), 



d(Tx, Ty) < q max ^ ^ Ty) + d{y ^ Tx)]/2 

for some q < 1, all x,y € X and X is T-orbitally complete, then T has a unique 
fixed point z £ X and lhrin^oo T n x = z. 

Proof. The proof follows from Theorem 9 considering the induced IFM-space 
(X, M, N, *, 0), where a*b = ab, a()b = min {1, a + b} , M(x, y, t) = t/t + d(x, y) 
and N(x,y,t) = d(x,y)/t + d(x,y). ■ 
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Corollary 11 Let (X, M, JV, *, 0) be a complete IFM-space where t*t>t and 
(1 - i)0(l - t) < (1 - t) for all t € [0, 1]. IfT : X -* X is a contraction on X, 
i.e., if for each x,y G X 

M(Tx, Ty, qt) > M(x, y, t),N(Tx, Ty, qt) < N(x, y, t) 

then there is a unique z £ X such that z = Tz. Moreover, T n x — ► z for every 

zex. 

Proof. The proof is easy from Theorem 9. M 

Next, we prove Corollary 11 in complete fuzzy metric space: 

Corollary 12 ([7]) Let (X, M, *, ) be a complete fuzzy metric space where t*t > 
t for allt € [0, 1]. IfT : X — > X is a contraction on X, i.e., if for each x,y G X 

M(Tx,Ty,qt)>M(x,y,t) 

then there is a unique z G X such that z = Tz. 

Proof. In the view of Remark 2, the proof follows from Corollary 11. ■ 
We will denote subset J of X defined by 

I = {x £ X : there is some Tj such that T^x = x} . 

Theorem 13 Let {T} ien be a sequence of maps on an IFM-space (X, M, N, *, 0) 
where t * t > t and (1 - i)0(l - t) < (1 - t) for all t € [0, 1]. Let T : X -> X 
be generalized contraction on X and X be T-orbitally complete. If each T{ has 
at least one fixed point yi and if the sequence {Tj} i6N on the subset I converges 
uniformly to T, then the sequence {xi} ie¥i converges to a unique fixed point y 
ofT. 

Proof. By Theorem 9, the mapping T has a unique fixed point y. To show 
that y = linij^oo j/i, let B(y,X,s) be an arbitrary neighborhood of y. We will 
show that 

M(y u y,e) > 1 - A and N(y il y,e) < A 

for almost all i € N. Since {T} converges uniformly to T, there exists k G N 
such that 

M{Tx, TiX, (1 - q)e/2) > 1 - A and N(Tx, T t x, (1 - q)e/2) < A (2.22) 

for i > k. For arbitrary yi £ X for which Tyi — yi we have by (2.9) and (2.10) 

\-q , 1 + q" 



M(yi,y,e) = M [y u y 



2 2 



> mm { M ( T iVu Ty u ( 1 —^\ e] ,M (T yi ,y, (±±± I £ (fe.j23) 
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> mm 



Since T is a generalized contraction, y = Ty, yi = Tyi, M is nondecreasing and 
TV is nonincreasing, we have 

M (Tyuy, 0^\ e) = M (r yi ,Ty, U^A e 

> min i M ^ (*) £ ) ' M (^' (*) £ ) '" ( y ' T?/ ' (*) 

M(y,T Vl \^)e) 
Using that 

M(y,Ty u (l + q)/qe) > min jikf (y u y, 0^) e) >M (r iyu Ty u 0^) £ 

we have 

M (y, Ty,, (1 + 9 )/2e) > min {M (ft, y, (1 + g)/2ge) , M (T iVi , T Vl , (1 + q)/2qe)} 
> min{M (ft,y, (1 + q)/2qe) , M (T;ft,Tft, (1 - g)/2 g£ )} . 

Then (2.23) results in 

M(y u y, e) > min {M {T lVl , Ty h (1 - q)/2e) , M (T Vi , y, (1 + q)/2e)} . 

Hence, by (2.22) we have 

M{y u y, e) > 1 - A and N{y u y, e) < A or (2.24) 

M(ft, y,e) = M (y t ,y, (1 + 9 )/2<ze) and A%, y,e)=N (ft, y, (1 + g)/2<z£) 

(2.25) 
for all i > k. The assertion of Theorem follows if (2.24) is valid. Since 
M(yi,y,e) < 1 — A and N(yi,y,e) > A imply (as in the proof of Theorem 
3) 

M( yi ,y,e) = M(y h y,(l + q)/2qe)^land 
N(yi,y,e) = N( yi ,y,(l + q)/2qe)^0 

as n —* oo, which is a contradiction, we see that (2.24) is correct. This completes 
the proof. ■ 

Corollary 14 Let {Tj} ieN &e a sequence of maps on an IFM-space (X, M, N, *, 0) 
swc/i that Xi = Txi for some Xi £ X and let T be a contraction mapping on X 
with a fixed point Xo € X. If {Ti} converges uniformly to Tq, then the sequence 
{xi} converges to xq. 

Proof. The proof follows easily from Theorem 13. ■ 
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Abstract 

In this paper, we prove that the topology induced by any complete in- 
tuitionistic fuzzy metric space is completely metrizable. We also introduce 
the notions of t-uniformly continuity, t-equicontinuity and t-equinormality, 
and state new version of the Ascoli-Arzela theorem for intuitionistic fuzzy 
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1 Introduction 

One of the main problems in the theory of fuzzy topological spaces is to obtain 
a consistent notion of a fuzzy metric space. Many authors have investigated this 
question and several different notions of a fuzzy metric space have been defined. 
In particular, George and Veeramani [5,6] introduced and studied an interesting 
notion of fuzzy metric space. Recently, using the idea of intuitionistic fuzzy sets 
introduced by Atanassov [1], Park [16] defined the notion of intuitionistic fuzzy 
metric space as a natural generalization of fuzzy metric space due to George 
and Veeramani [5], and proved that every intuitionistic fuzzy metric space gen- 
erates a Hausdorff first countable topology. Saadati and Park [17] obtained a 
stronger result. In fact, they introduced a uniform structure on intuitionistic 
fuzzy metric space in the sense of Park [16] and proved (Lemma 1) that the 
topology generated by any intuitionistic fuzzy metric space is metrizable. 
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In this paper, we prove that if intuitionistic fuzzy metric space is complete, 
then the generated topology is completely metrizable. We introduce the concept 
of t-uniform continuity and uniform continuity, and discuss several properties 
of them. We observe that every t-uniformly continuous mapping is uniformly 
continuous but converse does not hold in general. Moreover, we show that every 
continuous mapping on a compact intuitionistic fuzzy metric space is t-uniformly 
continuous and, for each intuitionistic fuzzy metric space (X,M,N,*,()) such 
that every real valued continuous function is uniformly continuous, there is an 
intuitionistic fuzzy metric on X compatible with the topology generated by 
(M, N) for which every real valued continuous function is t-uniformly contin- 
uous. We also introduce the concept of t-equinormality to characterize intu- 
itionistic fuzzy metric spaces for which every real valued continuous function 
is t-uniform continuous. We observe that a compact intuitionistic fuzzy metric 
space is separable and introduce the concept of t-equicontinuity. Using these re- 
sults, we extend the Ascoli-Arzela theorem on intuitionistic fuzzy metric space. 
We also prove that every intuitionistic fuzzy metric space is normal and as a 
result of that Urysohn's lemma and Tietze extension theorem are true in the 
case of intuitionistic fuzzy metric space in the sense of Park [16]. 

2 Preliminaries 

Definition 1 A binary operation * : [0, 1] x [0, 1] — > [0, 1] is continuous t-norm 
if * is satisfying the following conditions: for all a, b, c, d G [0, 1] 

(a) * is commutative and associative; 

(b) * is continuous; 

(c) a * 1 = a for all a G [0, 1]; 

(d) a * b < c* d whenever a < c and b < d. 

Definition 2 A binary operation <0 : [0, 1] x [0, 1] — > [0, 1] is continuous t- 
conorm if is satisfying the following conditions: for all a, b,c,d G [0, 1] 

(a) is commutative and associative; 

(b) <0 is continuous; 

(c) a00 = afor all a G [0,1]; 

(d) a()b < c()d whenever a < c and b < d. 

Remark 1 The concepts of triangular norms (t-norms) and triangular conorms 
(t-conorms) are known as the axiomatic skeletons that we use for characteriz- 
ing fuzzy intersections and unions, respectively. These concepts were originally 
introduced by Menger [15] in his study of statistical metric spaces. Several ex- 
amples for these concepts were proposed by many authors (see[8,10-H,16,18]). 



286 



INTUITIONISTIC FUZZY METRIC SPACES 



Remark 2 ([16]) 

(a) For any ri,T2 G (0, 1) with r*i > r2, there exist r^,r^ G (0, 1) such that 
t\ * r 3 > r 2 and ri > r40^2- 

(b) For any r^ G (0, 1), there exist r§,r-j G (0, 1) such that rg * r§ > r$ and 

r 5 > r 7 0r 7 . 

Definition 3 ([16]) The 5-tuble (X,M,N,*,()) is an intuitionistic fuzzy met- 
ric space if X is an arbitrary set, * is a continuous t-norm, <0 is a continuous 
t-conorm and M,N are fuzzy sets on X 2 x (0,oo) satisfying the following con- 
ditions: for all x,y, z € X, s,t > 0, 

(a) M(x,y,t) + N(x,y,t)<l; 

(b) M(x,y,t)>0; 

(c) M(x,y,t) = liSx = y; 

(d) M(x,y,t) = M{y,x,t); 

(e) M(x, z,t + $)> M(x, y, t) * M(y, z, s) for all t, s > 0; 

(f) M(x,y, .) : (0, oo) — ► (0, 1] is continuous; 

(g) N(x,y,t)>0- 

(h) N(x,y,t) =0 iff x = y; 

(i) N(x,y,t)=N(y,x,t); 

(j) N(x, z, t + s) < N(x, y, t)QN(y, z, s) for all t, s > 0; 

(k) N(x,y, .) : (0, oo) — ► (0, 1] is continuous. 

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions 
M(x,y,t) and N(x,y,t) denote the degree of nearness and the degree of nonn- 
earness between x and y with respect to t, respectively. 

Until now, (X, M, N, *, 0) denotes an intuitionistic fuzzy metric space with 
the following condition: 

(1) N(x, y, t) < 1 for all x, y G X and t > 0. 

Remark 3 In a metric space {X, d) if we define a*b — ab, a()b = min { f , a + b} , 
M d (x, y, t) = t/[t+d(x, y)) and N d (x, y, t) = d(x, y)/[t+d(x, y)\ then (X, M, N, *, 
0) is an intuitionistic fuzzy metric space [16]. We call this (M d , N d ) as the 
standard intuitionistic fuzzy metric induced by d. In the case that d is the 
Euclidean metric on R, the induced intuitionistic fuzzy metric will be denoted 
by (M|.|,JV|.|) and the corresponding intuitionistic fuzzy metric space, denoted 
(M., Mi j, N\ .|, *, 0), will be called the Euclidean intuitionistic fuzzy metric space. 
In [16], it is proved that every intuitionistic fuzzy metric (M, N) on X generates 
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a topology T(m.n) on X which has as a base the family of open sets of the form 
{B(x, r,t) : x € X,r € (0, 1), t > 0}, where B(x, r,t) = [y £ X : M(x, y, t) > 
1 — r,N(x,y,t) < r} for every r, with r £ (0, 1), and t > 0. Clearly, this topol- 
ogy is Hausdorff and first countable. Moreover, if (X, d) is a metric space, then 
the topology generated by d coincides with the topology T( Mdi jv d ) generated by the 
intuitionistic fuzzy metric (Md,Nd). 

3 The Results 

Definition 4 A topological space (X, r) is said to be admit a compatible in- 
tuitionistic fuzzy metric if there is an intuitionistic fuzzy metric (M, N) on X 
such that T(m,n) = T ■ 

Lemma 1 ([17]) Let (X,M,N,*,()) be an intuitionistic fuzzy metric space. 
Then (X,T(m,n)) is a metrizable topological space. 

Remark 4 By results of Park [16] mentioned above, every metrizable topolog- 
ical space admits a compatible intuitionistic fuzzy metric. By results of Saa- 
dati and Park [17], it is easy to see that if (X,M,N,*,()) is an intuitionistic 
fuzzy metric space then {U n : n € N} is a base for a uniformity compatible with 
T(m,n), where U n = {(x,y) £ X x X : M(x,y,l/n) > 1 - (l/n),N(x,y,l/n) 
< 1/ro} for all n £ N. Thus, if [X, M, N, *, 0) is an intuitionistic fuzzy metric 
space then the topological space (X,tim,n)) is metrizable. 

Corollary 2 A topological space is metrizable if and only if it admits a com- 
patible intuitionistic fuzzy metric. 

Proof. Let (X, r) be a metrizable topological space and d be a metric on X 
compatible with r. Then, the intuitionistic fuzzy metric (M^N^), induced by 
d, is compatible with r [16]. The converse follows immediately from Lemma 1. 



Corollary 3 ([16]) Every separable intuitionistic fuzzy metric space is second 
countable. 

Proof. Let (X, M, N, *,0) be a separable intuitionistic fuzzy metric space. 
By Lemma 1, (X,T(m,n)) is a separable metrizable space. So, it is second 
countable. M 

Definition 5 ([16]) Let (X,M,N,*,()) be an intuitionistic fuzzy metric space. 
A sequence {x n } in X converges to x in X if and only if M(x n ,x,t) tends 
to 1 and N(x n ,x,t) tends to as n tends to oo, for each t > 0. A sequence 
{x n } in X is said to be a Cauchy sequence if for each s, < e < 1 and t > 0, 
there exists uq £ N such that M(x n ,x m ,t) > 1 — e and N(x n ,x m ,t) < £ for 
all n,m > no- An intuitionistic fuzzy metric space is said to be complete if 
every Cauchy sequence is convergent. It is called compact, if every sequence in 
X contains a convergent subsequence. 
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Let us recall that a metrizable topological space (X, r) is said to be com- 
pletely metrizable if it admits a complete metric [3]. On the other hand, an 
intuitionistic fuzzy metric space (X,M,N,*,()) is called complete [16] if every 
Cauchy sequence is convergent. If (X,M,N,*,()) is a complete intuitionistic 
fuzzy metric space, we will say that (M, N) is a complete intuitionistic fuzzy 
metric on X. 

Theorem 4 Let {X, M, N,*,()) be a complete intuitionistic fuzzy metric space. 
Then, {X,tim,n)) is completely metrizable. 

Proof. It follows from the proof of Lemma 1 that {U n : n G N} is a base for 
a uniformity U on X compatible with t/m,n)> where U n = {(x,y) G X x X : 
M(x,y,l/n) > 1 — (l/n),N(x,y,l/n) < 1/n} for every n G N. Then, there 
exists a metric d on X whose induced uniformity coincides with U. To show 
that d is complete, we will prove that for given a Cauchy sequence (x n ) m 
(X, d), (x n ) is Cauchy sequence in (X, M, N, *, <>)■ For given r G (0,1) and 
t > 0, choose a k G N such that \/k < min{r, t}. Then, there exists a uq G N 
such that (x n ,x m ) G Uk for every n, to > no- Consequently, 

M(x n , x m , t) > M(x n , x m , 1/fc) > 1 - (1/fc) > 1 - r 

and 

N(x n , x m , t) < N(x n , x m , 1/fc) < (1/fc) < r 

for each n,m > no- 

Hence, we have shown that (x n ) is Cauchy sequence in complete intuitionistic 
fuzzy metric space (X, M, N, *, 0), so it is convergent with the respect to T(m,n) ■ 
Thus, d is a complete metric on X. We conclude that (X, T(m,n)) is completely 
metrizable. M 

Corollary 5 A topological space is completely metrizable if and only if it admits 
a compatible complete intuitionistic fuzzy metric. 

Proof. Let (X, r) be a completely metrizable space and d be a complete 
metric on X compatible with r. Then, the intuitionistic fuzzy metric (M^, A^) 
induced by d is complete [16], and it is compatible with r. The converse follows 
immediately from Theorem 4. ■ 

Since every completely metrizable space is a Baire space [3] , we deduce from 
Theorem 4 the following. 

Corollary 6 ([16]) Every complete intuitionistic fuzzy metric space is a Baire 
space. 

Definition 6 A mapping f from an intuitionistic fuzzy metric space (X, M, 
N, *,<0) t° an intuitionistic fuzzy metric space (Y, O, P, *, A) is said to be uni- 
formly continuous if for each e G (0,1), there exist r G (0,1) and s > such 
that M(x, y,s) > 1 — r and N(x, y,s) < r imply 0(f(x), f(y),t) > 1 — e and 
P(f(x),f(y), t) < e, for all x, y G X and t > 0. 
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Definition 7 A mapping f from an intuitionistic fuzzy metric space (X, M, 
N, *,0) to an intuitionistic fuzzy metric space (Y,0,P,-k,A) is said to be t - 
uniformly continuous if for each s € (0,1), there exists r € (0,1) such that 
M(x,y,t) > 1 — r and N{x,y,t) < r imply 0(f(x),f(y),t) > 1 — £ and 
P(f(x),f(y), t) < e, for all x, y G X and t > 0. 

Remark 5 It is easy to see that every t-uniformly continuous mapping is uni- 
formly continuous. In example below, we will show that the converse does not 
hold. It is also clear that every t-uniformly continuous mapping from an in- 
tuitionistic fuzzy metric space (X,M,N,*,()) to an intuitionistic fuzzy metric 
space (Y,0, P,*, A) is continuous from {X, tim,n)) t° 0^t t (o,p))- By a compact 
intuitionistic fuzzy metric space, we mean an intuitionistic fuzzy metric space 
(X,M,N,*,{)) such that (X, t/m,n)) is a compact topological space. In [7-9], 
these notions were introduced and studied in fuzzy metric spaces. 

Example 1 Let X = {1}U I 1 — ^-j-j- : n € N >, a*b = ab and a()b = min{l, a + 
b} for all a,b € [0, 1]. For each x, y € X and t > 0. define 

if x = y 
M(x, y,t) — ^ txy, if x ^ y and t < 1 




if x t^ y and t > 1 



and 



0, ifx = y 

N(x, y,t) = I 1 — txy, if x ^ y and t < 1 
1 — xy, if x ^ y and t > 1 

It is easy to check that (X,M,N,*,Q) is an intuitionistic fuzzy metric space. 
Moreover, for each x € X, B(x, 1/2, 1/2) = {x}, so T(m,jv) is the discrete 
topology on X. 

Now, let f be any continuous real valued function on X. Given e £ (0,1) 
and t > 0, choose r = s = 1/2. Then, M(x, y, s) > 1 — r and N(x, y, s) < r if 
and only if x = y. Therefore, f is uniformly continuous from (X,M,N,*,()) 

fo(R,M|.|,W M ,*,0). 

Finally, let /(l) = 1 and f(x) = for all x G ^\{1}- Given e = 1/2 
and t = 1. there exists n G N such that ^rj < r for each r € (0,1), so 
M(l,l-^,i) > 1-r andN(l,l-^,t) <r, but M M (/(1),/(1- £.),t) = 
M M (1,0,1) = 1/2 = 1 -e and W M (/(1),/(1 - ^),t) = tf N (1,0,1) = 1/2 = 
s. We conclude that f is not t-uniformly continuous from (X, M, N, *, 0) to 
(R,M M ,JV|.|,*,0). 

Proposition 7 Every continuous mapping from a compact intuitionistic fuzzy 
metric space (X,M,N,*,{)) to an intuitionistic fuzzy metric space (Y,0,P,*, 
A) is t-uniformly continuous. 

Proof. Suppose that there is a continuous mapping / from the compact 
intuitionistic fuzzy metric space (X, M, N, *, <0) to an intuitionistic fuzzy metric 
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space (Y,0,P, •, A) which is not t-uniformly continuous. Then there exist e <G 
(0, 1), and two sequences (x n ) and (y„) in X such that M(x n ,y n ,t) > 1 — 1/n 
and7V(x n ,y„,i) < 1/n but 0(f(x n ), f(y n ), t) < 1-e and P(f(x n ), f(y n ), t) > e 

for £ > and all n <E N. 

By compactness of (X, T( M ,at)), there are subsequences (x„ fc ) and (y n/ J of 
(x n ) and (y„) respectively, and points x, y G X such that x„ fc — > x and y„ fc — > y 
in (X,T( M ,N))- Since 

M(x, y, 3i) > M(x, x nk , t) * M{x nk , y njb , t) * M(y nfc , y, t) 

and 

^"(a;, 2/, 3i) < 7V(x, a; nfe , t)()N(x nk , y nk , t)QN(y nk ,y,t), 

those immediately follow that M(x, y, 3i) = 1 and N(x,y,3t) = 0, so x = y. 
Hence, by continuity of /, /(x„J -► /(x) and /(y„J -» /(y) in (F,t (0 ,p)). 
Choose 5 > such that (1 — 5) * (1 — 6) > 1 — e and S A S < e. Then, there 
is fc € N such that 0(f(x),f(x nk ),t/2) >l-5, 0(f(x)J(y nk ),t/2) > 1 - 5, 
P(f(x),f(x nk ),t/2) < S and P(f(x),f(y nk ),t/2) < S for all k > k . So 

0(f(x nk ),f(y n „),t) > 0(f(x nk )J(x),t/2)*0(f(x)J(y nk ),t/2) 
> {l-6)*(l-6)>l-e 

and 

P(f(x nk )J(y nk ),t) < P(f(x nk )J(x),t/2)AP(f(x),f(y nk ),t/2) 
< S A S < e 

for all k > fco) which are contradictions. We conclude that / is t-uniformly 
continuous. H 

Remark 6 Let f be a t-uniformly continuous mapping from the intuitionistic 
fuzzy metric space X to the intuitionistic fuzzy metric space Y . If (x n ) is a 
Cauchy sequence in X, then (f(x n )) is also a Cauchy sequence in Y . 

Next, we will characterize intuitionistic fuzzy metric spaces for which real 
valued continuous functions are t-uniformly continuous. 

Definition 8 An intuitionistic fuzzy metric (M , N) on a set X is said to be 
t-equinormal if for each pair of disjoint nonempty closed subsets A and B of 
(X, TfM,N)) an d eac h t > 0, sup {M(a, b,t) : a <G A 7 b <G B} < 1 and mi{N(a, b, 
t):aeA,be B}>0. 

Theorem 8 For an intuitionistic fuzzy metric space (X, M, N, *, Q), the fol- 
lowing s are equivalent. 

(a) For each intuitionistic fuzzy metric space (Y,0, P, *, A), any continuous 
mapping from (X,T(m,n)) to (Y,T(o,p)) 1S t-uniformly continuous as a 
mapping from (X,M,N,*,Q) to (Y,0,P,*,A). 
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(b) Any real valued continuous function on (X,t<m,n)) is t-uniformly con- 
tinuous from (X,M,N,*,{)) to the Euclidean intuitionistic fuzzy metric 
space (R,M|.|,i\T|.|,*,0). 

(c) The intuitionistic fuzzy metric (M, N) is t-equinormal. 

Proof, (a) =4> (b). Obvious. 

(b) =^> (c). Let A and B be two disjoint nonempty closed subsets of 
(X,TfM,N)) and fix t > 0. Let / : X — ► [0, 1] be a continuous function such 
that f(A) C {0} and f(B) C {1}. Put e = l/(£ + 1). By assumption, there is 
r€ (0,1) such that 

>l- £ and l/W-/(?)l <e 



whenever M(x,y,t) > 1— r and N(x,y,t) <r. Since we havei/(i+|/(a) — /(6)|) 
= t/(* + 1) = 1 - £ and \f (a) - f(b)\ /(t + \f(a) - f(b)\) = l/(t + 1) = e, it 
follow that M(a,b,t) < 1 - r and N(a,b,t) > r for all a e A and 6 £ 5. We 
conclude that (M, iV) is a t-equinormal intuitionistic fuzzy metric on X. 

(c) =^> (a). Suppose that there is an intuitionistic fuzzy metric space 
(Y, O, P, *, A) and a continuous mapping / from (X, T(m,jv)) to (Y, r^^O which 
is not t-uniformly continuous. Then, there exist e G (0,1), and two sequences 
{a n ) and (b n ) such that M(a n ,b n ,t) > 1 — 1/n and N(a n ,b n ,t) < \jn but 
0(f(a n )J(b n ),t) < 1 -£ and P(f(a n ),f(b n ),t) > e for i > and all n G N. 
We distinguish two cases: 

Case I. The sequence (a n ) has a convergent subsequence (a n J with limit 
a £ X. If the sequence (b nk ) has a cluster point b £ X, then as in the proof 
of Proposition 7, we obtain that M(a, b, 3i) = 1 and N(a, b, 3i) = 0, so a = 6, 
and by continuity of /, 0(f(a nk ),f(b n J, t) > 1-e and P(f(a nk ),f(b nk ),t) <e 
which provide contradictions. Otherwise, without loss of generality, we may 
suppose that {a} U {a nk : k € N} and {b nk : k <G N} are disjoint closed subsets 
of X. But sup {M(a nk , 6„ fc , t) : k G N} = 1 and inf {7V(a„ fc , 6„ fc , t) : k G N} = 
which provide contradictions. 

Case II. The sequence (a n ) has no convergent subsequence. Then, without 
loss of generality, we may suppose that {a nk : k G N} and cl {b nk : k G N} are 
disjoint closed subsets of X. Thus, we obtain a contradiction again. This 
completes the proof. ■ 

Let us recall that a metric d on a set X is equinormal ([4]) if for each pair 
of disjoint nonempty closed subsets A and B of X, d(A,B) > 0. 

Proposition 9 Let (X,M,N,*,()) be an intuitionistic fuzzy metric space for 
which every real valued continuous function is uniformly continuous from (X, M, 
N, *,0) to the Euclidean intuitionistic fuzzy metric space (R, Mm,7Vm,*, <})• 
Then, there is an intuitionistic fuzzy metric (O, P) on X compatible with tim,n) 
for which every real valued continuous function on {X,tio,p)) * s t-uniformly 
continuous from (X, O, P, *, A) to the Euclidean intuitionistic fuzzy metric space. 
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Proof. The set {U n : n £ N} is a countable base for a uniformity U on X 
compatible with T(m,jv)> where U n = {(x, y) : M(x,y, 1/n) > 1 — (l/n),N(x,y, 
1/n) < 1/n} for all n € N. Let d be any metric on X whose induced uniformity 
coincides with U. Obviously, the topology Td generated by d coincides with 
t (m,n)- Since every real valued continuous function on the metric space (X, d) 
is uniformly continuous, d is an equinormal metric on X (see [2,4]). Now, let 
(Md,Nd) be the intuitionistic fuzzy metric induced by d, where a * b — ab and 
a()b = minjl, a + b} for all a, b £ [0, 1]. It is clear that (Mj, No) is compatible 
with T(m,n)- Now, let A and B be two disjoint nonempty closed subsets of X 
and t > 0. By equinormality of d, there exists S > such that d(a, b) > 8 for all 
a £ A and b £ B. Therefore, for each a £ A and 6 <G B, we have Md{a, b, t) = 
t/(t + d(a,b)) < t/(t + S) and N d (a,b,t) = d(a,b)/(t + d(a,b)) > S/(t + S). 
Hence, sup {M d (a, 6, i) : a € A, & € 5} < 1 and inf {N d (a, b,t) : a e A,b e B} > 
0. So, by Theorem 8, every real valued continuous function on (X, T(m«j,jv« j )) 
is t-uniformly continuous from (X, M^, N d , *, 0) to the Euclidean intuitionistic 
fuzzy metric space. M 

Proposition 10 Every compact intuitionistic fuzzy metric space is separable. 

Proof. Let (X,M,N,*,()) be any compact intuitionistic fuzzy metric space. 
Then, for given r £ (0, 1) and t > 0, we can find xi 7 x 2 , ...,x n in X such that 
X = Uf_ 1 B(xi,r,t). In particular, for each n £ N, we can find a finite set A n 
such that X = U ne A n B(a, 1/n, 1/n). Let A = U^L^n, then A is countable. We 
claim that X c A. Let x £ X, then for each n, there exists a n £ A„ such that 
a; € B{a ni 1/n, 1/n). Thus, a„ converges to x but o„ £ A for all n and hence 
X € A. Therefore, A is dense in X and X is separable. ■ 

Definition 9 ([16]) Let X be any nonempty set and ( Y, M , N, * , 0) &e an m- 

tuitionistic fuzzy metric space. Then a sequence {/„} of functions from XtoY 
is called converge uniformly to a function f from X to Y if given r £ (0,1) 
and t > 0, there exists no £ N such that M(f n (x),f(x),t) > 1 — r and 
N(f n (x), f(x), t) < r for all n > n and x £ X . 

Definition 10 A family of mappings F from an intuitionistic fuzzy metric 
space (X,M,N,*,0) to an intuitionistic fuzzy metric space (X,0,P,*,A) is 
said to be t-equicontinuous if for each r £ (0, 1) and t > 0, there exists r £ (0, 1) 
such that M(x,y,t) > 1 — Vq and N(x,y,t) < r^ imply 0(f(x), f(y),t) > 1 — r 
andP(f(x)J(y) 1 t)<rforallfeF. 

Lemma 11 Let {f n } be an t-equicontinuous sequence of mappings from an in- 
tuitionistic fuzzy metric space (X, M, N, *, 0) to a complete intuitionistic fuzzy 
metric space (X, 0,P, *, A). If {f n } converges for each point of a dense sub- 
set A of X , then {f n } converges at each point of X and the limit function is 
continuous. 

Proof. Let s £ (0, 1) and t > 0. Then, we can find a r £ (0, 1) such that 
(1 — r) -k (1 — r) • (1 — r) > 1 — s and r A r A r < s. Since F = {/„} is a t- 
equicontinuous family, for r £ (0, 1) and t > 0, we can find r\ £ (0, 1) such that 
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M(x,y,t/3) > 1-n and N(x,y,t/3) < n imply 0(f n (x), f n (y),t/3) > 1-r 
and P(f n (x),f n (y),t/3) < r for all /„ £ F. Since A is dense in X, there 
exists j/ £ B(x,ri,t) fl A and (f n (y)) converges for that y. This (f n {y)) being 
a Cauchy sequence, for r £ (0, 1) and £ > 0, we can find ano 6 H such that 
for all m,n > n , 0(f n (y)J m (y),t/3) > 1 - r and P(f n (y)Jm(y),t/3) < r. 
Therefore, for any i £ I, we have 

0(fn(x)J m (x),t) > 0(f n (x),f n (y),t/3)*0(f n (y),f m (y),t/3) 
*0(f m (x),f m (y),t/3) 

> (1-r)* (1-r)* (1-r) 

> 1-s 

and 

P(fn(x),f m (x),t) < P(fn(x)Jn(y),t/3)AP(f n (y),f m (y),t/3) 

A P(f m (x)J m (y),t/3) 

< r A r A r 

< s. 

Thus, (f n (x)) is a Cauchy sequence in Y. Since Y is complete, / n (x) converges. 
Define f(x) = lim„^oo f n (x). We claim that / is continuous. Let s € (0, 1) be 
given. Then, we can find a r € (0, 1) such that (1 — r ) * (1 — r ) • (1 — r ) > 
1 — so and r A r A tq < s . Since F is t-equicontinuous, for r £ (0,1) 
we can find n £ (0,1) such that M(x,y,t/3) > 1 — r\ and N(x,y,t/3) < r\ 
imply 0(f n (x),f n (y),t/3) > 1 - r and P(f n (x)J n (y),t/3) < r for all /„ £ 
F. Since /«(«) converges to /(cc), for ro £ (0, 1) we can find an i £ N such 
that 0(f n (x),f(x),t/3) > 1 - r and P(f n (x),f(x),t/3) < r for all n > i. 
Since /r»(j/) converges to /(y), for r £ (0,1) we can find a j £ N such that 
0(fn(x),f(y),t/3) > 1 - r and P(f n (x), f(y), t/3) < r for all n > j. Hence, 
for all n > max{z, j}, we have 

0(f(x)J(y) 7 t) > 0(f(x)J n (x),t/3)*0(f n (x)J n (y),t/3) 
*0(f n (y)J(y),t/3) 

> (i_r )*(l-ro)*(l-ro) 

> 1-so 



and 



P(f(x)J(y),t) < P(f(x)J n (x),t/3)AP(f n (x)J n (y),t/3) 

a P(f n (y)J(y),t/3) 

< r A r A r 

< so- 



Hence, / is continuous. 
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Theorem 12 (Intuitionistic fuzzy Ascoli-Arzela theorem) Let (X, M, N, 

*, 0) be a compact intuitionistic fuzzy metric space and (Y, O, P, *, A) &e a com- 
plete intuitionistic fuzzy metric space. Let F be a t-equicontinuous family of 
functions from X to Y . Let (/„) be a sequence in F such that cl{f n (x) : n 
= 1,2, ...} is a compact subset ofY for each x G X. Then, there exists a con- 
tinuous function f from X to Y and a subsequence (g n ) of (/„) such that g n 
converges uniformly to f on X . 

Proof. Since X is a compact intuitionistic fuzzy metric space, by Proposition 
10, X is separable. Let A = {x\,X2, ■■■} be a countable dense subset of X. 
Hence, for each i, cl {f n {xi) : n = 1, 2, ...} is a compact subset of Y. Since every 
intuitionistic fuzzy metric space is first countable [16], every compact subset 
of Y is sequentially compact. Therefore, we get a subsequence {g n } of {f n } 
such that {g n (xi)} converges for each i,i = 1,2,... . By Lemma 11, we get a 
continuous function / from X to Y such that g n (x) converges to f(x) for all x 
in X. We claim that g n converges uniformly for / on X. Let s G (0, 1) and t > 
be given, then we can find a r G (0, 1) such that (1 — r) * (1 — r) * (1 — r) > 1 — s 
and r A r A r < s. Since F is t-equicontinuous, we can find r\ £ (0, 1) such that 
M(x, y, t/3) > 1 - n and N(x, y, t/3) < r\ imply 0(g n (x),g n (y),t/3) > 1 - r 
and P(g n (x),g n (y),t/3) < r for all n. Since X is compact, by Proposition 7, 
/ is t-uniformly continuous. Hence, for r € (0, 1), we can find ri £ (0, 1) such 
that M(x, y, t/3) > l-r 2 and N(x,y,t/3) < r 2 imply 0(f(x),f(y),t/3) > 1-r 
and P(f(x),f(y),t/3) < r. Let r = min {ri,r 2 }. Since X is compact and A 
is dense in X, X = U^ =1 B(x i ,r ,t/3) for some finite k. If x G X, then we can 
find i, 1 < i < k, such that M(x,Xi,t/3) > 1 — r and N(x,Xi,t/3) < r . Since 
?*o = min{ri,r2}, by the t-equicontinuity of F, we have 0(g n (x),g n (xi),t/3) > 
1 — r and P{g n (x), g n {xi), t/3) < r, and by the uniform continuity of /, we have 
0(f{xi),f(x),t/3) > 1-r and P(f(xi),f(x),t/3) < r. Since g n (xj) converges 
to f(xj), we can find a n G N such that 0(g n (xj), f(xj),t/3) > 1 — r and 
P(g n (xj), f(xj), t/3) < r for all n > no and 1 < j < k. Thus, for all x G X, we 
have 

0(g n (x),f(x),t) > 0(g n (x),g n (Xi),t/3)*0(g n (xi),f(Xi),t/3) 
*0(f(xi),f(x),t/3) 

> {1-r)* (1-r)* {1-r) 

> 1-8 

and 

P(g n (x),f(x),t) < P(gn(x),gn{xi),t/3)AP(g n (xi),f(xi),t/3) 

A P(f(Xi),f(x),t/3) 

< r A r A r 

< s. 

Hence, g n converges uniformly to / on X. M 
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Theorem 13 Every intuitionistic fuzzy metric space is normal. 

Proof. Let (X,M,N,*,()) be an intuitionistic fuzzy metric space, and S, K 
be two disjoint closed sets in X . Let x £ S then x £ K c . Since K c is open, 
there exist r x <G (0, 1) and t x > such that B(x, r x ,t x ) l~l K = for all x € S. 
Similarly, there exist r y <G (0, 1) and t y > such that B(x,r y ,t y ) n 5 = for 
all x £ K. Let s = min{r a; ,i x ,rj / ,£j / }. Then we can find apo £ (0,p) such that 
(1 - p ) * (1 - Po) > 1 - P and p <>Po < P- Define U = \J xeS B(x,p Q ,p/2) and 
V = (J ye KB(y,po,p/2). Clearly U and V are open sets such that S C U and 
if C F. Now, we claim that U C\V = 0. Let z e U C\V. Then there exist 
x e S and y & K such that 2 € B(x,po,p/2) and z € B(y,p ,p/2). Therefore, 
we have 

M(x,y,p) > M(x,z,p/2)*M(y,z,p/2)>(l-po)*(l-po) 
> \-p 

and 

N(x,y,p) < N(x,z,p/2)ON(y,z,p/2)<p Opo 
< P- 

Hence, y £ B(x 1 p,p). But B(x,p,p) C B(x,r Xl t x ), since s < t x ,r x . Thus, 
B(x,r x ,t x ) n if is nonempty which is a contradiction. Therefore, U C\V = 0. 
Hence, X is normal. ■ 

Remark 7 From the above theorem, we can easily deduce that every metriz- 
able space is normal. Since every intuitionistic fuzzy metric space is normal, 
Urysohn's lemma and Tietze extension theorem are true in the case of intuition- 
istic fuzzy metric spaces. 

4 Conclusions 

In this work, we have shown that the topology generated by any complete in- 
tuitionistic fuzzy metric space is completely metrizable and if the intuitionistic 
fuzzy metric space is complete then the generated topology is completely metriz- 
able. We also introduce the concepts of t-uniform continuity, uniform continuity, 
t-equinormality and t-equicontinuity, and discuss their properties to extend and 
Ascoli-Arzela theorem on intuitionistic fuzzy metric spaces. During this work, 
we think some arised natural questions: firstly, if every open cover in an in- 
tuitionistic fuzzy metric space X admits a countably locally finite refinement 
which covers X, then ,in other way, one could show that every intuitionistic 
fuzzy metric space has a countably locally finite basis which implies every in- 
tuitionistic fuzzy metric space is also metrizable. Secondly, in [17] it is proved 
that if a compact structure on an intuitionistic fuzzy metric space implies its 
precompactedness and completedness, then one could show that the Niemytzki- 
Tychonoff theorem is also true in the case of intuitionistic fuzzy metric spaces. 
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Abstract 

Let HI be a separable Hilbert space and f2 a fixed subset of R. Consider an El- 
valued function K : fi — > H and x 6 H. Then, the function f x : — > C given by 
f x (t) := (x, K(t)) is well-defined. Denote by Hk the set of functions obtained in this 
way. Although a variety of sampling results for TLk is known in the literature, there 
exist some simple examples where they do not apply because the implicit interpolation 
condition that appears does not adjust the former pattern we need. The main aim of 
this paper is to obtain a more general sampling result including most of these special 
cases. In this way, the concept of interpolation condition is redefined and we study how 
to combine two of them in order to obtain a new sampling result. Some examples are 
obtained in this new framework. 

Keywords: Reproducing kernel Hilbert spaces; Sampling formulas; Biorthonormal Riesz 

bases. 

AMS: 94A20; 44A05; 46E22. 

1 Statement of the problem 

For the past few years a significant mathematical literature on the topic of sampling theorems 
associated with differential or difference problems has flourished [1, 4, 5, 6, 7, 8]. See also [15] 
and the references therein. In turn, we might consider the Weiss-Kramer sampling theorem 
as the leitmotiv of all these results [11, 13]. Roughly speaking, the common situation for 
these sampling problems is the following: 

Let f be a function defined on C by f(t) = j I F(x) K(x,t) dx, F £ L 2 (I), (or f(t) = 
Y^nFin) K(n,t), F £ £ 2 ). The kernel K, which belongs to L 2 (I) (or I 2 ) for each fixed t £ C, 
satisfies the differential (difference) equation appearing in a differential (difference) problem 
(P) which has the sequence of eigenvalues {t n }. Moreover, whenever we substitute in K the 
spectral parameter t by {t n } we obtain the sequence of orthogonal eigenfunctions associated 
with (P) which constitutes an orthogonal basis for L 2 (I) (£ 2 ). Under these circumstances, 
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/ is an entire function which can be recovered from its samples {f(t n )} by means of a 
sampling formula f{t) = J2 n f(^)S n (t), where the sampling functions {S n } are given by 
S n (t) = \\K(-,t n )\\~ 2 {K(-,t),K(-,t n )) (the inner product in L 2 (I) or £ 2 ). 

All the results above can be formulated in an abstract way following the approach in 
Saitoh's book [12]. Namely, let H be a separable Hilbert space, and Q a fixed subset of 
R. Given an H-valued function K : 0, — > H, for x G H, the function f(t) := (x, K(t))u is 
well-defined as a function / : Q — ► C. We denote by TLk the set of functions obtained in 
this way and by T the linear transform 

T: H — ► TL K m 

a: —► / { > 

Hereafter we refer the function K as the kernel of the transform T. Note that the continuity 
of the kernel K implies that the functions in TLk are continuous inO, a natural setting for 
sampling purposes. If we define in TLk the norm H/H?^- = inf{||x||e : / = T(x)} we obtain 
a reproducing kernel Hilbert space (RKHS hereafter) whose reproducing kernel is given by 
k(t, s) := (K(s), K(t))u i-e., for each s £ 0, the function k s defined as k s {t) := k(t, s) belongs 
to Tix, and the reproducing property 

f(s) = (f,k s ) nK = (f,k(; S ))n K , sen, fen K (2) 

holds. Recall that the Moore-Aronszajn procedure [2] leads to the same RKHS via the 
positive definite (or positive matrix) function k. Under these circumstances it is known that 
the linear operator T is one-to-one if and only if T is an isometry between H and Tin, 
or, equivalently, if and only if the set of functions {K{t)}t&o. is complete in H [12]. An 
important property of TCk is that convergence in its norm implies pointwise convergence. 
In fact, by the reproducing property, we have that 

\f(t)-fn(t)\ = \(f-f n ,k(.,t))\<\\f-f n \\n K \\K(t)\\M- 

Notice that the last inequality also implies uniform convergence in subsets of 0, where the 
function k(t,t) = ||i^(t)|| 2 is bounded. The RKHS TLk has been largely studied in the 
mathematical literature (see the superb monograph [12] and references therein). 

A sampling result for TLk can be easily established (see [9] or [10]). Namely, let {x n }^ =1 
and {x* }^Li be a pair of biorthonormal Riesz bases for a Hilbert space H. Assume that, for 
each fixed t G 17, K(t) can be written as K{t) = Y^=i Sn(t) x* n , where the functions S n G TLk 
satisfy, for some fixed sequence {t n ] c ^ =l in 0, the interpolation property: S n {t m ) = a n 6n,m 
for some constants {a„}~ =1 CC\ {0}. Then, any function / G TLk can be expanded as 



*-^ a r , 



/(*) = 2^/(*n)-r^, fG^. (3) 

where the convergence of the series is absolute and uniform on subsets of 0, where the 
function ||i^(t)|| is bounded. 

Recall that a Riesz basis {u> n }^Li for H is the image of an orthonormal basis by means of 
a bounded invertible operator on H. Any Riesz basis {w n }^ =1 has a unique biorthonormal 
(dual) Riesz basis {w^ l } ( ^' =1 , i.e., such that (ttVi,ti^)e = &n,m , and the expansions 

oo oo 



n=l n=l 



x,w^)uw n = y^(x,w n )uWn 
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hold for every x £ HI (see [3] or [14] for more details and proofs). 

Perhaps the most important examples of RKHS TCk that verify the mentioned result are 
the classical Paley- Wiener spaces of bandlimited functions, i.e., square integrable functions 
in R such that their Fourier transforms are zero outside a bounded set in 1L For instance, 
any function of the form 

f(t) = — L I F(x)e itx dx , t€l, 
where F £ L 2 [— tt,tt], can be expanded as the cardinal series 

oo 

/(*)= J2 f(n)smc(t-n), t€R, 

n=—oo 

where sine stands for cardinal sine function (or sine function) defined as sinct = sin7rt/7rt 
for t 7^ and sine = 1. 

The sampling series (3) might also contain samples from functions which are related to 
/ in some sense. Thus, this sampling result can be generalized in the following way: Let 
{i n }™ =1 U {y n }^Li and {x*}^L 1 U {y*}^ =1 be a pair of biorthonormal Riesz bases for the 
Hilbert space H. For each fixed t£fi, K{t) can be written as 

oo 

K(t) = Y,[SjT)x* n + JUt)y* n ], 

n=l 

where S n (t) and T n {t) denote the evaluation at t £ £1 of the functions S n = T{x n ) £ TCk 
and T n = T(y n ) £ TCk obtained by means of the linear transform (1) . 

Assume that there exist two kernels K\ , Ki : 0, — ► H each defining a function in the 
way K does, i.e., fj(t) := {x,Kj(t))u, j = 1,2. Let T\ and Ti be the corresponding linear 
transforms. These kernels can be written as 



K j(t) = J2 [Sl(t)x* n + Tl(t)y* n ] , j = 1, 2 



n=l 



where Si(t) = Tj(x n )[t] and Tj{(t) = Tj(y n )[t] for t £ £1, j = 1,2. Suppose there exist two 
sequences {s n }^ =1 and {t n }^ =1 in 17 such that the functions {Sh}™ =1 and {T^}^1 1 , j = 1,2, 
satisfy the interpolation conditions 

b n (S m ) = 0"n^n,m'i ^n\ s "i) = ^n^n,m: \ a nSn=l' \"n\n=l ^— ^ 
^nV^Tn) — C n Ojj im , ± n [t rn ) — u>n0n,m7 fiiJn=l! l"iiJn=l ^— ' 

where A n := a n d n — b n c n / for all n £ N. Suppose that / and the functions f\ and fi are 
related in the sense that ker T C ker T\ n ker Ti- This implies that ker T = {0} so that TCk 
becomes a RKHS under the inner product {f,g)n K := {^c, 2/)m where Tx = f and Ty = g. 
Under these conditions, the technique used in [9] gives the following result: 

Theorem 1 The sequence {5 n }^ =1 U{T n }^ =1 is a Riesz basis for TCk and, expansions with 
respect to this basis allow to recover any function f in TCk from the samples {/i(s„)}^ =1 
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and {f2(t n )}^ =1 of /i and f 2 , by means of the sampling formula 

oo 



dnfl(s n ) ~ b n f 2 {t n ) s ,^ Qn/2(*n) ~ CnfljSn) j, ,^' 



n=l 

oo 



A., 



A, 



£[/i(«n 



d n S n {t) - c n T n (t) a n T n (t) - b n S n (t) 
\- h\tn) — 



(4) 



n=\ 



A r 



A r 



i 6 fi. 



T/ie convergence of the series is absolute and uniform on subsets of £1 where the function 
\\K(t)\\ is bounded. 



Using a matrix notation, formula (4) can be written as 



/(*) = E (AW Htn)) 



n=l 






-1 



S n (t) 

T n (t) 



(5) 



from which it is not difficult to derive a more general result involving the samples of N 
functions related to /. 

Multi-channel sampling in Paley- Wiener spaces can be easily derived from this approach 
[9]. As a different example of Theorem 1 we can obtain a Hermite-type interpolation series 
for fix, i.e., a sampling series which involves samples of any function / G TCk and its first 
derivative, and in addition, the sampling functions generalize the classical Hermite inter- 
polation polynomials. Indeed, let {t n }^ =1 be a sequence of distinct nonzero real numbers 
such that XlnLi Kn| -2 < oo. There exists an entire function P(t) with simple zeros at the 
sequence {t n } c ^ ) =1 . Specifically, the function P(t) is given by the canonical product 



P(t) 



( oo 

n=\ 

oo 

k n=l 



t 



exp(t/t r 



n=l 

■oo 

n=l 



OO 



< OO . 



Consider {x n } c ^ =l U {y n }^Li and {x* }^ =1 U {y* }^Li a pair of biorthonormal Riesz bases 
for H and Q(t) := P(t) 2 , which has double zeros at {t n }^ =1 . Take the functions 



Sn(t) 



Q(t) 



and Tn(i) 



(t - t n y 

and define the kernels K(t),K\(t) and K 2 {t), t £ R, by 



Q(*) 

£ £77, 



OO 



Q(t) 



Q(t) 



L({ t n J t t n 

n=l 

i^i(i) = K(t) and K 2 {t) = K'(t). It is easy to check the interpolation conditions: 

Y'(t, 



O n [t T 



On,m j J-nytm) — " 



'(*, 



; -L n {tr 



Q"(t n ) 
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Taking into account that Q"{t n ) ^ for all n G N, any function / G TCk can be expanded 
as the series 



/(*) = E [/(*n) (l " ^M(t ~ *»)) + f'(t n )(t - t n ) 



Q m ^) {t t )) + f(t )(t _ t )] 2 m te 



1.1 An easy anomalous example 

Although Theorem 1 is a quite general sampling result, the following example exhibits a 
situation where it does not work. Indeed, consider the usual orthonormal basis for L 2 [— ir, it] 
given by 



U < —j= cos nx > U < —j= sin nx 
2ttJ t0r J n= i IVtt , n=1 

and the kernels 

-ftT(i) = K\ (t) = cos tx + sin tx and X2 (t) = cos ix , 

from which we define, for each <f> G L 2 [—ir, n], the transforms 

f(t) = T<P(t) = (<f>,K(t)) and fi(t) = T i( f>(t) = (<f>,Ki(t)) , i G {1,2} . 

Notice that, if G L 2 [— 7r,7r], we obtain that ((j),cos(tx)} is an even function of t and that 
((j), sin(iar)) is an odd one. Consequently, G kerT implies that T2<fi(t) = /</>, cos(ta)) = 
— ((f), sin(ix)) is both an odd and an even function of t. Therefore, (j) = so that T is 
one-to-one. 

The corresponding sampling functions are given by 

S (t) = (-=,K(t)\ = v^sinct 

\ v27T / 



o / x /I r,/ A 2t(-l) ra sin7rt . 

\ y/TT I V^{t — Tl ) 

m / n /I T w n\ 2n(— l)™sin7rt 

\ y7r / y^\t — fi J 

In this case, S*^ = ^ = 5 , -S£ = Si = S n , T^ = T n and T 2 = for n G N. For n, m G N, 
the following interpolation condition holds: 

'Si(m) 2*(m)\ _ (^ v^F 

X(m) T*(m)) ~ 6m ' n Vv^ 

However, what is happening with Sq and Sq? Even if we decide to define Tq = Tq := 0, the 
interpolation matrix that we used in (5) will be singular and we will not be able to apply 
Theorem 1. 

This example gives us a suitable generalization that, in practice, can be very useful. As 
we only need one coefficient for Sq (Tq is not defined), we can consider the matrix 

/ S 1 (m)\_ (V2k 



2^\ I = °m,0 I AT- I ( 6 ) 



where m G No := NU{0}. The coefficient of So(t) can be chosen in two ways for the sampling 
formula, /i(0)/v2~7r or f2(0)/v2n, the choice being at our disposal; we might choose the 
simplest, or perhaps the only one available, etc. 
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2 A general sampling result in Hr 

The aim in this section is to prove a new sampling result which also applies for anomalous 
examples. To this end, we need to introduce new interpolation conditions which will be 
combined in an appropriate way to obtain the desired sampling result. These topics are the 
subject of the next three subsections: 

2.1 Interpolation condition of type (L,M) 

Consider L, M £ N such that L > M and define M := {1, 2, . . . , M} and L := {1, 2, . . . , L}. 
Consider a linear independent system for HI written as 

{Xl,n}nel U {X2, n }nel U ■ ■ ■ U {xM,n}n& 

where ICN can be a finite set. Suppose that we have L linear transforms T±, T2, . . . ,Tl 
with associate kernels K±(t), K2(t), . . . , Ki,{t) and defined as follows 

f e (t) = T e (x)[t] = (x,K e (t)), £el. 

Denote 

sl, n {t) = Tt>{x m , n )[t}, ten, 

where £ £ L, m £ M and n £ I. 

Definition 1 We say that an interpolation condition of type (L, M) is satisfied by these 
elements if there exist L sets of points {t^jnei in Q, £ € L ; such that, for any fixed 16 L 
and m € M, 

^m,nV'k) = a £,m"n,k , n, fe G I , 

holds, and the coefficients a™ m £ C verify that the rank of the matrices 



A n 



/°1,1 a l,2 ""■ a l,M\ 
a 2,l a 2,2 ' ' ' a 2,M 

\ a L,l a L,2 ' ' ' a L,M/ 



is just M for all n €l. 



Definition 2 Denote by ip any increasing function from M into L, which we shall call a 
choice function. For any matrix B with L rows 6(1), 6(2), . . . , b{L), we define the choice of 
M rows of B by means of ip as 

£^:=(&[V(1)] ?#(2)] ••• bMM)]) T . 

As we can see, B^ is a matrix obtained from B by choosing the rows of B given by 
Y>(1),V(2),...,V(M). 

In these terms, the rank of A n is M if and only if there exists a choice function ip n such 
that ^4^ is not singular. 
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Definition 3 We shall call such a ip n> an ^""-regular choice function. 



Any ^"-regular choice function ip is related to A n in such a way that AS is regular. 
However, this choice function can be applied to any matrix with L rows and any number of 
columns. 

If we have a vector v = (yi V2 • • • vl) , then we can choose the same rows from 
both A n and v. The product of the matrix and the vector obtained in such a way is given 
by 



AS, 



^ v i> 



/, 



>(i),i 



a 



V(l),2 

aV. 



V>(2),1 "V(2),2 



\ a i/.(iW),l a ip(M),2 



a 'i>(l),M\ f V Tp(l)\ 



a. 



i>(2),M 



a ip(M),M/ 



*ty(2) 

W(W 



2.2 Compatibility 

We began this article by showing an example in which two interpolation conditions were 
used. For the first one, Ii = {0}, the linear independent system was just one vector and we 
had only one transform, i.e., it was an interpolation condition of type (1, 1). In the second 
one, I2 = N, the partition of the linear independent system had two elements and there were 
two transforms, so it was an interpolation condition of type (2, 2). The goal of this section 
is to establish which properties must be verified by two interpolation conditions in order for 
a sampling theorem to be possible. It is the topic compatible interpolation conditions. 

The fact of working with two interpolation conditions at least makes the notation used 
hard. For the sake of clarity, hereafter, an index kj denotes that the indexed element 
corresponds to the j-th interpolation condition of those we are using. 

Consider two interpolation conditions of types {L\, M\) and (L2, M2), respectively. This 
means that we have two linear independent systems in H: 

61 :={»i ;ni }ni6li U {x 2 , ril }n 1 eli U ■ ■ • U {^Mi.nilnieli 
©2 '■={ x l t n 2 Sn2el2 U { x 2,n 2 Sn 2 el2 U ■ ■ • U {^M 2 ,n 2 Sn 2 &2 



where Ii,l2 <= N (possibly finite) and M±,M2 E N. Moreover, we suppose the j-th interpo- 
lation condition, j £ {1,2}, has Lj £ N transforms Tg., £j 
each kernel Kg.(t), 



G Lj and Mj < Lj, defined from 



lj G lj, by 



T tj (x) 



[x,KeM 



Zj G L, 



Denote 



cf 
J,, 



T eM 



3 

rrii,nj 



for ii G Lj, raj G Mj, nj G lj and i,j G {1,2}, i.e., the image of ©1 U ©2 by each of the 
transforms of both the interpolation conditions is calculated. 

As they are interpolation conditions, there exist sequences {t^_ }k ei , where 
j G {1,2}, such that 



'j G Lj and 



Sm^nAtS) — a/ Or, 
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holds for rrij G Mj, £j G Lj, rij, kj G Ij and j G {1, 2} in such a way the coefficients a/ m . G 
satisfy that the rank of the matrix 



A n i :-- 



/ n 7 * ri4 

( «1,1 «1,2 

a 2,l a 2,2 



n,M. 



*2,Mi 



\ 



V a 4,i 



a L j ,M j J 



is just M,- for all n,- G Ij, j G {1, 2}. 



Definition 4 Two interpolation conditions are compatible if the following compatibility 
condition holds: 

oh (J2 \ _ n o£l /jil \ _ n 

kJ mi,ni\ u k2' ~ ' lj m2,n2 V'fei/ ~~ ' 

for Ij G Lj, mj G Mj, rij, kj G Ij, j G {1, 2}. 

Observe that this condition implies that @i U ©2 is a linear independent system. Indeed, 
suppose there exists x^L in ©2 such that 



Mi 



JV 



"m,2,n 2 



/ j Q mi^mi,ni ~r / y Pk%k 



mi=l 



fc=l 



where ij 6 61 U ©2 is n °t in {x 



m,2,n2 ' l,n 



1 ™1 



1 j x 2,ni > • • ■ > x Mi ni } an< ^ there exists an index 



k\ G Mi = {1,2, . . . , Mi} such that a^ 7^ 0. For all l\ G Li, we obtain that 



Ah 



— [J-l\X m2n2 \{t ni ) ~ /_^ ° !m i a e 1 ,mi 



mi = l 

i.e., A ni has a zero column or it has at least two linear dependent columns so that its rank 
cannot be Mi. 

2.3 The sampling result 

Consider the pair of dual Riesz bases for H given by 

R M r R M r 



l_j U \ Xm r,ririn r t 



and |J |J {x* mr ^ nr } nri 



(7) 



r=l m r =l 



r=l m r =l 



and suppose that R G N interpolation conditions are satisfied, and each is compatible with 
every other (see Definition 1 and Definition 4). 

Suppose that the following condition is satisfied, as well: 



R Lr 



kerTC p| p| kerT 4 . 



(8) 



r=ie r =l 
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We show the transform T is one-to-one. First, observe that the kernel K can be written 



as 

R M r 



where S mr:nr (t) = (x mri n r ,K(t)). Analogously, for £ q G L q and 1 < q < R, the kernel Kf 
can be expanded as 



R M r 

J m r ,n r ' 



r=l ra r =l n r Sl r 

Suppose that x G EI verifies Tx = 0. Then, for all g G {1, 2, . . . , R} and £ q 6 L g , we have 
that 

/<, = T ^ x = ° 
and therefore, for p q G I q , 

R M r 

o = h q {i\) = (^ K eM\)) = (^E E E s ^nAt\ 

r=l m r =l n r g 

Thus, compatibility implies 



iq )r* 

Vql^mr.Tlr 



\ ' / > / j dm q ,n q \tp n )X. 



P q )%m q ,n q I i 
m q =ln q £l q 



and by using the g-th interpolation condition, we have 



= (*> E <lm q <n q , Vq ) = E a Z,m q {^m q , Pq ) ■ 1 < ^ < V 

m q =l m q =l 

Thus, we have a homogeneous linear system with L q equations and M q unknowns whose 
unique solution is the trivial one. Consequently, we obtain that (x, x^ ) = for all 
gG {1,2,... R}, m q G M q and p q G I 9 . Since {x* mr „ r : 1 < r < R, m r G M r , n r G I r } is a 
Riesz basis, x = 0. Observe that the following sequences 

R M r R M r 

|J IJ {^."r^elr aIld U U { S m r ,n r }nr&r ( 9 ) 

r=lm r =l r=l m r =l 

are dual Riesz bases of Hk ■ 

If we do the same for any x G EI such that / = Tx, we obtain the consistent linear 
system 



feM) = E <V>'<vp 9 > > * < ^ < V 

m,=l 
which has a unique solution. For each p g G I g we can find a choice function ip Pq such that 
A J is regular. Thus, we can write the coefficients (x, x* m p ) with respect to the samples 

/^(VJ b y means of 



(<*»*U> <*>*5*.> ••• (^M q « q )y = {A p iy l Fii q , 
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where F,, q is obtained from the vector 



p pq ■■= (h{ti q ) f2(t 2 j ■■■ f Lq ^:)) T (io) 



by using the choice function ip Pq . 

Now, expanding / by using the Riesz basis given by {S mr: n r '■ n r G I r } m r =1 and taking 
into account that T is an isometry, we have that 

R M r 

JV') = 2_^ 2-*i 2—t \J^m r ,n r )-}{ K ^mr,n r \t) 

r=l m r =l n r £l r 

R M r 

= Z_^ Z_> Z_> n^r.'lr/I^AW 
r=l n r &r m r =l 

= EEW;J T [( A ylV(t), 

r=l n r &r 

where F nr is given by (10) and 

§n r (t) = (S hnr (t) S 2 , nr {t) ■■■ S Mr ,nr(t)) T , (11) 

which is just the sampling formula we are looking for. Convergence is, as we know, in the 
7^-norm sense and, also, absolute in n and uniform in those subsets of n where ||i^T(t)|| is 
bounded. Consequently, we have proved the next result: 

Theorem 2 Consider the dual Riesz bases given by (7). Suppose we have R G N interpo- 
lation conditions of types (L r ,M r ), where 1 < r < R, each two of them being compatible (in 
the sense of Definition 4)- Assume condition (8) is satisfied. Then, the sets in (9) are dual 
Riesz bases for Hk and for each set of A Ur -regular choice functions {Vv : M r — > L r | n r G 
Ir j 1 < ^ < R} , we have that any function f G TCk can be recovered from its samples 

{fe r (tt):n r Gl r , 4eU}f =1 

by the following sampling formula 

/(*) = £ £ W; r ) T [W;J _1 ]Vw, ten, 

r=l flr&r 

where F rir and S„ r are given by (10) and (11), respectively. Convergence is absolute and, 
also, uniform in those subsets of 0, where \\K(t)\\ is bounded. 

Notice that the number of transforms we have for each interpolation condition of type 
(L, M) is M at least. However, it is not important how many of them we have at most. In 
fact, only the possibility of finding a regular choice of rows of A n is needed. Thus, if L is 
a finite or infinite set of indices, we have an interpolation condition of type (card L, M) if 
there exist some points {t n : n G IJ^gL such that, for any fixed I G L and m G M, 

^m,nV ; k) = a £,m^n,k , n,K €.1, 
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holds, and for each n G I there exists an ^"-regular choice function ifj n where 

A = (a ei a i2 ■■■ a i : M)^\_ 

represents a function from L into C M for each n G I. If these more general interpolation 
conditions are used, Theorem 2 still remains valid. 

3 Sampling by using linear operators in H 

Let H be a separable Hilbert space. Consider two dual Riesz bases of H written as 

{*!,„}* x U {x 2 , n }n=i U • • • U {x M ,n}^=i , 



{ x l,nJn=l U l x 2,nJn=l U • ■ ■ U {x Mn } 



n=l i 



where M G N. Given a kernel if : fi C 1 — ► H, we define the linear transform T as in 
(1). Suppose we have a family of bounded linear operators {La : H — ► M} Xe \. Related to 
/ = Tx G TLk we define the functions f\(t) := (L x x, K(t)) w where A 6 A. For any fixed 
n G N and 1 < m < M, we denote S™ m (t) := (L x x m ^ n , K{t)') m and, for any n G N, we write 

In the sequel, we assume that a; G kerT implies L x x G kerT for all A G A (which 
occurs when T commutes with L x for all A G A), and that there exists a family of sequences 
{{**}fceN : A G A} C ft such that S% m (t%) = a^ m 5 n , k for n, k G N, 1 < m < M and A G A. 
For each n G N, define the function 

A n : A — ► C M 

A I > ( a A,l' a A,2' • • • '°A,m) 

and suppose that there exists a sequence {V'n : M — ► A} ne jj of ^"-regular choice functions. 
Then, the following result holds: 

Theorem 3 Under the hypotheses as above, any f G TCk can be recovered from its samples 
{{f^(tn)}neN '■ A G A} by means of the sampling formula 



m = Y,( F l) T \( A V~ 1 } T Mt), ten 



nSN 

where F n (X) := f x (t^) and S n (t) = (Si,n(£) S2, n {t) ••• SM,n{t)) . Convergence is ab- 
solute and uniform in subsets of 0, where \\K(t)\\ is bounded. 

Proof: Defining K\{t) := L* x [K(t)] for A G A, where L* x denotes the adjoint operator of L x , 
we have 

f x (t) := T x (x)[t] = (L x x,K(t)) m = (x,K x (t)) m , t G ft . 

If x G kerT then, by assumption, L x x G kerT for all A G A, i.e., = (L\x,K (£)) h = 
( x x,K x (t)) m for all A G A. As a consequence, 

ker T C [I ker T x , 

AeA 

and Theorem 2 implies the desired result. ■ 
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4 Some illustrative examples 

In this section we go back to our anomalous example in order to handle it into the new 
setting. We also give another example which involves two interpolation conditions of type 

(2,2). 

4.1 The introductory example revisited 

Consider the orthonormal basis of L 2 [—tt,7t] given by 

1 1 f 1 1°° f 1 . 

U < — = cos nx> U < — == sin nx 



2vrJ IV 71 " J„=i IV 71 " ) n =\ 

and the kernels K\(t) = K{t) = costx + sintx, Ki{t) = costx — sintx and K%{t) = costs. 
Notice that, if (f> G L 2 [—tt,tt], we obtain that ((/>,cos(fcc)) is an even function of t and that 
((j), sin(te)) is an odd one. Consequently, <j) £ kerT implies that Ts<fr(t) = (</>, cos(te)) = 
— /(/>, sin(tx)\ is both an odd and an even function of t. Thus, T is injective and trivially 
{0} = ker T C ker T x n ker T 2 n ker T 3 . 
Sampling functions are given by 

S (t) = (-^,K(t)\ = v^sinct 

\ V27T ' 



o / n /I r,/ A 2t(-l) n sin7rt . 

S n (t) = (- r coBnx,K(t)) = -j=ri oV neN 

m / •> /I ■ ^/ \\ 2n(— l)"sin7rt . _ 

T n (t ) = (- r sin nx,K(t)) = — H^ ^- «eN 



Easy calculations show that S^ = S 2 = S^ = S n , that T^ = and that — T 2 = T\ = T n 
for n G N and Sq = 5q = S\ = So- Thus, we have two interpolation conditions of types 
(3,1) and (3,2), respectively. The first one verifies that: 



'Sl(m) 




Sg(m) | - [ v^F I <^o,m m G N U {0} , 
A 3 (m) 




and the second one, that: 

'Si(m) T n Hm)\ 

^(m) T n 2 (m) = | v^ -V^ | <m m G N U {0} 
^(m) T n 3 (m)/ 

so we have a couple of compatible interpolation conditions. 

We define f(t) := (F,K(t)) and / fc (i) := (F,K k (t)) for fc = 1,2,3 and F G L 2 [-vr,^]. 
Finally, Theorem 2 yields the following sampling result: 

Corollary 4 ylny function f defined as 

1 / ,7r 
f(t) = —=l F(x)[costx + sin tx]dx, £GR, 

V 71 " J-7T 
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where F G L 2 [— ir, it], can be recovered from the samples /(0) and {fk(n)}^ =1 , k = 1,2,3, 
of its related functions /i, /2, fs by means of the following sampling formula: 



/(t) = /(0)sinci + 



1 



'7T 



?1=1 



[Qi(n)S n (t) + g 2 (n)T n (t)] 



te 



where (Gi(n) G2{ n )) is an V row of the matrix 

( h(n) h(n)-f 2 (n)\ 

fs(n) /i(n)-/ 3 (n) 



f2(n)+fi(n) /i(n)-/ 2 (n) 



(12) 



/ 



\ 2 2 

Convergence is absolute and uniform in subsets of 0, where \\K(t)\\ is bounded. 

This result allows us to recover any classical band-limited function to [— it, vr] by means 
of the samples of the related functions f\, f 2 , fz since band-limited functions can be written 

as 



/(*) 



1 



F{x)[costx + sin tx]dx , t£ 



/2tt J- n 

where F £ L 2 [—tt,tt]. Notice that the above integral representation involves the Hartley 
transform of F (see [16]). 

4.2 Another example 

In this example, we use two compatible interpolation conditions of type (2,2). To this end, 
consider {x n ,y n }'^ =1 U {x n ,y n }'^ =1 , a Riesz basis for H whose dual Riesz basis is given by 
{x* n ,y^ l } c ^ =1 U {x* n ,y^}^ =1 . Suppose we have five kernels K , K\ , K2 , K\ , K2 each of them 
defining a transform, as usual: f(i) = (Tx)[t\ := (x,K(t)), fj(t) = (Tjx)[t\ := (x,Kj(t)), 

and fj(t) = (Tjx)[t\ := (x,Kj(t)} where t G O, x G H and j £ {1,2}, denoting a tilde 
over an element that it is related to the second interpolation condition. Assume that the 
following condition holds: 



ker T C ker T\ n ker T2 n ker T\ n ker T 2 . 



Denote 



o n . — 1 x n 



Ty n , 
Ty n , 



and suppose there exist sequences {s„}^L 1 , {t n }^ =1 , {s n }^ =1 and {t n }^ =1 such that 

X — J"S 

Vm..r). — • ^^ Um..n. 



(Ti(x n ))(s r 

(T 2 (x n ))(t ri 



(Ti(y n ))(s r 
{T 2 (y n ))(t r , 



1,1 



'1,2 



for the first interpolation condition, and 



(Ti(x„))(s r 
(T 2 (x n ))(t n 



{Ti(y n ))(s r 

{T 2 (y n ))(t r 



l 2,l 



'1,1 

rii 
'-2,1 



4 2,2 



*1,2 

^2,2 



=: A n S„ 
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for the second one, being the matrices A n and A n invertible. For these interpolation condi- 
tions the compatibility condition reads: 

|(Ti(s n ))(s m ) (Ti(y n ))(sm) | _ f(Ti{x n ))(s m ) {Ti(y n ))(s m )\ _ /0 
V(T 2 «))(i m ) (T 2 (y n ))(t m )J " U T 2(5?n))(i m ) (T 2 (y n ))(t m ) y ' ~ VO 

Finally, as a consequence of Theorem 2 we deduce the following sampling result for the 
preceding compatible interpolation conditions: 

Corollary 5 Any function f in the Hilbert space TLk can be recovered from the sequences of 
samples {/i(s n )}£Li; {f2(t n )}™=i, {/i(3n)}£U an d {h(tn)}n=\ h V "means of the following 
sampling formula 



oo 



JW - 2^K l( - Sn ^ „« « _ a n a n + MM n n _ n n 

n= l "l,l u 2,2 a l,2 a 2,l u l,l a 2,2 u l,2 a 2,l 

a 2,2'-' n V^J — a 2,l -*-n\t) ~ , a \^n\t) ~ a^^nxt) 



+ 



oc 



MM ~n ~n _~n ~n + M* 

L LL-\ -1 tto O til oti/Q 1 



n= l "1, 1^2,2 "l^^.l "1, l u 2,2 "l^^l 

TTie convergence of the series above is absolute and uniform in subsets of 0, where \\K(t)\\ 
is bounded. 

4.3 A comment on the choice of the samples 

Theorem 2 allows us to combine several interpolation conditions whose types are not neces- 
sarily equal. Corollary 4 gives a sampling formula for the example of subsection 1.1 which 
shows some advantages of our approach. Indeed, for each n £ N, we can choose any row of 
the matrix in (12). Thus, if the samples of fi are lost for n £ N C N, we can still recover / 
by using the second row of that matrix for n £ N. 

On the other hand, fixed n £ N, the rows of (12) are obtained as solutions of a consistent 
linear system with three equations and two unknowns, so we can choose any two of them 
in order to solve the system. This means that every row of (12) is equal to every other. 
As a consequence, we can choose any element of the first column and any element (not 
necessarily in the same row) of the second one. This remark allows us to avoid cancellation 
errors by choosing the appropriate elements of (12). For instance, suppose we have that 
/i( n o)/2(^o) > and that /i(no)/3(«o) < for n$ £ N. Then, we can choose the third 
element of the first column, 2t/i( n o) + f2{ n o)]j and the second element of the second one, 
/i(n)-/ 3 (n). 
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Abstract 

We investigate spectrum perturbations of a class of operators on the tensor product 
of a separable Hilbert space and a finite dimensional space. The abstract results are 
applied to the higher order matrix nonself adjoint differential operators on finite and 
infinite real segments. Besides, bounds for the spectra and estimates for the norm of 
the resolvents of the differential operators are derived. We also investigate conditions, 
under which the considered operators generate analytic and stable semigroups. Our 
main tool is a combined use of some properties of operators on tensor products of 
Hilbert spaces and the recent estimates for norms of resolvents of matrices. 
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1 Introduction and notation 

The spectrum of ordinary differential operators was considered in a lot of papers and books, 
cf. [1, 7, 8, 10] and references therein. However, the bounds for the spectrum of the non- 
selfadjoint higher order differential operators are not enough investigated. The paper [11] 
should be mentioned. In that paper, the author studies the problem of localization of the 
spectrum for a class of a scalar differential operator on a finite segment. 

In the present paper we establish bounds for the spectrum of a class of the higher order 
matrix nonselfadjoint differential operators on finite and infinite real segments. In addition, 
we derive estimates for the norm of the resolvents and investigate the conditions, under 
which the considered operators generate analytic and stable semigroups. We consider the 
differential operators as operators on the tensor product of a separable Hilbert space and a 
finite dimensional space. Our main tool is a combined use of some properties of operators on 
tensor product of Hilbert spaces and the recent estimates for norms of resolvents of matrices. 

A few words about the contents. The paper consists of 11 sections. In Section 2 we 
formulate the main result of the paper-Theorem 2.1 on spectrum localization of abstract 
operators. In Section 3, the proof of Theorem 2.1 is presented. In Sections 4 and 5 we 
establish some auxiliary results which are used in the following sections. Section 6 deals with 
sectorial operators. Note that all the differential operators considered here are sectorial. In 
Section 7 we derive the conditions, under which the considered operators generate stable 
semigroups. Sections 8, 9 and 10 are devoted to differential operators. In Section 8, the 
periodic boundary conditions are imposed. The Dirichlet problem on a finite interval is 
explored in Section 9. Section 10 is devoted to operators on the whole real line. In Section 
11 we give an example. 

Let C n be the complex Euclidean space with the scalar product C ., . n , the norm ||.|| n = 
y/< ., . > n and the unit operator I n . Let J be a (finite or infinite) segment of the real axis. 
L 2 (J) = L 2 (J, C n ) denotes the complex Hilbert space of functions defined on J with values 
in C n , the scalar product 

(/, h) L2 := j j C /(*), h(x) n dt (/, h E L 2 (J, C n )) 

and the norm \.\l 2 - F° r a linear operator A, R\(A) is the resolvent, Dom (A) is the domain 
and cr(A) is the spectrum. Moreover, /3(A) = inf Re u(A) and 0(A) = inf |<r(A)|. 

Let Q be a constant n x n-matrix. Let \k(Q) (k = 1, ...,n) be the eigenvalues of Q with 
their multiplicities. The following quantity plays a key role hereafter: 

n 

g(Q) = (N 2 (Q)-J2MQ)\ 2 ) 1/2 , (1.1) 

fc=i 

where N(Q) is the Hilbert-Schmidt (Frobenius) norm of Q, i.e. N 2 (Q) = Trace(QQ*). The 
asterisk means the adjoint. If Q is a normal matrix: QQ* = Q*Q, then g(Q) = 0. The 
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following relations are true: 

g(Qe lT + zl) = g(Q) (zeC,reR), (1.2) 

9 2 (Q) < N 2 (Q*e- lT - Qe lT )/2 (r E R) (1.3) 

and 

g\Q) < N 2 {Q) - \TraceQ 2 \. 

If matrices Q and Q x commute, then g(Q + Q{) < g(Q) + g(Qi). For the proofs see [4, 
Section 2.1]. 

2 Statement of the the main result 

Let E be a separable Hilbert space with a scalar product < ., . >e, and the norm ||.||^ = 
y/< ., . >e- Let H = E ® C n be the tensor product of E and C n . ///, Ie and /„ are the unit 
operators in H, E and C™, respectively. The scalar product in H is defined by 

<y®h,yi®hi > H =< y, Vi >e < h, h x > n (y, y x e E, h, h x e C n ) 

and the cross norm is \\.\\h — \f< ~, ■ >h- From the theory of tensor products we only need 
the basic definition and elementary facts which can be found in [1]. 

Everywhere below S is an invertible normal operator in E and So = S®I n ; c^, k — 0, ..., m 
are constant n x n-matrix matrices and c m is invertible. Consider the operator 

m 

W(S) = Y,c k ®S k (Dom (W(S)) = Dom (S™)). 

fc=0 

Let E(s) be the orthogonal resolution of the identity defined on o~(S), such that 

S= f sdE(s). 

Ja(S) 

Then 



W(S) = / W(s)®dE(s), 
where 

m 

W{s) = Y,c k s k (seo-(S)). 

k=0 

Note that according to (1.1). 



g{W{s)) 



\ 



N\W{s))-Y,\MW{s))\\ (2.1) 



fe=i 
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where Xk(W(s)) are the eigenvalues of W(s) with a fixed s. 

Furthermore, let T be a linear operator in H having the properties Dom (T) = Dom (S™) 
and 

q:=\\(W{S)-T)So"\\ H <oo (2.2) 

for some v G [0, m]. Here S® = In- 

Now we are in a position to formulate the main result of the paper. 

Theorem 2.1 Assume (2.2) and there is a constant v , such that 

g(W(s)) < v^ (s G a(S)). (2.3) 

Then the spectrum of T lies in the set 

U seCT (5 )y =i,...,n{A G C : \X-Xj(W(s))\ < \s\"y(q,v )}, (2.4) 

where y(q,vo) is the extreme right-hand root of the algebraic equation 

ra-l k n-k-l 
fe=o vfc! 



The proof of this theorem is presented in the next section. Put 

Tl—l 

By setting z = — , it follows from (2.5) that 



71—1 1 



j= o v k\ 



_ n—l n-k-l 



"ow Vk\ 
Due to Lemma 1.11.1 from [3], y(q,v ) < S(q,v ), where 

X f \ i Q W n if qW n > V , . 

^^i^W" if^n<«b • (2 ' 6) 

This result and Theorem 2.1 imply 

Corollary 2.2 Under conditions (2.2) and (2.3), the spectrum of T lies in the set 

U seCT (5);,=i,...,n{A G C : |A- Xj(W(s))\ < \s\ v 8(q,v )}. (2.7) 
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Note that if all the matrices c k are selfadjoint, then g(W(s)) = and y(q,vo) = q. Since 
v < m, everywhere below, we can take m instead of v. But in appropriate situations some 
v < m allows us to derive sharper results. 

Take H = L 2 (J, C n ) = L 2 (J) <g> C n . Consider in L 2 (J, C n ) the operator B defined by 

m 

Bu = J2 a k (x)S^u (xeJ,ue Dom (B) = Dom (S m )), (2.8) 

fe=0 

where a,k(x), k = 0, ..., m are n x n-matrix- valued functions measurable and bounded on J. 
In addition a m (x) is invertible. It is assumed that for a nonnegative integer v < m, 

a-k(%) = Ck + bk(x) for k — 0, ..., v and a^ix) = Ck for k — v + 1, ..., m, (2.9) 

where bk(x) are variable n x n-matrices and c k are constant n x n-matrices, again. Put 
||6fc||c = sup^, ||6fe(a;)|| n . 

Corollary 2.3 Under conditions (2.9) and (2.3), the spectrum of operator B lies in the set 
(2.4) (and therefore, in the set (2.7)) with q = q Q , where 

<h-=ibMcO i - v (s). (2.10) 

j=0 

In other words, for any A G o~(B), there is a point s G o~(S) and an eigenvalue Xj(W(s)) of 
the matrix W(s), such that 

\\-\j(W(s))\ < \s\"y{q ,v ) < |5|"%o,Vo)- 

Indeed, since, 

B-W(S) = J2b s (x)S> , 
3=0 

we have 

11(^(5) - B)S^\\ H < E \\h\\c\\S k - u \\ E < go- 

fc=0 

Now the required result is due to Theorem 2.1 and Corollary 2.2 . 

3 Proof of Theorem 2.1 

For numbers s G <j(S) and A G C, put 

p(W(s),\) = rmn j=1 ,... >n \\j(W(s)) - A|. 
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Lemma 3.1 For a A G C, let 

"- 1 a k (W(s)) 
p(X, v) := sup | s |" £ " k l l( ; A \ rr < oo. (3.1) 

S ea(5) fc=0 V/c!p fe+1 (^(s),A) 

T/ien £/ie operator Sq(W(S) — IhX)^ 1 «s bounded and 

\\S^W(S)-I H X)- 1 \\<p(X,iy). 

Proof: Let Q be a linear operator in C ra , and p(Q, A) the distance between a(Q) of Q and 
a complex point A. Then 

11(0 - Win < E 7^^ x , ^ £ *(Q)) 
fc=0 Vfc!p fc+1 (Q,A) 

where p(Q, A) = minj=i t ... !n \Xj(Q) — A|. For the proof see [4, Section 2.1]. Replacing in this 
estimate Q by W(s), we have 

uw{s) ~ InXrX * E j}Zw\ xY (3 - 2) 

fc=0 VA;!p fc+1 (W(s),A) 



But 



and 



(W(S) - I H A)" 1 = / (W(s) - 4A)- 1 ® d£(s), 
SZ(W(S) - InXy 1 = I s v {W{s) - InXY 1 <g> dE(s). 

Ja(S) 



Consequently 
In particular, 
This and (3.2) prove the lemma. □ 



S5(W(S)-I H \)- l \\ H = sup \s\"\\(W(s)-I n \)-%. (3.3) 

sea(S) 

\\(w(s) -i H x)- 1 \\ H = sup uw^-inX)- 1 ^. 

sea(S) 



Lemma 3.2 Let the conditions (2.2) and 

qp(X,u)<l (3.4) 

hold. Then X is a regular point for T and 

\\(T - InXy'lln < p(X, 0)(1 - qp(X, u))~\ (3.5) 
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Proof: Since 

(W(S) - I H \y l - (T - IhX)- 1 = (T - I H X)-\T - W(S))(W(S) - IhX)- 1 = 

(T - I H X)-\T - W(S))S^S» (W(S) - I H X)-\ 

the condition 

O (A) := q\\S%(W(S) - IhX^Wh < 1 (3.6) 

implies 

||(T - A)- 1 !^ < \\(W(S) - InXr'Unil - 9 (X))-\ (3.7) 

Now the previous lemma proves the required result. □ 



gH"E r- ^ K)> >1- 



Proof of Theorem 2.1: Let A G cr(T). Due to the previous lemma, for some s G cr(S') 
and j, 

9 k {W{s)) 

t^^k\\X 3 {W{s))-X\ 
Hence due to (2.3), 

q \s\ v y = ^ 0|s| j > 1. 

to Vki\\ s (W(s)) - X\^ - 

Consequently, \Xj(W(s)) — X\ < z(s), where z(s) is the extreme right-hand root of the 
equation 

| ar V^LL = l. (3.8) 

to Vk\z^ 

Put in this equation z = \s\ u y. Then we have equation (2.5). Hence 

z(s) < \s\ u y(q,v ). 
This finishes the proof. □ 



4 Auxiliary inequalities 

In the present section we suggest the inequalities, which allow us to check condition (2.3). 
Let 

S = S*. (4.1) 

Then due to (2.1) and (1.3) with r = 0, we have 

m 

V2g(W(s))<J2N(c k -cl)\s\ k . (4.2) 

fc=0 
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That is, condition (2.3) holds with v — m and 

-r m 

v = ^=J2N(c k -cl)9 k - m (S). (4.3) 

V 2 k=0 

If, additionally, 

c fc = 4, k = v + 1, ...,m, 

then under (4.1) condition (2.3) holds with 

vo = ^=J2N(c k -cl)9 k -^S). 
V 2 k=o 

The case 

S = -S* (4.4) 

can be reduced to (4.1), if we take iS instead of S. Besides, 



V2g(W(s))<J2 N(c k + c* k )\s\ 



k=0 



That is, condition (2.3) holds with v = m and 

-i m 
V 2 k=0 

Let, additionally, c k = — c£, k = v + 1, ...,m. Then condition (2.3) holds with 

v = ^-±N(c k + cl)9 k -^S). 

V 2 k=0 

Consider now the operator 

B = S™ + a (x), xeJ (4.5) 

with o (x) = b (x) + c and v = 0. Take W(S) = S^ 1 + c . According to (1.2) g{W{s)) = 
g(co) = Vq. Thanks to (2.7), taking into account that in the considered case v = we can 
assert that 

a(B) C U sGct( 5) ;j =i,...,„{A EC:\X-s m - A,(c )| < 5(q,v )}. (4.6) 

5 Additional estimates for resolvents 

In this section we derive additional estimates for the resolvent of the operator B defined by 
(2.8), which in appropriate situations, are more useful than Lemma 3.2. 
Put 

Cn = (n - l)- ( - 1)/2 
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and _ 

^ Cn[N 2 (W(s))-2Re(X Trace (W (s))) +n\X\ 2 }^ n - 1 ^ 2 
w(X,s) :- \det(XI-W(s))\ 

for s £ <t(5),A6 C. It should be noted that 

w(X,s)<w(X,s), (5.1) 

where 



m x _ Cn[N(W(s)) + \X\VE\ n - 1 

l ' j - |det(AJ-W(s))| ' 

So in the next lemma w(X, s) can be replaced by the simple function w(X, s). 

Lemma 5.1 Let 

ip(X, v) := sup |s|"k;(A, s) < oo. 

a(S) 

Then the operator Sq(W(S) — IhX)" 1 is bounded and 

\\S^W(S)-I H X)- 1 \\„ <if>(\,v). 
Proof: We need the following result: let Q be a constant n x n-matrix. Then for all 

a 2 <r(g), 

|| (JA - Q)- 1 det (XI -Q)\\ n < (n[N 2 (Q) - 2Re (X Trace (Q)) + n\ A| 2 ] (n_1)/2 - (5.2) 
For the proof see [4, p. 28]. Hence, 

||(/A - W(s))- l \\ < w(s, X) < w(s, X) (X £ a(W(s))). 
Taking into account (3.3), we get the required result. □ 

The latter lemma and relations (3.6), (3.7) yield 

Theorem 5.2 Let an operator T satisfy the conditions (2.2) and 

#(A,i/)<l (5.3) 

hold. Then X is a regular point of operator T and 

\\(T - IhX)- 1 ^ < V>(A, 0)(1 - #(A, v))-\ (5.4) 

Recall that B and go are defined by (2.8) and (2.10), respectively. 

Corollary 5.3 Let the conditions (2.9) and (5.3) hold with q = q . Then X is a regular 
point of operator B and 

\\(B - IhX^Wh < V>(A, 0)(1 - q if>(\, i/))" 1 . (5.5) 

Therefore, under conditions (2.9), for any X G o~(B), there is an s e o~(S), such that 



\N(W(s)) + ^i\X\T~ l 
goUI ' \det(XI-W(s))\ ~ 
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6 Sectorial operators 

For a natural number \x > 1, let 

m = 2/i, (6.1) 

and the following conditions hold: 

a m (x) = a* m (x) (x G J) is a strongly positive definite matrix and S^ is selfadjoint . (6.2) 
We use the notion of a sectorial operator, which can be found, for instance, in [5]. 

Theorem 6.1 Under conditions (6.1) and (6.2), let S be a normal operator defined by the 
expression 

Su = du/dx + w u (u G D(S)) 

with a constant wq G C and 

D(S) = {mG L 2 (J, C ra ) : du/dx G L 2 (J, C n ) + selfafjoint boundary conditions} . 

In addition, let 

a m (x) have bounded derivatives on J up to order ft. (6-3) 

Then the operator B defined by (2.8) is sectorial. 

Proof: Firstly, let w = 0. Take A = S'oO m (.)5'o. Clearly, 



k=0 

where (^) = n\/(n — k)\k\ are the binomial coefficients. So (A — a m (x)S™)SQ m+1 is a 
bounded operator and 

(SSa m (x)SSu,u) < Po (S™u,u) (u G D{B)). 
where f3 = sup x ||o m (x)|| n . Hence it follows that A < (3oS™ and therefore 

ST = ^ m+1 < PoA T (t = (m - l)/m)). 
Thus (Aq — a m (x)S™)AQ T is a bounded operator. Since the operator 

(B-a m (x)S^)S m+l 

is bounded, we can assert that (A — B)Aq t is a bounded operator. But A is selfadjoint 
positive definite. So due to Theorem 1.4.6 from [5] operator B is sectorial. The case wq ^ 
follows by a bounded perturbation argument. □ 

Similarly the following theorem can be proved. 
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Theorem 6.2 Under conditions (6.1) and (6.2), let S be a normal operator defined by the 
expression 

Su = d 2 u/dx 2 + w u (u G D(S)) 

with a constant u>o G C and 

D(S) = {«£ L 2 (J, C n ) : d 2 u/dx 2 G L 2 (J, C n ) + s elf af joint boundary conditions} . 
In addition, let 

a m (x) have bounded derivatives on J up to order 2/i. (6.4) 

Then the operator B defined by (2. 8) is sectorial. 

Under the hypothesis of Theorem 6.1 or 6.2, thanks to Theorem 1.3.4 [5], the semigroup 
e -Bt g enera ted by —B is an analytic. Moreover, for any a < (3(B), where 

(3(B) := inf Re a(B) 

there is a constant 7 , such that 

\\e- Bt \\ H <lae- at (t>0) (6.5) 

cf. [5, p. 21]. 

7 Stable operators 

We will say that operator B is stable if (3(B) = inf Re o~(B) > 0. Under the hypothesis of 
Theorems 6.1 and 6.2, according to (6.5) this means that the semigroup e~ Bt is exponentially 
stable. The aim of this section is to establish explicit stability conditions for the considered 
operators. 

Due to (2.4) and (2.7), for any A G o~(B), there are s G c(S) and j = 1, ...,n, such that 

Re Xj(W(s)) -Re\< \s\"y(q ,v ) < \s\ v S(q 0l v ) 

where q is defined by (2.10). Hence 

(3(B) = inf Re a(B) > (3(W, v), 

where 

(3(W,u) := inf {Re Xj(W(s)) - \s\ u y(qo,v ) : s G a(S);j = l,...,n}. 

For a matrix Q, put 

(3 R (Q) = min\ k (Q + Q*)/2 and a R (Q) = maxA fc (Q + Q*)/2, 

k k 
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and consider the case 

S = S*>0. (7.1) 

Take into account that for any matrix Q and an eigenvalue Xj(Q) we have 

< (Q + Q*)h,h> n =2Re\ j (Q), 
where h is the normed eigenvector. Then 

m 

(3 R (W(s))>J2P R (c k )s k . 

fc=0 

Hence 

m 

(3(B) > inf {^2Mck)s h - s"y(q ,v ) : s G a(S)}. 

fc=0 

We thus get 

Theorem 7.1 Let the conditions (7.1) and 

m 

inf {£ (3 R (c k )s k - s»y(q , v ) : s G a(S)} > 

fc=0 



/ioW. JTien £/ie operator B defined by (2.8) is stable. 
For instance, if 



y(qo,v )<J2PR( c k)° (S), 

k=v 



then under (7.1) we get 



13(B) > ^p R (c k )$ k (S) - 6»(S)y(q ,v ) > 

fe=0 



and thus B is stable. 



8 Periodic boundary conditions 

Consider the operator 

m 

dx k 
with bounded matrix- valued coefficients d k (x). Put H = L 2 ([0, 1], C n ), E = L 2 [0, 1] and 



A = fl^(x)^ k (xe(0,l)) (8.1) 

fc=0 



Dom (A) = {ueH = L 2 ([0, 1], C n ) : w (fc) GiJ: fc = 1, ..., m; 
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U 



U) 



(0) =tz^(l); j = 0,..,m-l}. (8.2) 

Take v = m and 

Sm = -i u ' - tt; u G Dom (5) = {uG L 2 [0, 1] : v' 6 L 2 [0, 1]; u(0) = v(l)}. 

Clearly, 5 is selfadjoint and invertible, 

(7(5) = {2ttA; - tt : k = 0, ±1, ±2, ...} and 0(5) = ix. (8.3) 

Substitute tt' = i(S + 7r)w into (8.1). Then we have operator B defined by (2.8) with 

m 

aj(x) = £a fe i%V~ J (J = 0,...,m). (8.4) 

So o m (x) = aki m - Under (2.9) due to (4.3), condition (2.3) holds with 

-i m 

^o = -7= E * (<* - 4)vr fe - m . (8.5) 

In the considered case, according to (2.10) 

m 

?o = £lN|c^- m (8.6) 

j=0 

Recall that W(s),y(g,t>o) and 5(g,t> ) are defined in Section 2. For brevity, put 

Sj = n(2j - 1). 

Thanks to Corollary 2.3, we get 

Corollary 8.1 Let A be defined by (8.1), (8.2). Then, under (2.9), for any A G (t(A) there 
are an integer k = 0, ±1, ... and an eigenvalue Xj(W(sk)) of matrix W(sk), such that 

|s fc |~ m |A-Aj(W(s fc ))| <y(q ,v ) <5(q ,v ). 
Moreover, for a A G C, let 

n-l 7 .fc| |(fe+l)m i 

Pi(A,m):= sup £ ^^^77-77 < - (8-7) 

j=o,±i,... ^ Vfc!p H Wfe). A) g 

where go an d t>o are is defined by (8.5) and (8.6), respectively. Lemma 3.2 implies 

Corollary 8.2 Let A be defined by (8.1), (8.2). In addition, let conditions (2.9) and (8.7) 
hold. Then X is a regular point for A and 

\\(A-I H X)- 1 \\<p 1 (X,0)(l-q oPl (X,m))- 1 . 

where 

n—1 k\ „ \km 

Pi(A,0):= sup V = ol jl . 

Now let conditions (6.1)-(6.3) hold with J = [0,1] and (8.4) taken into account. Then due 
to Theorem 6.1the operator, defined by (8.1), (8.2) generates an analytic semigroup. 
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9 Dirichlet conditions 

Consider the operator 

A = J2a k (x)(-l) k — - k (xe(0,l)), (9.1) 

fc=o ax 

where a k (x) are matrix- valued functions bounded on [0, 1]. Let H and E be the same as in 
the previous section. Put 

Dam (A) = {ueH = L 2 ([0, 1], C n ) : u {k) G H : k = 1, ..., 2m, 



u 



0") 



(0) = u W(i) = o, j = 0,...,m-l}. (9.2) 



That is the boundary conditions 



u 



U) 



(0) = w k')(l) =0; j = 0,...,m-l 



hold. Take v = m and S'w = -u" with 

Dom (5) = {m G £ = L 2 [0, 1] : u" G ,5; u(0) = u(l) = 0}. 

We have a(S) = {(irk) 2 : k = 1,2,...}. So 5 is invertible and 9(S) = it 2 . Due to (4.3), 
condition (2.3) holds with 

-r m 

vo = ^=T,N(c k -4)^ k ~ m \ (9.3) 

Under consideration, (2.10) implies 

m 

9o = EH 6 ill^ 2 °'" m) - (M 

3=0 

Now Corollary 2.3 implies 

Corollary 9.1 Let the operator A be defined by (9.1) and (9.2) and condition (2.9) hold. 
Then for any A G cr(A), there are an integer k = 1, 2, ... and an eigenvalue Xj(W((k7r) 2 ) of 
matrix W((kir) 2 ), such that 

(7rk)- 2m \\-\ 1 (W((k7r) 2 )\<y(q ,v )<5(q ,v ). 

Now let conditions (6.1), (6.2) and (6.4) hold with J = [0,1]. Then the operator, defined 
by (9.1), (9.2) generates an analytic semigroup. Moreover, Theorem 7.1 yields the following 
result. 

Corollary 9.2 Let the conditions (2.9), (6.1), 

K 2 p R (c 2k ) > a R (c 2k -i) (k < m/ 2) and Tr 2 (3 R (c m ) > n 2 y(q ,v ) + a R {c m _i) 

hold. Then the operator A defined by (9.1), (9.2) satisfies the inequality 

P(A) > J2 * 4k p R (c 2k ) - E a R (c 2k+1 )7i 4k+2 - 7t 2m y(q ,v ) > 0. 

fc=0 fe=0 

That is, A is stable. 
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10 Operators on the whole line 

Put H = L 2 (R l , C"), E = L 2 (_R 1 ) and consider the operator 

A=JTa k (x)'^ (seR) (10.1) 

fc=o ax 

with matrix coefficients bounded on R and the domain 

Dom (A) = {ueH = L 2 (R\ C n ) : w (fc) G H ; k = 1, ..., m}, (10.2) 

Take v = m and 

& = m'-h,ii6 Dom (S) = {y G L 2 ^ 1 ) : y' G ^(i? 1 )}. 

Then S is normal and invertible. Moreover, <r(S) — {it — 1 : t G i? 1 } and #(5*) = 1. 
Substituting u' = £« + u in (10.1), we have the operator B defined by (2.8) with 

m 
a 3 = S(J) fi fc 

Due to (1.3), 

m m 

V2g(W(s)) < £ iV( S fe c fc + s fc 4) < 2 £ |s| fc iV( Cfc ) 

fc=0 fc=0 

Thus (2.3) holds with v — m and 

m 

v = V2Y / N(c k ). (10.3) 

k=0 



According to (2.10), 



«b:=ElNlc (10-4) 

j=0 



Thanks to Corollary 2.3, we get the following result. 

Corollary 10.1 Let A be defined by (10.1) and (10.2), and condition (2.9) hold. Then for 
any A G c(A) there are a t G R and an eigenvalue Xj(W(it — 1)) of matrix Wiit — 1), such 
that 

(t 2 + l)" m / 2 |A - Xj(W(it - 1))| < j,(g , v ) < %o,^o), 

where vq and go flr e defined by (10.3) and (10. 4). 
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1 1 Example 

In space H = L 2 ([0, 1], C n ) consider the operator 

d m u(x) 
(Au)(x) = a m (x) y + a (x)u(x) (u G D(A); x G (0, 1)) (11.1) 

with bounded matrix- valued coefficients a m (x) , ao(x) . and 

Dom (A) = {ueH = L 2 ([0, 1], C n ) : u {k) G H : fc = 1, ..., m; 



u 



U) 



(0) =«<*'>(!); j = 0,...,m-l}. (11.2) 



Take v = m and 

5m = -i«' - tt; w G Dom (S) = {v G L 2 [0, 1] : v' G L 2 [0, 1); v(0) = v(l)}. 

So cr(S) is defined by (8.3). Substitute u' = i(S + ix)u into (11.1). Then we have operator 
B defined by (2.8) with 

a,{x) = ~a m (x)i m (f)-K m - j (j = 1, ...,m) 

and 

a>o(x) = fio(^) + a m (x)ir m i m . 

Put 

Cj = Oj(0), bj(x) = a,j(x) — Oj(0) (j = 0, ...,m). 

Then vq and go are defined by (8.5) and (8.6), respectively. Recall also that 

n— 1 i 



j=o v k\ 

Assume that 

qw n < v . (11.3) 

Then according to (2.6) 

%o,uo) = (<7o<-V0 1/n . 

Thanks to Corollary 8.1, we can assert that for the operator A defined by (11.1), (H-2) 
under condition (11.3), for any A G cr{A) there are an integer / = 0, ±1, ... and an eigenvalue 
Xj(W(si)) of the matrix 

m 

W{s l ) = Y,c k st 

fc=0 

where si = n(2l — 1), such that 

\ Sl \- m \\ - A,(^( S/ ))I < (go<-^„) 1/n . 
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Abstract: The boundedness of products of differentiation operators and compo- 
sition operators between the weighted Bergman space and the Bloch type space are 
discussed in this paper. 

MSC 2000: 47B38, 30H05. 

Keywords: differentiation operator, composition operator, Bloch type space, 
weighted Bergman space. 

1 Introduction 

Let D be the open unit disk in the complex plane C and if (D) be the class of all 
functions analytic on D. Let dA denote the normalized Lebesgue area measure in D 
such that A(D) = 1. For < p < oo and a > — 1, the weighted Bergman space A v a is 
the set of all functions / analytic on D satisfying 

\\n\v= [ \.f(z)\ p dA a (z)<™, 



where dA a (z) = (a+ 1)(1 - \z\ 2 ) a dA{z). 

An / £ if(O) is said to belong to the Bloch type space, or /3-Bloch space B l3 (f3 > 0) 
if 

11/11^ = |/(0)| +sup(l-M 2 yV(*0|<oo. 



-fcL 



Under the norm || • ||g/3, B@ is a Banach space. When /3 = 1, B 1 = B is the well known 
Bloch space. Let Bq denote the subspace of B 13 consisting of those / <G B® for which 



(l-|z|TI/'M|->0 as |*| ->1. 
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This space is called the little /3-Bloch space(see [9, 10]). 

Let ip be an analytic self map of D. Associated with <p is the composition operator 
C v defined by 

C V I = fo<p 

for / e H(D). It is a well known consequence of the Littlewood's subordination 
principle that the composition operator C v is bounded on the classical Hardy and 
Bergman spaces. It is interesting to provide a function theoretic characterization of 
when ip induces a bounded or compact composition operator on various spaces (see, 
for example, [2] and [10]). 

Let D be the differentiation operator. The composition operator is one of the 
typical bounded operators, while the differentiation operator is typically unbounded 
on many analytic function spaces. The products of the composition operator and 
differentiation operator are defined by 

DC^f) = {fop)' = f{p)p\ feH(B) 

and 

C v D(f) = f{<p), feH(B) 

respectively The operator DC V was first studied by Hibschwcilcr and Portnoy in 
[4], where the boundedness of DC V between Hardy space and Bergman space are 
investigated. In [5], the boundedness and the compactness of DC V on Bloch type 
spaces are studied. 

In this paper, we study DC V between weighted Bergman spaces and Bloch type 
spaces. Sufficient and necessary conditions for the boundedness of the operator DC V 
are given. As a byproduct, we obtain the characterization of the boundedness of C V D. 

Throughout this paper, constants are denoted by C, they are positive and may 
differ from one occurrence to the other. The notation A x B means that there is a 
positive constant C such that B/C < A < CB. 

2 Main results and proofs 

In this section we give our main results. In order to prove the main results of this 
paper, the following auxiliary lemmas are needed. 

Lemma 1. Assume that < p < oo and a > — 1. If f G A v a , then 

I/,(Z)I - C (l_| z |2)(2^+p)/p- (^ 

Proof. Let (3(z, w) denote the Bergman metric between two points z and w in D. 
It is given by 

1 l + \ip z (w)\ 
P(z, w = - log : --j . 

2 l-|<^(w)| 

For a <G D and r > 0, the set D(a, r) = {z E D : f3(a, z) < r} is a Bergman metric disk 
with center a and radius r. It is well known that (sec, for example, [10]) 

(i-N 2 )' i „ i „ i 



|l-az| 4 (1-M 2 ) 2 (1-M 2 ) 2 Ma,r)\' 
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l/W < (1 _ |z|2)2 / \f(«-)\i;iA(,r) 



when z <G D(a,r), where |B(a,r)| is the hyperbolic area of the disk D(o, r). For 
< r < 1 and z E O, by the subharmonicity of |/'(z)| p and the well known asymptotic 
formula (see, for example, [6, 7]) 

|/(*)|*(1 - \z\ 2 ) a dA{z) x |/(0)|" + / \f'(z)\ p (l \z\Y +P dA(z), 

we obtain 

C 

c||/||^ 

" (l-|z| 2 ) 2 + Q +P' 

from which we obtain the desired result. 

By a similar argument and using the following asymptotic formula ([6, 7]) 

|/(*)|*(1 - \z\YdA(z) x |/(0)|" + |/'(0)|" + / \f"(z)ni - \z\ 2 r+ 2 PdA(z), 

we obtain the following lemma. 

Lemma 2. Assume thatp > 0, a > — 1 and / G AP a . Then there is a positive constant 
C independent of f such that 

1/ (z)\ < C— _ | z |2^( 2 + Q +2p)/p- ( 2 ) 

Let < p < oo, fi be a, positive Borel measure on D and 

DM = {/ e #(©) | ||/||^ w - jf |/'(*)l p dM*) < oo}. 

Lemma 3. Let /i be a positive measure on D and < p, (3 < oo. TTien £/ie following 
statements are equivalent: 

(a) i : B@ i — ► D p (fi) is bounded; 

(b) i : £>q i — ► Dp(/j,) is bounded; 



(c) 

dfi(z) 



(1 - |z| 2 )* 



< oo. 



Remark. The above lemma was obtained by Zhao when < j3 < 1 (see [8]). In 
fact, his proof implies that the result also holds for (3 > 1. Partial results can also be 
found in [1] when /? = 1. 

Now we are in a position to formulate and prove the main results of this paper. 



335 



LI-STEVIC 



Theorem 1. Suppose that < p, (3 < oo, — 1 < a < oo and if is an analytic self- 
map of the unit disk. Then DC V : A v a — ► B^ is bounded if and only if the following 
conditions are satisfied: 

(a) 



(b) 



(l-\z\ 2 )P\ip'(z)\ 2 



(1-|*| 2 )V(«)I 

SU P /, i 7 molV ; < °°. ( 4 ) 



Proof. Suppose that conditions (3) and (4) hold. Then, for arbitrary z £ D and 
/ £ A', (1) and (2) imply 

(l-\z\Y\(DC v f)'(z)\ 

< (i-\z\Y\(f(^y(z)\ 

< (1 - |*| 2 ) V(*)| 2 |/X*))l + (1 - |*| 2 ) V'WII/'^))! 

< cMW^ i/ii;+c W^ i/lk . (5) 

(l-|^(z)| 2 )^+ 2 (l-|^(z)| 2 )^ +1 

In addition, from Lemma 1 we see that 

"-(l-MO)!') 2 ?-" 

From this, by taking the supremum in the inequality (5) over D, then employing 
conditions (3) and (4), we obtain that DC V : A p a — > B 13 is bounded. 

Conversely, suppose that DC V : A v a — » B^ is bounded, i.e. there exists a constant 
C such that \\DC v f\\ B p < C\\f\\ A P for all / £ A%. Then, taking f(z) = z and 
/(z) = z 2 , we obtain that 



and 



sup(l-M 2 )V'(*)|<oo (6) 

zSD 



zSB 



Using these facts and the boundedness of the function tp(z), we have that 

sup(lH*| 2 )V(*)| 2 <°°- (7) 

For fixed w G D, we define the test function 

(1 - H 2 )(«+ 2 )/ P 
/uA j (1-iZ;z)( 4 + 2 «)/p' 

It is easy to check that f w £ A p a and sup^gjj H/mll^p < C(or see [3]). Moreover 

4 + 2a(l-H 2 )( 2+Q )/PH 



1/^)1 = 



|1 - w7z|( 4+2q +p)/p 
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„ 4 + 2a 4 + 2a +p (1 - | w | 2 )( 2 +")/p| w | 2 

IA»W|- p p | 1 _y Jz |(4+2 Q +2p)/p • 



Hence, we have 



C\\DC v \\ A p^ B i3 > \\DC v f tp ^X)\\ B i3 

4 + 2a4 + 2a + p(l- |A| 2 ) V(A)| 2 |<^(A)| 2 
P p (1-|^(A)| 2 )( 2 +«+ 2 p)/p 

4 + 2^(1 -|A| 2 )V'(A)||y(A)| 
P (1-|(^(A)| 2 )( 2 +«+p)/p 

for A e D. Therefore, we obtain 

(l-|A| 2 )V'(A)|| y (A)| 4 + 2a+p(l-|A| 2 )V(A)| 2 | y (A)| 2 

(1 - \tp(\)\ 2 Y 2 + a +p)/p ~ p (1-|( /3 (A)| 2 )( 2 +"+ 2 p)/p 

+C\\DC v \\ a p_ >bi> . (8) 

Next, set 

4 + 2a+p(l-M 2 ) ( " +2)/p 1 - \w\ 2 (1 - \w\ 2 Y a + 2 yP 
9w{z) ~ 4 + 2a (1 - wz^+^/p ~ l-wz (1 - «7z)(4+2«)/p ' W G D ' 

Then, since 

*,(*) = V^fl", 

1 — wz 

we see that g w € A^, moreover sup^gjj ||<7«,||aS < C- Also, we have gLryiifW) = 
and 

IS V (A)^^;;i p (!_ |^( A )|2)(2+a+2p)/p- 

Hence, we obtain 

oo > C\\DC v \\ A P a ^ B0 > \\DC v g vW \\ Bfi > _ |y(A)|2)(2+a+2p)/p ■ 

Thus 

(1-|A| 2 )V(A)| 2 (l-|A| 2 )V(A)| 2 | y (A)| 2 

| y( A)|>i(l-k(A)| 2 )( 2+a+2 ^ " | v ( A) r>i (l-|^(A)| 2 )( 2 +«+ 2 rt/ P 

< sup CpC^lUg^ < oo. (9) 

|¥>WI>5 

By (7), we see that 

(1-|A| 2 )V(A)| 2 4 ( 2 +"+ 2 ^ 2 „ 

< oo. 

(10) 

Therefore, from (9) and (10) we see that 



(1-|A| 2 W(A)| 2 

^D(l-|^(A)| 2 )( 2 +«+ 2 rt/p <0 °- 
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From this and (8), we obtain 

(l-|A|W(A)||y(A)| 

"SdH.(A)P)< 2 « <0 °- (U) 

From (11) and (6), we have that 

(1-|A| 2 )V'(A)| ^ (l-|A| 2 )V'(A)|| y (A)| 

and 

-P f/^SS/p ^ sup (l-|A| a )V(A)|<oo. (13) 

| v (A)|<i (1 - |^(A)|^)^+«+P)/P g^^ | V (A)|<1 

Combining (12) and (13), we obtain (4). The proof is completed. 

Theorem 2. Suppose that < p, [3 < oo, —1 < a < oo and if is an analytic self-map 
of the unit disk. Then, DC V : AP a — ► Bq is bounded if and only if DC V : A v a — ► 23^ is 
6o«nrfed, 

Iim(l-N 2 )V(«)| 2 =0; (14) 



lim(l-N 2 )V(«)l=0. (15) 

|z|-»l 



Proof. First assume that DC V : A v a — > Z?q is bounded. Then, it is clear that 
DC^, : A p a — ► B@ is bounded. Taking the functions f(z) = z and /(z) = z 2 respec- 
tively, we obtain (14) and (15). 

Conversely, assume that DC V : A v a — ► B' 3 is bounded, and that (14) and (15) hold. 
Then, for each polynomial p(z), we have that 

(l-\z\Y\(DC v p)'(z)\ 

< (i - |*| 2 )V(*)| 2 b>(*))| + (i - W 2 ) VW(v(*))l- (16) 

Since 

sup |p"(w)| < oo and sup |p'(to)| < oo, 

from (14)-(16) it follows that DC v p £ Bq. Since the set of all polynomials is dense 
in A v a (see [3]), we have that for every / S A v a there is a sequence of polynomials 
(Pn)neN such that ||/ — PmIIaS -^ as th oo. Hence 

\\DC v f - DC v p n \\ B < \\DC v \\ Al ^ Bf ,\\f- Pn \\ A * ^0 

as n — > oo, by using the boundedness of the operator DC V : A p a — ► ,6^. Since Z?q 
is a closed subset of Z?' 3 , we obtain L>C v (^p) C B(f. Therefore DC V : A% ^ B$ is 
bounded. 
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Theorem 3. Suppose that p is an analytic self-map of the unit disk. Assume that 
p, (3 > and a > — 1. Then the following statements are equivalent: 

(a) DC V :B f3 -> A^ is bounded; 

(b) DC V :B f ^ AP a is bounded; 

'^ )|P - d A a{z )<oo. 



(l-lvOW 

Proof. Let f E A^. We have 

P<V|ftp = [\(DC v f)(z)\vdA a (z) 

\f{v{z))\ P W{z)\ p dA a {z) 
\f{<p{zWdn{z) = f\f(z)\^dno V -\z) 



where 



dn(z) = |^)|*U4 a (2). 



By Lemma 3, we know that DC V : B@(otBq) — > A^ is bounded if and only if 

finishing the proof of the theorem. 

Remark 1. Note that by modifying the proofs of Theorems 1-3, we can prove the 
following results. We omit the details. 

Theorem 4. Suppose that < p, [3 < oo, — 1 < a < oo and <p is an analytic self-map 
o/D. Then 

(a) C^D : A p a — ► B 13 is bounded if and only if 

{i~\ z \ 2 Y 3 W{z)\ 

S 2 ^(l-|^(z)P)(2+*+2p)/p <00 < 

(b) C V D : A v a — ► Bq is bounded if and only if ip E Bq ; 

(c) C V D : B 13 — ► A v a is bounded if and only if C V D : Bq — > A^ is bounded if and 
only if 

(1 - |z| 2 ) Q 
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A NOTE ON INTEGRAL INEQUALITIES INVOLVING THE 
PRODUCT OF TWO FUNCTIONS ON TIME SCALES 

A.TUNA, B. I. YA§AR AND S. KUTUKCU 



Abstract. In this article we study new integral inequalities involving two 
functions and their derivatives on time scales. 



1. Introduction 

The theory of dynamic equations on time scales(aka measure chains) was in- 
troduced by Hilger [3] with the motivation of providing a unified approach to 
continuous and discrete analysis. The generalized derivative or Hilger derivative 
/ A (i) of a function / : T — > R, where T is a so-called "time scale" (an arbitrary 
closed nonempty subset of K) becomes the usual derivative when T = R, that is 
/ A (i) = /'(£)• On the other hand, if T = Z, then / A (t) reduces to the usual for- 
ward difference, that is / A (£) = A/(t). This theory not only brought equations 
leading to new applications. Also, this theory allows one to get some insight into 
and better understanding of the subtle differences between discrete and continuous 
systems [1, 2]. 

In this paper, we establish new integral inequalities involving two functions and 
their derivatives on time scales. 

Now, first we mention without proof several fundamental definitions and result 
from the calculus on time scales in an excellent introductory text by Bohner and 
Peterson [2]. 

2. General Definitions 

Definition 1. A time scale T is a nonempty closed subset ofR. 

We assume throughout that T has the topology that is inherited from the standard 
topology on R. It also assumed throughout that in T the interval [a, b] means the set 
{ieT: s < t} for the points a < b inT. Since a time scale may not be connected, 
we need the following concept of jump operators. 

Definition 2. The mappings a, p : T — > T defined by a{t) — inf {s G T : s > t} and 
p{t) = sup{s G T : s < t} are called the jump operators. 

The jump operators a and p allow the classification of points in T in the following 
way: 

Definition 3. A nonmaximal element t G T is said to be right-dense if o~(t) = t, 
right-scattered if o~(t) > t, left-dense if p(t) — t,left- scattered if p(t) < t. 

In the case T = R, we have a(t) = t, and if T =/iZ, h > 0, then a(t) = t + h. 
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Definition 4. The mapping /i : T — > R defined by /i(t) = ct(£) — t is called the 
graininess function. 

If T = R, then /i(t) = 0, and when T =Z, we have /i(£) = 1. 

Definition 5. Let f : T — > R. / is called differentiable at t E T k , with (delta) 
derivative f (t) e I i/ given e > £/iere exists a neighborhood U of t such that, 
for all s e [/, 

||r(t) - /(*) - / A (*)K*) - s}\\ < s \\a(t) s\\ , 

where f a — f o a. 

IfT = R, then f A (t) = ^f-, and iff = R, then f A (t) = f(t + l) - f(t). 

Some basic properties of delta derivatives are the following [2] . 

Theorem 1. Assume that f : T — > R and let t <G T k . 

(i) If f is differentiable at t, then f is continuous at t. 

(ii) If f is differentiable at t and t is right- scattered, then f is differentiable at t 
with 

a(t) — t 
(Hi) If f is differentiable at t and t is right-dense, then 

t-*s t — S 

(iv) If f is differentiable at t, then 

nt) = f(t)+n(t)f A (t) 

Example 1. (i) If f : T ^R is defined by f(t) — a for all t <G T, where a E R is 
constant, then f (i) = 0. 

(ii) If f : T ^R is defined by f(t) = t for all t e T ; then f A (t) = 1 

Definition 6. The function f : T — > R is said to be rd-continuous (denote f G 

C rd {T,R)) if, at all t e T, 

(i) f is continuous at every right-dense point teT, 

(ii) lim s _>t- f{s) exists and is finite at every left-dense point t G T. 

Definition 7. Let f € C rc z(T ; R). Then g : T — > R is called the antiderivative of f 
on T if it is differentiable on T and satisfies g (t) — fit) for any teT'. In this 
case, we defined 

t 
f(s)As = g(t)-g(a), t e T. 

Theorem 2. If f is A-integrable on [a,b], then so is \f\ ,and 



b 
f{t) A t 



b 

< /l/(*)|At. 



We assume that T = [a, b] is an arbitrary interval on time scale. Our main results 
are given in the following theorem. 



342 



INTEGRAL INEQUALITIES ON TIME SCALES 



3. Main Result 
Theorem 3. Let f,ge C* d (T,R). Then 



(3.1) 



and 
(3.2) 



f{t)g{t)-\[g{t)F + f{t)G] 



1 

< - 
- 4 



b b 

\ { ,U)\ I |/ A (r)|Ar + |/(i)| [\g A (r)\A 



\f(t)g(t)-[g(t)F + f(t)G] + FG\ 

b \ / b 



< 



1 



fMAr \g*( T ) At 



for all t£ T, where 
(3.3) F = M+M , G = gW+gW . 

TTie constant j m ( / 5. ij and (^5.^) is sharp. 
Proof. From the hypotheses of Theorem 3. we have the following identities 



(3.4) 



/(*) " ^ 



A/ x a , /V- 



f(r)Ar-jf(r)Ar 
/ 



(3.5) 



fl(*) - G 



t 6 

A/„ \ A „ /"„A, 



5^(t)At- 9 fl (T)Ar 



Multiplying both sides of (3.4) and (3.5) by g(t) and f{t) respectively, adding 
the resulting identities and rewriting we have 



(3.6) 



f(t)g(t)-\lg(t)F + f(t)G} 



g(t) 



t b 

A/ x a _ [ *A, 



fWAr- f(r)Ar 



-/(*) 



9 fl (r)Ar-jj fl (r)AT 
t 
From (3.6) and using the properties of modulus we have 



t b 

A/_N A _ f A, 



/(%(t)-^ ff (t)F + /(«)G] 



< 



1 



6 fa 

|.ry(/)| / |/ A (r)|Ar+|/(t)| /V(r)|A 



This is the required inequality in (3.1). 
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Multiplying the left sides and right sides of (3.4) and (3.5) we get 



(3.7) f(t)g(t)-[g(t)F + f(t)G}+FG 



t b 

A/-,, \ A „ f fA, 



fWAr- f(r)Ar 



t b 

A^\ a _ [ „A, 



9 a (t)At- j fl (r)Ar 



From (3.7) and using the properties of modulus we have 
\f(t)g(t)-[g(t)F + f(t)G}+FG\<-l f\f A (r)\Ar) I f\g A (t)\A 



This proves the inequality in (3.2). 

To prove the sharpness of the constant j in (3.1) and (3.2), assume that the 
inequalities (3.1) and (3.2) hold with constant c > and k > respectively. 
That is, 



(3.8) 



and 
(3.9) 



f(t)g(t)--lg(t)F + f(t)G] 



< c 



b b 

\g(t)\ f\f A (r)\Ar+\f(t)\ /V(t)|A 



\f(t)g(t)-[g(t)F + f(t)G}+FG\ 

b \ / b 



< k / fir) A 



9*{t) A- 



for t e T. In (3.8) and (3.9), choose /(t) = g(t) = i and hence / A (t) = 5 A (t) = 1 
by Example l(ii), F = G = s ^-- Then by simple computation, we get 

(3.10) 
and 
(3.11) 

By taking t = b, from (3.10) we observe that c > \ and from (3.11) it is easy to 
observe that k > |, which proves the sharpness of the constants in (3.1) and (3.2). 
The proof is complete. □ 

Remark 1. The results of Theorem 3. holds for an arbitrary time scale. Thus for 
some peculiar time scales, by Theorem 3., we immediately obtain the following two 
corollaries. 





t- l -(a + b) 


< 2c 


[b-a), 


t(t- 


> + b)) + (- 


+ b )2 

2 ' 


<k{b-af. 



344 



INTEGRAL INEQUALITIES ON TIME SCALES 



Corollary 1. Let T = R and f,g£ (^([a^R), [a, 6] cl, a < 6. T/ie 



(3.12) 



and 



< 



f(t)g(t)-±[g(t)F + f(t)G} 



b b 

\g(t)\ f\f(r)\dr+\f(t)\ [ \g'(r)\dr 



(3.13) 



\f(t)g(t)-[g(t)F + f(t)G] + FG\ 

. b \ / b 

\\ I |/'(v)| f /-, J | / |.r/(r)|,/r 



/or aH i <G [a, o], where 

= /(a) + /(&) g( ffl )+g(b) 

2 2 

XTie constant | m (3.12) and (3.13) is sharp. 

Corollary 2. Lei T = Z cm<i {wi} , {i>i} for i = 0, 1, 2, ..., n, n € N fee sequences of 
real numbers. Then 



(3.14) 



w j^j " ^ [v%U + UiV] 



< 



n-l 



n-1 



J=0 j=0 



and 



(3.15) 



|tii«i- [vi?7 + mV] + UV\ 

< \rz\A Uj \\ (xV^i), 



for i = 0, 1, 2, ...,n, where 



_ Up +U n _ Vq + tl ra 

2 ' 2 ' 

and A is i/ie forward difference operator. The constant | m (3.14) and (3.15) 
is sharp. 

Remark 2. // we take g(t) — 1 and hence g (t) — in (3.1), then by simple 
calculation we get the inequality 



(3.16) 





|/(i)-F|<^||/ A (T)|AT, 
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Remark 3. Dividing both sides of (3.6) and (3.7) by (b— a), then integrating both 
sides with respect to t over T and closely looking at the proof of Theorem 3 we get 

b 

(3.17) J—[ f(t ) 9 (t)At 



1 



< 



2(6 - a) 
1 



b b 

F jg{t) At + G ff{t) A t 




\g(t)\At 




f(«)At 



f(t)\At 




g"(t)\At 



and 
(3.18) 



< 




f{t)g{t) A t 



f(t)At 



(b-a) 





F fg(t) At + G I f(t) At-FG 



Conclusion 1. If we take T 




S A WAt 



, we note the inequalities (4-5) and (4-6) are 



similar to those of the well known inequalities due to Griiss and Cebyes, see [4, 5] 
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SOME NEW INTEGRAL INEQUALITIES FOR RETARDED 
VOLTERRA EQUATIONS 

B. I. YA§AR AND A. TUNA 



Abstract. In this article we study some new integral inequalities for retarded 
Voltcrra equations. 



1. Introduction 

Integral inequalities are very useful in the qualitative analysis of differential and 
integral equations. Starting with [6], several recent investigations, see [7, 11, 12, 13, 
14], were devoted to retarded integral inequalities. Next [5] has considered case of 
retarded Volterra integral equations. There, bounds on the solutions and, by means 
of examples, established also it is shown the usefulness of results in investigating 
the asymptotic behavior of the solutions. 

In this article we study some new integral inequalities for retarded Voltcrra 
equations. 

First we mention several fundamental Theorems without proof by Olivia Lipovan 
[5]. 

2. Preliminaries 

2.1. The linear case. 

Theorem 1. Let k £ C(R+,R+), a £ C 1 (R + ,M+), a £ C(R+ x M+,M+) with 
(t,s) — > dta(t,s) £ C(R+ x R_|_, R_|_). Assume in addition that a is nondecreasing 
and a(t) < t for t > 0. If u £ C(R + ,R+) satisfies 

«(*) 

(2.1) u(t) < k(t) + / a(t, s)u(s)ds, t > 0, 

o 
then 

a(t) a(r) 

J a(t,s)ds p — J a(r,s)ds / a(r) \ 

(2.2) u(t) < k(t) +e° / e o d r { j a(r,s)k(s)ds dr, t> 0. 

o ^ ' 

Corollary 1. Assume a, a are as in Theorem 1. and k(t) = k > 0. If u £ 
C(R+,R+) satisfies (2.1), then 

a(t) 
j a(t,s)ds 

(2.3) u(t) < fee o , t > 0. 
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Remark 1. We note that for dta(t,s) = in Corollary 1. we get an inequality 
obtained in [6]. If, in addition, a(t) — t, the inequality given by Corollary 1. reduces 
to Gronwall's inequality [4]. 

Theorem 2. Let a,b,k <E C(M + ,ffi. + ), a € C 1 (K + ,K + ) and assume that a is 
nondecreasing with a(t) < t for t > 0. If u € C(R+,R+) satisfies 

(2.4) u{t) < k(t) + a(t) / b(s)u(s)ds, t > 0, 

o 
then 

«(*) " (t) 

/I a(s)6(s)ds 
e r b(r)k(r)dr, t > 0. 

o 
Remark 2. Considering a(t) — t in Theorem 2., we obtain Morro's inequality [4]. 
2.2. The nonlinear case. 
Theorem 3. Let a, a be as in Theorem 1. Assume k,u> G C(R+,R+) are non- 

~ — - W >* ■*>.*. >.-/*--* 

l 
u e G(R+,R+) satisfies 

«(*) 

u(t)<k(t)+ a{t,s)u{u{s))ds, t>0, 

o 

i/ien 

/ «(*) \ 

(2.6) it(i) < G" 1 G(fc(t)) + f a(t,s)ds , i > 0. 

V ° / 

i 
W /jereG(t) = /"jfv, t > 0. 



l 
Theorem 4. Let a,b,k <G G(K + ,K + ), a <G G 1 (]R + ,IR + ) and assume that a,k,a 
are nondecreasing functions with a(t) < t for t > 0. Let also uj G G(M+,R+) 

_„_„ -^ >...>.- /*.-* 

i 

u e C(R+,R+) satisfies 

a(t) 

(2.7) u(t) < fc(i) + a(t) / b(s)u(u(s))ds, t > 0, 

o 

then 



( <*(*) 



(2.8) «(£) < G- 



G(k(t))+a(t) / 6(s)ds | , t > 0. 

V ° 
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t 



where Gft) 



ds f > n 



3. Main Results 

Theorem 5. Let a,c,g,h <G C(R+,R+) and a E C 1 (R + ,R + ). Assume in addition 
that a is nondecreasing and a(t) < t for t > 0. If u € C(M + ,M + ) satisfies 

(3.1) (w(t)) p < aft) + eft) / [5(s)u(s) + /i(s)] ds, i > 0, 

o 
then 
(3.2) 



«(*) < { a(t) + c(t) 

where 
(3.3) 



a(t) a(r) 

f siiMil ds * _ f siiMil d . 
J p I J v 



p - 1 aft) 




> , t > 0. 



*"(*) = 5(«) 



h(t). 



P P 

Proof. Obviously, if aft) — 0, then the inequality (3.2) holds. Thus, in the next 
proof, we always assume that a(t) < t with t > 0, 
Define a function z{t) by 



«(t) 



(3.4) 



Then (3.1) can be restated as 

(3.5) (uft)f <aft)+cft)zft). 

Using the elementary inequality (See [8,p,30]) 

ii x y 
xpyi < — | — , 

P Q 
where x > 0, y > 0, and - + - = 1 with p > 1, we observe that 



(3.6) 



u(t) < [a(t) + c(t)z(t)] " 

< p-1 aft) eft) 



zft). 



P P V 

Combining (3.4), (3.5) and (3.6), we have 

«(*) 

z'(i) = [g(a(t))u(a(t)) + h(a(t))]a'(t)+ [g(s)u(s) + h(s)]ds, t > 0, 



< 



<?(«ft)) [^ + ^f 11 + ^*(«(t)))] + >*(«(*))] «'ft) 



s(*)(^ + ^ + ^*W)+M«)' 



rf.s 
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«(t) 

g(a(t)) [2=1 + ^f»] + /»(«(*))] a'(*) + / [g(s) (2=1 + ^1) + /»(«)' 





rf.s 



a(t) 
fl(a(t)) C (a(t)) a /( f ) + /" 9ifMfl d . s 



*(*)■ 



or, cquivalcntly, 

z'(t)-*(t)i IJ^ds] <&\jF{»)<ls 

where 

«(*) 

_ r »c)c(.) da 
j p 
Multiplying the above inequality by e ° , we get 

/ "(*) \ oc(t) 

f a(s)c(s) , \ 



di 



J P 

z(i)e ° 



V 



/ 



< e I \j F{s)ds 



Consider now the integral on the interval [0, t] to obtain 

a(t) a(r) / 

f a(iMi) ds * _ f e(£M£) d , 

J P I J P 



(3.7) z(t) < e o 



#,. 



\° 



/ F(s)ds dr, i > 0. 



Combine the above inequality with (u(t)) p < a(t) + c(t)z(t) to get (3.2) and, 
with this, the proof is complete. □ 

Corollary 2. If we take p — 1, h(t) = 0, it is clear that we can have the same 
Theorem 1.2 and Remark 1.2. in [5]. 

Theorem 6. Assume that u,a,c,g,h,m € C(R+,R+), a € C 1 (R + ,R + ), to <E 
C(K+ x K+,M+) with (t,s) -> ^w(M) € C(M + x R+,R+). ylsswme in addition 
that a is nondecreasing and a(t) < t for t > 0, 



(3.8) (u(t)f < a(t) + c(t) / u(t, s) [g(s) (u(s)) p + h(s)u(s) + m(s)] ds, t>0 

o 
implies 
(3.9) 
u(t) < 



a(t) + c(t) 



a(r) 

I 

e o 



J u(t,s)A(s)ds 1 - J uj(r,s)A(s)ds ' 



V 



d r | / u>(r, s)B(s)ds | dr 



J ) 



for t>0. Where 
(3.10) A(t) = c(t) ( 5 (t) + 



Mt)\ 
P / 
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and 

p-l a(t)' 



B(t) = a(t)g(t) + h(t) 



P 



P 



- m(t). 



Proof. Obviously, if a(t) = 0, then the inequality (3.9) holds. Thus, in the next 
proof, we always assume that a(t) < t with t > 0, 
Define a function z{t) by 



(3.12) 



a(t) 

z(t) = / w(£, s) [g(s) (u(s)f + h(s)u(s) + m(s)\ ds 

(i 



As in the proof of Theorem 5., we easily obtain (3.5) and (3.6). Combining 
(3.12), (3.5) and (3.6), we have 

z'(t) = u(t, a(t)) [g(a(t)) (u(a(t))) p + h(a(t))u{a(t)) + m(a(t))] a'{t) 
«(*) 

+ / §- t uj(t, s) [g(s) (u(s)f + h(s)u(s) + m(s)] ds, t > 0, 

< {w(t,a(t)) [g(a(t))a(a(t)) + c(a(t))g(a(t))z(t)} 

+h(a(t)) [*=* + ^f» + *flz(tj\ + m(a(t))} a'(*) 

+ / [^w(t,*)[ff(«)o(a) + c(a)ff(*)«(a)] 



< 



+h(s)[^ + a -f + ^z(s))+m(s) 
u{t,a{t))c(a{t)) (g{a{t)) + h ^) a'(t) 

a(t) 

f ^(t,s)c(s)(g(s)+ t ^)d. 



ds 



z(t) 



uj(t,a(t)) a(a(t))g(a(t)) + h(a(t)) 

a(t) 



p-l a(a(t)) 

P V 



■m(a(t)) a'(t) 



+ / §- t U (t, s) [a(s)g(s) + h(s) (*=i + ^ ) + m(s) 



ds 



or, equivalent ly, 

z'(t)-z(t)i\ [u(t,s)A( s )ds\<£\ f w(t,s)B(s)ds 



where 

A(t) = c(t) (g(t) + !f) 

and 

B(t) = a(t)g(t) + h(t) (*=! + *£>) + m(t) 

«(*) 

— J w(t,s)A(s)ds 

Multiplying the above inequality by e ° , we get 
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ill 



/ «(*) \ «(*) / , , 

I - / u(t,s)A(s)ds 1 - r „>('* .14CW. / °V 

z(i)e o 



V 7 



— J u(t,s)A(s)ds 

dt 





<e o ||/ cj(t,s)B( S )ds 



Consider now the integral on the interval [0, t] to obtain 

J u(t,s)A(s)ds p - J u(r,s)A(s)ds I f 



z(t) < e o / e o Q r \ u(r, s)B(s)ds dr, t > 0. 

{ \{ ) 

Combine the above inequality with {u(t)) p < a(t) + c(t)z(t) to get (3.9) and, 

with this, the proof is complete. □ 

Corollary 3. In Theorem 6. if we take p — 1, c(t) = 1, g(t) = 0, h(t) = 1, 
m(t) = 0, we get Theorem l.l.,Corollaryl.l. and Remark 1.1. in [5]. 



References 
[i 

[2 



R. Bellman, The stability of solutions of linear differential equations, Duke Math. J. 10 (1943) 

643-647. 

I. Bihari, A generalization of a lemma of Bellman and its application to uniqueness problems 

of differential equations, Acta Math. Acad. Sci. Hungar. 7 (1965) 81-94. 

C. Corduncanu, Integral Equations and Applications, Cambridge Univ. Press, Cambridge, 

1991. 

T.H. Gronwall, Note on the derivatives with respect to a parameter of the solutions of a 

system of differential equations, Ann. of Math. 20 (1919) 292-296. 

O. Lipovan, Integral inequalities for retarded Voltcrra equations, J. Math. Anal. Appl. 322 

(2006) 349-358. 

O. Lipovan, A retarded Gronwall-like inequality and its applications, J. Math. Anal. Appl. 

252 (2000) 389-401. 

O. Lipovan, A retarded integral inequality and its applications, J. Math. Anal. Appl. 285 

(2003) 436-443. 

D.S. Mitrinovic, "Anallytic Inequalities," Springer Vcrlag, Berlin/New York, 1970. 

A. Morro, A Gronwall-like inequality and its application to continuum thermodynamics, Boll. 

Un. Mat. Ital. B 6 (1982) 553-562. 

B.G. Pachpattc, Inequalities for Differential and Integral Equations, Academic Press, San 

Diego, CA, 1998. 

B.G. Pachpattc, Explicit bounds on certain integral inequalities, J. Math. Anal. Appl. 267 

(2002) 48-61. 

B.G. Pachpattc, On some retarded integral inequalities and applications, J. Incqual. Pure 

Appl. Math. 3 (2002), Article 18. 

B.G. Pachpattc, On a certain retarded integral inequality and its applications, J. incqual. 

Pure Appl. Math. 5 (2004), Article 19. 

B.G. Pachpatte, On some new nonlinear retarded integral inequalities, J. Incqual. Pure Appl. 

Math. 5 (2004), Article 80. 



Department of Mathematics, Faculty of Science and Arts, University of Gazi, Be§evler, 
06500, Ankara, Turkey 

E-mail address: irfanyOgazi.edu.tr 
E-mail address: adnantunaSgazi.edu.tr 



352 



JOURNAL OF APPLIED FUNCTIONAL ANALYSIS,VOL.3,NO,3, 353-381 .COPYRIGHT 2008 EUDOXUS PRESS, LLC 



The Dirichlet-Neumann Problem for the 2-D Laplace Equation in 
an Exterior Cracked Domain with Neumann Condition on Cracks. 

P.A.Krutitskii 

Dept. of Mathematics, Faculty of Physics, Moscow State University, 

Moscow 117234, Russia. 

Fax: +7-095-9328820 

e-mail: krutitsk@rnath.phys.msu.su 



P.A.Krutitskii 

Abstract 

The mixed Dirichlet-Neumann problem for the Laplace equation in an unbounded plane do- 
main with cuts (cracks) is studied. The Dirichlet condition is given on closed curves making 
up the boundary of the domain, while the Neumann condition is specified on the cuts. The 
existence of a classical solution is proved by potential theory and a boundary integral equa- 
tion method. The integral representation for a solution is obtained in the form of potentials. 
The density of the potentials satisfies a uniquely solvable Fredholm integral equation of the 
second kind and index zero. Singularities of the gradient of the solution at the tips of the 
cuts are investigated. 
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The Dirichlet-Neumann Problem 
1. Introduction. 

The Boundary of a 2-D cracked domain consists of both closed curves and open arcs 
(cuts). Open arcs model cracks in solids and screens or wings in fluids. Different physical 
processes in cracked domains can be described by boundary value problems for the Laplace 
equation, for example, distribution of stationary heat and electric fields in cracked solids, 
electric flow in cracked semiconductors, flow of an ideal fluid over several obstacles and wings, 
etc. Appropriate boundary conditions must be specified on the total boundary, i.e. on both 
closed curves and open arcs (cracks) . The Neumann boundary condition reflects the nonflow 
(of fluid, electric current, etc.) through the boundary. The Dirichlet boundary condition 
corresponds to the given temperature in heat theory, fluid pressure in hydrodynamics, electric 
potential in electrostatics, etc. 

Boundary value problems with mixed boundary conditions were not treated in cracked 
domains by rigorous mathematical methods before. Even in the case of Laplace and 
Helmholtz equations the problems in domains bounded by closed curves [2], [13-17] and 
problems in the exterior of cuts (cracks) [14, 16], [18-20] were treated separately, because 
different methods were used in their analysis. Previously the Neumann problem in the exte- 
rior of a cut was reduced to a hypersingular integral equation [14, 16, 18, 19] or to an infinite 
algebraic system of equations [20] , while the Dirichlet problem in domains bounded by closed 
curves was reduced to the Fredholm equation of the second kind [13-17]. The combination 
of these methods in case of domains bounded by closed curves and cuts leads to an integral 
equation, which is algebraic or hypersingular on cuts, and it is an equation of the second 
kind with compact integral operators on the closed curves. The integral equation on the 
whole boundary is rather complicated to be effectively studied by standard methods. The 
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approach suggested in the present paper enables us to reduce the mixed Dirichlet-Neumann 
problem in a cracked domain to the Fredholm integral equation of the second kind and index 
zero on the whole boundary with the help of a nonclassical angular potential. It is shown 
that the Fredholm integral equation is uniquely solvable, therefore the integral equation can 
be computed by a standard code by discretization and inversion of the matrix. So our ap- 
proach is constructive, because it gives the way for finding the numerical solution for mixed 
boundary value problem with complicated boundary in an exterior domain. Our approach 
is based on [5-6] , where the problems in the exterior of cuts were reduced to the Fredholm 
integral equations using the angular potential. At first these problems were reduced to the 
Cauchy singular integral equation with additional conditions. Next, the singular integral 
equation was reduced to the Fredholm integral equation of the 2nd kind and index zero 
by regularization. In [7-10] our approach has been applied to the Dirichlet and Neumann 
problems for the Laplace and Helmholtz equation in cracked domains. Some nonlinear prob- 
lems of fluid dynamics were studied in [4] . Using an integral representation for a solution 
of our problem in the form of potentials, obtained in the present paper, we derive explicit 
asymptotic formulas for singularities of the gradient of the solution at the tips of the cuts 
(cracks). 

2. Formulation of the problem. 

By a simple open curve we mean a non-closed smooth arc of finite length without self- 
intersections [16]. 

In the plane x = (x±,X2) £ R 2 we consider the exterior multiply connected domain 
bounded by simple open curves T\, ...,rL e C 2 ' and simple closed curves 
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T 2 , ...,r^ G C 1 '^, A G (0, 1], so that the curves have no points in common. We put 

JVi N 2 

v l = |Jrt r 2 = \jY 2 n , r = r 1 ur 2 . 

ra=l n=l 

The exterior connected domain bounded by T 2 will be called T>. We assume that each curve 
r^ is parametrized by the arc length s : T^ = {x : x = x(s) = (xi(s),a?2(s))) s G [a^,^]}, 
n = l,...,N k , k = 1,2, so that a} < &} < ... < a} Nl < b x Nl < a 2 < b\ < ... < a% 2 < b% 2 
and the domain T> is on the right when the parameter s increases on r 2 . Therefore points 
x G r and values of the parameter s are in one-to-one correspondence except a 2 , 6 2 , which 
correspond to the same point x for n = 1, ..., N 2 - Below the sets of the intervals on the Os 

axis 

JVi n 2 2 N k 

n=l n=l fc=l ra=l 

will be denoted by the same symbols as the corresponding sets of curves, that is, by T 1 , V 2 
and r respectively. 

We put C°(r 2 ) = {F(s) : F(s) G C°[a 2 n ,b 2 n ], T(a 2 n ) = T(b 2 n )}, and 

N 2 

c\t 2 ) = n c°(it). 

n=l 

By P n we denote the interior domain bounded by the curve r 2 , if n = 1, ..., A^. 

The tangent vector to T at the point x(s) we denote by t x = (cosa(s), sina(s)), where 
cosa(s) = Xi(s), sina(s) = x' 2 (s). Let n x = (sina(s), — cos a(s)) be the normal vector to 
r at x(s). The direction of n^ is chosen such that it will coincide with the direction of t x if 
n x is rotated anticlockwise through an angle of ir/2. Therefore n x is the inward normal for 
V on r 2 . 

We consider the curves T 1 as a set of cuts. The side of T 1 which is on the left, when 
the parameter s increases, will be denoted by (r 1 ) + , and the opposite side will be denoted 
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bytr 1 )-. 

We say, that the function u(x) belongs to the smoothness class K if 



i) u e c g (v\t^) n ^(vxv 1 ), 



2) Vu G C°(P\r 1 \r 2 \X), where X is a point-set, consisting of the end-points of T 1 : 

Ni 



X=\J (x(ai)Ux(O), 



n=l 



3) in the neighbourhood of any point x(d) £ X for some constants C > 0, e > — 1 the 
inequality holds 

(1) |V«| <C\x-x(d)\ e , 

where x — > x(d) and d = a^ or ii = b\, n = 1, ..., iVi. 

Remark. In the definition of the class K we consider T 1 as a set of cuts. In particular, by 



C (P\r 1 ) we denote a class of functions, which are continuously extended on the cuts T 1 
from the left and right and are continuous at the tips of cuts T 1 . However values of these 
functions on T 1 from the left and right can be different everywhere except at the tips, so 
that the functions may have a jump on T 1 . 

Let us formulate the mixed Dirichlet-Neumann problem for the Laplace equation in the 
domain V^ 1 . 

Problem U. Find a function u(x) of class K so that u(x) satisfies the Laplace equation 



u xixi (x) + u X2X2 (x) = 0, x £ vxr 1 , 



the boundary conditions 



(2a) 9U{X) 



dn x 



x(s)e(r 1 y 



F+(s), &U{X) 







n, 



= F-(s) 
x(s)e(ri)- 



u(x(s))\ T 2 = F(s), 
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and the following conditions as \x\ = yxf + x\ —> oo 

(26) |' u ( a; )l < const, |Vit| = o(|x|~ ). 

All conditions of the problem U must be satisfied in the classical sense. 

The edge condition (1) ensures the absence of point sources at the ends of T 1 . It is 
assumed that N2 > 1. If N± = and the cuts T 1 are absent, then the problem U transforms 
to the classical Dirichlet problem in an exterior domain T> without cuts. 

Using the energy equalities we can prove the following assertion. 
Theorem 1. The problem U has at most one solution. 

By Jpfc ... da we mean 

n=l t 

Proof. Consider the homogeneous problem U and assume that uq(x) is a solution of the 
homogeneous problem (with F (s) = 0, F(s) = 0). Our aims is to show that uq(x) = 0. 
According to [3], smoothness of a solution on the part of the boundary with the Dirichlet 
condition is the least value among smoothness of the boundary data and smoothness of 
the boundary. Therefore, uq(x) £ C 1 ' (D \ T 1 ). Combining this result with the smoothness 
ensured for uo(x) by the class K, we have Vuo(x) G C°(V\T 1 \ X), and inequality (1) 
holds at the tips of T 1 . We envelope each cut T^ (n = 1,...,N±) by a closed contour so 
that all contours lie in I?\r 1 . Next we write the energy equalities for a domain, bounded by 
our auxiliary contours, T 2 and the circle of a large enough radius r. We allow the auxiliary 
contours shrink to T 1 and let r tend to infinity. Using the conditions at infinity (2b) and 
the smoothness of uq(x) established above, we obtain 



|vv 2 



r 1 



<9«o \ - / duo 

Un 1 - — I -«,,;, 

n 7 



dn r J ° \d 



ds — uq— — ds. 
J on x 

r 2 
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Taking into account the homogeneous boundary conditions (2a), we have 

ll Vn o|ll 2 p\ri) =0. 

Hence uo(x) = const and const = due to homogeneous Dirichlet boundary condition on F 2 . 
Therefore uq(x) = 0, and the theorem is proved thanks to the linearity of the problem U. 

3. Integral equations at the boundary. 

Below we assume that 

(3) F+(s),F-(s)€C^\T 1 ), F( S )GC°(r 2 ), AG (0,1]. 

Note that the Holder exponent A in the description of smoothness of these functions and in 
the description of smoothness of the boundary F is the same. If the exponents are different 
in practice, then by A we denote the least. 

If ,61 (r 1 ), ^(r 2 ) are Banach spaces of functions given on T 1 and T 2 , then for functions 
given on F we introduce the Banach space BiiF 1 ) n ,62 (r 2 ) with the norm 

H"llz3i(ri)nB 2 (r2) = IHIsi(ri) + IHIs 2 (r 2 ) ■ 

An example of such a Banach space is C° (F) = C° (F 1 ) n C°(F 2 ). 

We shall construct the solution of the problem U from the smoothness class K with the 
help of potential theory for harmonic functions. 

We consider an angular potential [1,5], [12, Appendix] for the Laplace equation: 

(4) wi\n](x) = -— I n(a)V(x,y(a))da. 

r 1 

The kernel V(x, y(<r)) is defined (up to indeterminacy 27rm, m = ±1, ±2, ...) by the formulae 

cosV(x,y{a)) = ---, smV (x, y{cr)) = —-, 

\x-y{a)\ \x-y{a)\ 
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where 



y = y(a) = (yi(cr),y 2 (a)) G T 1 , \x - y(a)\ = ^ (xi - yi(cr)) 2 + (x 2 -y 2 (cr)) 2 . 



One can see, that V(x, a) is the angle between the vector y(a)x and the direction of the Ox\ 
axis. More precisely, V (x, y(cr)) is a many-valued harmonic function conjugate to In \x—y(cr) \ . 

Below by V(x,y(a)) we denote an arbitrary fixed branch of this function, which varies 
continuously with a along each curve T^ (n = I, ..., N\) for given fixed x ^ T 1 . 

Under this definition of V(x,y(a)), the potential u>i[/u](x) is a many-valued function. In 
order that the potential wi[^](x) be single- valued, it is necessary to impose the following 
additional conditions 



(5) 



fi(a) da = 0, n= l,...,Ni 



Below we suppose that the density fi(a) belongs to the Banach space Cg(T ), uj G (0, 1], 
q G [0, 1) and satisfies conditions (5). 
We say, that fi(s) G C^T 1 ) if 



iVi 



mwii 



s — a. 



n=l 



s -b r 



0,w/-pl\ 



g c u '^(r 



where C ^^ 1 ) is a Holder space with exponent uj and 



IImWII 



c-(ri) 



JVi 



A*wn 



s — gl 



n=l 



8-bi 



c o,^ (r i) 



As shown in [1], [5], [12, Appendix], for such //(<r) the angular potential wi[ / u](x) belongs 
to the class K. In particular, the inequality (1) holds with e = —q, if q G (0, 1). Moreover, 
integrating w\[/j](x) by parts and using (5), we express the angular potential in terms of a 
double layer potential 

If d 

w i W 0*0 = 7T I P^ J) — ln I x ~ y (°") I dcr ' 
r 1 
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with the density 



u 

PW) = j P(0 d t ce^,^], n = l,...,N 1 . 



Consequently, wi[fi](x) satisfies the Laplace equation outside T 1 and the conditions at in- 
finity (2b). 

Let us construct a solution of the problem U . We seek a solution of the problem in the 
following form 



(6) 



u[v,/j](x) = vi[v](x) +w[fj](x) + h[u,n](x) , 



where 



(7a) 



w[fj](x) = wi[/j](x) + w 2 [/j](x) 



Vl [ v ] (x) = - — u(a)ln\x-y(a)\da, 

Z7T 



w 2 [n](x) 



I'l 
i r d 

H(cr)n — ln\x -y(a)\da, 



2tt 



<9n. 



V 2 



and wi[/j](x) is given by (4). By h[u,/j](x) we denote the sum of point sources placed at the 
fixed points Yj, lying inside r? (k = 1, ..., N 2 ) and a constant: 



1 f 

h[v,[i\(x) = -—J2 n(a)daln\x-Y k \ + 

2vr fc= 2 i 



1 

~2^ 



n 



n{a)da + / u(a)da — j /j,(a)da 
r 2 ri 



r? 



In \x — Y\\ + / n{a)da 
— / v (a) da In \x — Yi\ + h 2 [fj](x). 

v7T J 



r 1 



Here 



(76) 



1 N2 f 
h2[p](x) = - — Y^ p(<?) da In \x-Y k \ + 

k=2 ^ 2 



n 
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1 



I /j,(a)da — / fi(a)da In \x — Y\\ + / /u.(a)da ; Yj; e £>& , fc = 1, ..., -/V2 . 
r 2 r 2 



r 2 



AT 2 

Clearly, h[v, /j](x) obeys the Laplace equation in R \ M Yk and belongs to 

c^IrWJyA. 

Besides, if x(s) 6 T, then /i[i/, //](x(s)) G C 1,A (T) in s. We need the function h[v, /j](x) to 
construct a uniquely solvable integral equation. Moreover, h[v, /j](x) is taken in such a way 
that u[v, fj](x) in (6) satisfies conditions (2b) at infinity 

We will look for the density v(a) in the space C ' (T 1 ). 

We will seek fi(s) in the Banach space C^(T r ) n C°(T 2 ), w € (0, 1], q G [0, 1) with the 
norm |Hlo>(ri)nC°(r 2 ) = ll'llc'Cr 1 ) + ll'llc°(r 2 ) ■ Besides fi(s) must satisfy conditions (5). 

It follows from [1,5,17], [12, Appendix] that for such /j,(s), v(s) the function (6) belongs to 
the class K and satisfies all conditions of the problem U except the boundary conditions (2a). 

To satisfy the boundary conditions, we insert (6) in (2a), use limit formulas for the 
normal derivative of the angular potential [1,5], [12, Appendix] and arrive at the system of 
integral equations for the densities n(s), v(s) 

(8a) ±-v(s) H / via) — . — — —— , — da— 

2 y ' 2tt J y ' \x(s)-y(a) 
r 1 

_ L r sinMx(s),y(a)) 

2nJ^ ' \x{s)-y{a)\ 
r 1 

-^ [ K^)^-^-l^(s) -y(a)\da + ^-h[v^](x(s)) = F^is), seV\ 
r 2 

(86) - — J n{a)V {x(s),y(a)) da - — J v(a) In \x(s) - y(a)\ da+ 

r i r i 
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+ oM(s) _ TT / M(o-)o — ln|x(s) -y(o-)|cfcr + %,//] (x(s)) = F(s), s G T 2 . 
z 2ir J on v 

By (po{x,y) we denote the angle between the vector xt) and the direction of the normal n^. 

The angle (po(x, y) is taken to be positive if it is measured anticlockwise from n x and negative 

if it is measured clockwise from n x . Besides, (po(x, y) is continuous in x, y E T if x ^ y. Note, 

that for x(s),y(a) G T and i/j/we have the relationships 

Q Q 

\u\x{s) -y(a)\ = -p—V(x(s),y(a)) = —V(x(s),y(a)) = 



dn x dr x ds 

cos tpv (x(s),y(a)) sin (V(x(s),y(a)) - a(s)) 





\x(s) - 


-y{°)\ 




\x(s) 


-v{*)\ 




3 




d 
dn x 


-V(x(s),y(a)) = 


9 i 
~^~ ln 

OT x 


\x(s) - 


-v{°)\ = - 


~ln\x(s)- 


y{<?)\ 




_ sinip (x(s),y(a)) _ 


cos(V(x(s),y(a)) - 


a(s)) 







\x(s)-y(a)\ \x(s)-y(a)\ 

where a(s) is the inclination of the tangent t x to the Ox\ axis, and V(x,y(a)) is the kernel 
of the angular potential (4) . 

The 2nd integral term in (8a) is a Cauchy singular integral. The kernel of the third 
integral term in (8b) has a weak singularity as s = a. 

Equation (8a) is obtained as x —> x(s) £ (r 1 ) and comprises two integral equations. 
The upper sign denotes the integral equation on (r x ) + , the lower sign denotes the integral 
equation on (r 1 )". 

In addition to the integral equations written above we have conditions (5). 

Subtracting the integral equations (8a), we find 

(9) i/(«) = (F + (s) - F~(s)) G C ^ 1 ). 

We note that u{s) is found completely and satisfies all required conditions. Hence, the 

364 



The Dirichlet-Neumann Problem 
potential t>i[i/](x) is found completely as well. Additionally, 

h[v,»}(x) = 7 ^[(F + (a)-F-(<j))daln\x-Y 1 \ + h 2 [n}(x), 

r 1 

where h2[/j](x) is given by (7b). 

We introduce the function f(s) on T by the formulas 

(10a) m = l(F + {8) + F-{'))- 

2ir J v v ' y " \x(s)-y(a)\ 

r 1 



1 [(F + (a) - F-(<r))da^-hi\x(8) -Yil, seT 1 , 

',7T J Oll x 



2vr 
r 1 



and 



(106) f(s) = F(s)+ 



+ L J (i?+((7) " F ~ {a)) ln |X(S) " y{a)lda ~ 
r 1 



-^-j(F + {o) - F-(a))daln\x(s) - Yi|, s G T 2 , 
r 1 
where F^(s) and F(s) are specified in (2a) and satisfy conditions (3). As shown in [6], if 

s £ r 1 , then /(s) G C ^^ 1 ). Consequently, 

(10c) /(^^(r^nc^r 2 ). 

Adding the integral equations (8a) we obtain the integral equation for /i(s) on T 1 

(11a) -±- [ »{a f^ff s) ^ ] ] da- 

r 1 

where f(s) is given by (10a). 
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Equation (8b) on T 2 takes the form 

(116) -I. J ^)V{ X { 8 ),y{„))dtT+ 

r 1 

+ 2^~ 2W ^(°")^" ln l x ( s ) ~ y{°)\dv + h 2 \iA(x{s)) = /(s), s £ T 2 , 
r 2 y 

where f(s) is given in (10b). 

Thus, if fi(s) is a solution of equations (11), (5) from the space C^T 1 ) n C°(T 2 ) with 
uj £ (0,1], q £ [0, 1), then the potential (6) with u(s) from (9) satisfies all conditions of the 
problem U and belongs to the class K. 

The following theorem holds. 
Theorem 2. Let T 1 £ C 2 ' X , T 2 £ C 1,A and conditions (3) hold. If equations (11), (5) have 
a solution /u,(s) from the Banach space C^iT 1 ) n C°(T 2 ) for some uj £ (0, 1] and q £ [0, 1), 
then the solution of the problem U exists, belongs to the class K and is given by (6), where 
v(s) is defined in (9). 

If s £ r 2 , then (lib) is an equation of the second kind with a weak singularity in the 
kernel. If s £ V 1 , then (11a) is a Cauchy singular integral equation of the first kind [16]. 

Our further treatment will be aimed to the proof of the solvability of the system (11), 
(5) in the Banach space C^r 1 ) n C°(T 2 ). Moreover, we reduce the system (11), (5) to a 
Fredholm equation of the second kind and index zero, which can be easily computed by 
classical methods. 

Equation (lib) on T 2 can be rewritten in the form 

(12) fi(s) + J f i(a)A 2 (s,a)da = 2f(s), s£T 2 , 



where 



A 2 (s,a) = {-i (l - 5(T 2 ,a)) V(x(s),y(a))- 
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Id I N2 

—6(T 2 ,<j)—ln\x(s)-y(a)\--J2 S(T 2 ,a)ln\x(s) -Y k \ + 
dn y vr ^ 

+ - (5(r 2 , a) - S(T 2 , a)) In \x(s) -Y l \+ 2,5(r 2 , a) 
By 5(7, a) we denote the characteristic function of the set 7: 

0, if a g 7 

5(7,0-) 

1, if a G 7 
The kernel ^(-Sjc) has a weak singularity if s = u G T 2 , and ^(-^cr) is continuous if 

s^a {ser 2 , o-er). 

Remark. Evidently, /(a 2 ) = /(ft 2 ) and A2(a 2 ,o") = A2(b 2 l ,a) for a 6 T, a / o 2 ,6 2 

f N2 \ 

(n = l,...,iV2). Hence, if /u(s) is a solution of equation (12) from C \\[ a n ^n\ ]■> 

\n=l / 

then, according to the equality (12), //(s) automatically satisfies the matching conditions 
/ti(a 2 ) = ^(& 2 ) for n = 1,...,AT 2 and, therefore, belongs to C°(T 2 ). This observation can 
be helpful in finding numerical solutions, since we may discard the matching conditions 
^(afy = /u(6 2 ), (n = 1, ..., N2), which are automatically fulfilled. 
It can be easily proved that 

_ d_ ^ \x{s) -y(a)\ = sin (p (x(s),y (a)) 1_ g ^o.A/pi x ph 

9s I s — cr I \x(s) — y(a)\ a — s 

(see [5], [6] for details). Therefore we can rewrite (11a) in the form 

(13) -f »(a)— + [fi(<j)M(8,<T)da = 

7T J a — s J 

r 1 r 

= -2f( s ), ser 1 , 



where 



M(s,a) = ± {(l - JflV)) f ^M^),y(cr)) _ ^_ + 
it [\ ) V |x(s) -y(<r)| cr-s,' 
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dn x 
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A'2 



(). 



n, 



In \x(s) - y{a)\ + ]T 5(T 2 k , a) In \x(s) - Y k \ 



k=2 



-(l-8(li,a))hi\x(8)-Y 1 \]} 



and M(s, a) GC^fr 1 x T). 



4. The Fredholm integral equation and the solution of the problem. 

Inverting the singular integral operator in (13), we arrive at the following integral equa- 
tion of the second kind [5,6]: 



(14) 



1 /" 1 

^( s ) + 7VT\ / v(<r)A (s,(r)da+ -—— ^ G n s n 
Qi(s) J Qi(s) ^ Q 



Qi(s 



■*o(«), s£T\ 



where 



Ms,a) = - 1 -[ M ^lQ 1 (Odt, 

TT J f — S 

r 1 



Qi(s) = n 

n=l 


\A - al^bl - s 


sign(s — a 


Ms] 


_ 1 j2Q 1 {a)f 

tt J a — s 
r 1 


«V 



and Go, •••, G^-i are arbitrary constants. 

To derive equations for Go, ..., GjVi-ij we substitute /i(s) from (14) in the conditions (5), 
then we obtain 

iVi-l 



(15) 



where 



/ ii(o)l n (o)da + J^ B nm G m = H n , 



n=l,...,N 1 , 



m=0 



^n(cr) = - / Q 1 1 {s)A (s,a)ds, 
r 1 



368 



The Dirichlet-Neumann Problem 



(16) B nm = - j ' Qi\s)s m ds, 



r 1 



H n = - J Q^ l {s)^{s)ds. 



r 1 
By i? we denote the N\ x iVi matrix with the elements B nm from (16). As shown in [6, 

lemma 7], [11] the matrix B is invertible. The elements of the inverse matrix will be called 

(B~ 1 ) nm . Inverting the matrix B in (15), we express the constants Go, •••, Gjvi-i in terms of 

fj,(s) as 

Nl 
G n = 2^{B ) r 

m=l 



H m - I n{a)l m {a)da 
r 



We substitute G n in (14) and obtain the following integral equation for fi(s) on T 1 

(17) fi(s) + —-Jix(a)A 1 (s,a)da= — -$i(s), s £ T 1 , 

r 

where 

Ni-l JVi 
n=0 m=l 

JVi-1 JVi 

$i(s) = * («) -E S "E {B~ l ) nm H m . 

n=0 m=l 

It can be verified directly that any solution of (17) in the required space satisfies conditions 
(5) automatically. It can be shown using the properties of singular integrals [2], [16], that 
$o(>s), A$(s, a) are Holder continuous functions if s € T 1 , a € T. Therefore, $i(s), ^4i(s, a) 
are also Holder continuous functions if s £ T 1 , a € T. Consequently, any solution of (17) 
belongs to Cf, 2 (r l ), and below we look for fi(s) on T 1 in this space. 
We put 

Q(s) = (l - <5(r 2 , s)) Q 1 (s) + ,5(r 2 , s), s € r. 
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Instead of fj,(s) G C^, 2 (T 1 ) n C°(r 2 ) we introduce the new unknown function 
fJ,*(s) = n(s)Q(s) G C^T 1 ) n C°(r 2 ) and rewrite (12), (17) in the form of one equation 

(18) /i*(a) + f ^(a)Q-\a)A(s, o)do = $(s), s G T, 

r 

where 

A(s, a) = (l- 5(T 2 , a)) A 1 (s, a) + 5(T 2 , s)A 2 (s, a), 

*(a) = (l - <5(r 2 , s)) *x(s) + 2<5(r 2 , s)f(s). 

Thus, the system of equations (5), (11) for fx(s) has been reduced to the equation (18) 
for the function /U*(s). It is clear from our consideration that any solution of (18) gives a 
solution of system (5), (11) and conversely. 

As noted above, $i(s) and A±(s, a) are Holder continuous functions if s G T 1 , a G T. 
More precisely (see [6]), A±(s,a) belongs to C ^(T 1 ) in s uniformly with respect to a G T, 
where p = min{l/2,A}. Besides, taking into account (10c) we have $i(s) G C°' p (r 1 ) . 
Consequently, from equation (18) we can conclude the following assertion. 
Lemma. Let V 1 G C 2 >\ V 2 G C 1 ^, A G (0,1], and $(s) G C^T 1 ) n C°(r 2 ), w/iere 
p = min{A, 1/2}. // //*(s) /rom C°(r) satisfies the equation (18), then (i*(s) belongs to 

c^r^nc^r 2 ). 

The condition $(s) G C^T 1 ) D C°(T 2 ) holds if conditions (3) hold. 
Hence below we will seek /it*(s) from C°(T). 
Consider equation (18). The integral operator 

/ fJ,*(a)Q^ 1 (a)A 2 (s,a)da = / fi^(a)Q^ 1 (a)A 2 (s,a)da + / fX*(a)A 2 (s,a)da 
r r 1 r 2 

is compact from C°(T) into C°(T 2 ). Indeed, using Arzela theorem one can verify that the 
1st term is a compact operator from C°(r 1 ) into C°(r 2 ), because A 2 (s,o~) G C°(T 2 x T 1 ). 
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The 2nd term is a compact operator from C°(T 2 ) into C°(r 2 ), because A2(s,a) is a polar 
kernel [17], i.e. it has a weak singularity as s = a G T 2 and it is continuous if s 7^ a 
(s,a G r 2 ). Furthermore, using Arzela theorem one can show that the integral operator 
I n*(a)Q- 1 (a)A 1 (s,a)da is compact from C°(T) into C ^ 1 ) since Afaa) G C ^ 1 x T). 
Therefore the integral operator from (18): 



A/z*(s) = n*(a)Q 1 (a)A(s,a)da 



is a compact operator mapping C°(r) into itself. Therefore, (18) is a Fredholm equation of 
the second kind and index zero in the Banach space C°(T). 

Let us show that if [X®(s) is a solution of the homogeneous equation (18) from C (T), then 
it is the trivial solution, i.e. /J%(s) = 0. Let n®(s) G C°(T) be a solution of the homogeneous 
equation (18). According to the Lemma, //°(s) G C^T 1 ) n C°(r 2 ), p = min{A, 1/2}. 
Therefore the function /j,°(s) = /J^(s)Q~ 1 (s) G C^, 2 (T l ) n C°(r 2 ) converts the homogeneous 
equations (12), (17) into identities. Using the homogeneous identity (17), we check, that 
/x°(s) satisfies conditions (5). Besides, acting on the homogeneous identity (17) with a singu- 
lar operator with the kernel (s — £) _1 , we find that fi (s) satisfies the homogeneous equation 
(13). Consequently, fjP(s) satisfies the homogeneous equations (11). On the basis of Theo- 
rem 2, the function u[0,[i°](x) = w\p, ](x) + /i2[/U°](x) given by (6), (7) is a solution of the 
homogeneous problem U. According to Theorem 1, I w[[i°](x) + h2[/jP](x) J = 0, x G 'D\r 1 . 
Using the limit formulas for tangential derivatives of an angular potential [1,5], [12, Ap- 
pendix], we obtain 

lim fL/iw+^WK 



Inn ^L[ij?}(x) + h 2 [» }(x))=» (s) = 0, sGT 1 . 



d_ 
txisjeir 1 )- dr. 
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Hence, f w[i/ > ](x)+h2[^°](x) J = ( W2[n>°](x)+h2[n°](x) 1=0, ifP, and /J?(s) satisfies 
(lib), which takes the form 

(19) ^°( S ) -±-J mV)^" In \x(8) - y(a)\ da+ 

+h 2 [[i }(x( s )) = o, ser 2 , 

where /i2[/u](x) is specified in (7b). The Fredholm equation (19) arises when solving the 
homogeneous Dirichlet problem for harmonic functions in the exterior domain T> by the 
double layer potential with the sum of point sources placed inside the curves r 2 , . . . , T 2 ^ . 
The equation (19) has only the trivial solution /jP(s) = in C°(r 2 ). This is shown in the 
appendix. 

Consequently, if s G T, then //°(s) = 0, /U*(s) = jjP(s)Q^ 1 (s) = 0. Thus, the homoge- 
neous Fredholm equation (18) has only the trivial solution in C°(T). 

We have proved the following assertion. 
Theorem 3. // T 1 G C 2 '\ T 2 G C 1>A , A G (0,1], then (18) is a Fredholm equation of 
the second kind and index zero in the space C (T). Moreover, equation (18) has a unique 
solution n*(s) G C°(T) for any $(s) G C°(T). 

As a consequence of Theorem 3 and the Lemma we obtain 
Corollary. // T 1 G C 2,A , T 2 G C 1,x , A G (0,1], then equation (18) has a unique solution 
H*(s) G C^r 1 ) n C°(r 2 ), for any $(s) G C^CT 1 ) n C°(r 2 ), where p = min{A, 1/2}. 

We recall that 3>(s) belongs to the class of smoothness required in the Corollary if 
f(s) G C°A(r 1 ) n C°(r 2 ). As mentioned above, if ,u*(s) G C^r 1 ) n C°(r 2 ) is a solution 
of (18), then fi(s) = ^*(s)Q- 1 (s) G C^^T 1 ) n C°(r 2 ) is a solution of system (5), (11). We 
obtain the following statement. 
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Theorem 4. // T 1 G C 2 '\ T 2 G C 1 ^, A G (0,1], then the system of 
equations (5), (11) has a solution /i(s) G C^ ^(r 1 ) n C°(r 2 ), p = min{l/2,A}, for 
any f(s) G C ' (T 1 ) n C°(T 2 ). Moreover, this solution is expressed by the formula 
/jl(s) = / u*(s)Q _1 (s), where [i*(s) G C'^r 1 ) n C°(T 2 ) is the unique solution of the Fredholm 
equation (18) in C°(T). 

Remark. The solution of the system (5), (11) ensured by Theorem 4, is unique in the space 
Cy 2 (r 1 ) n C°(r 2 ) for any p G (0,p\. More precisely, the system (5), (11) has at most one 
solution in the space C^iT 1 ) n C°(T 2 ) for any uj G (0, 1] and q G [0, 1). The proof of this 
fact almost coincides with the proof of Theorem 3. 

According to (10), f(s) belongs to C°' A (r 1 )nC°(r 2 ) if (3) holds. Therefore, the condition 
f(s) G C 0, (T 1 ) n C°(r 2 ) in Theorem 4 can be replaced by the condition that (3) holds. On 
the basis of Theorem 2 and Theorem 4 we arrive at the final result. 

Theorem 5. // T 1 G C 2 ' A , T 2 G C 1,A and condition (3) holds, then the solution of the 
problem U exists, belongs to the class K and is given by (6), where v{s) is defined in (9) 
and n{s) is a solution of system (5), (11) from C^, 2 (T l ) nC°(r 2 ), p = min{l/2, A}, ensured 
by Theorem 4- 

It can be checked directly that the solution of the problem U constructed in Theorem 5 
satisfies condition (1) with e = —1/2. Explicit expressions for the singularities of the solution 
gradient at the end-points of the open curves will be presented in the next section. 

Theorem 5 ensures the existence of a classical solution of the problem U when 
r 1 G C 2,A , r 2 G C 1,A , and condition (3) holds. The uniqueness of the classical solution fol- 
lows from Theorem 1. On the basis of our consideration we suggest the following scheme for 
solving the problem U. At first, we find the unique solution /i*(s) of the Fredholm equation 
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(18) from C°(r). This solution automatically belongs to ^(r^nC ^ 2 ), p = min{A, 1/2}. 
Secondly, we construct the solution of equations (5), (11) from C^^iF 1 ) l~l C°(F 2 ) by the 
formula /j,(s) = n*(s)Q~ 1 (s). Finally, substituting u(s) from (9) and //(s) in (6), we obtain 
the solution of the problem U. 

5. The behaviour of the gradient of the solution at the tips of the cuts F 1 . 

In the present section by u{x) = u[u, /j](x) we denote the solution of problem U con- 
structed in the previous section. The integral representation for u(x) obtained in Theorem 5 
enables us to derive explicit formulas for the singularities of Vu at the tips of the cuts F 1 . It 
follows from the definition of the class K that the gradient of the solution of the problem U 
might be unbounded at the end-points of T 1 , where the estimate (1) holds with e = —1/2. 
Our aim now is to investigate in detail the behaviour of V«(x) at the end-points of T 1 . Let 
x(d) be one of these points (d = a* or d = b\, where n = 1, ..., N±). In the neighbourhoods 
of x(d) we introduce the polar system of coordinates 

x\ = x\(d) + \x — x(d)\ cos if, X2 = X2(d) + \x — x(d)\ simp. 

We will assume that Lp e (a(d), a(d) + 2ir), if d = a*, and ip G (a(d) — it, a(d) +7r), if d = b\. 
Recall that a(s) is the angle between the Ox\ axis and the tangent vector t x drawn at the 
point x(s) £ F. Hence, a(d) = a(a} l + 0), if d = a^, and a(d) = a(6^ — 0) if d = b\. Thus, 
the angle ip varies continuously in a neighbourhood of x(d) cut along the contour T 1 . 

Let fii(s) = /J,(s)\s — d\ ' = Q~ 1 (s)fi*(s)\s — d\ ' and put fii(d) = /Ui(a^) = ^i(a^ + 0), 
if d = a\, Hi{d) = Mi(^n) = Mi(^ri — 0) if d = b\. 

Recall that X is the set of end-points of F 1 . The following theorem is easily proved 
using the results obtained in [5] and using the properties of Cauchy type integrals near the 
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end-points of the integration line given in [16, section 22], [2, section 8]. 

Theorem 7. Let x — ► x(d) G X. T/ien m t/ie neighbourhood of the point x(d), the 
derivatives of the solution of the problem U satisfy the relations 

77 U[X) = -(-1) 7rt SU1 7~ 

9xi 2|x-x(d)| 1/2 

-(-l) m ^[h |x - x(d)| cosa(d) + ^sina(d)] + 0(1), 

-— tt(x) = -l) m . /9 cos 7+ 

dx 2 2\x-x(d)\ 1/2 

+(-l) m ^^-[-lii |x - ar(d)l siaa(d) + y?cosa(d)] + O(l), 

27T 

where m = 0, 7 = [99 + a(eZ) — 7r]/2 if d = a\, and m = 1, 7 = \ip + a(d)]/2 if d = b\. 
Besides, 0(1) denotes functions which are continuous at the point x{d). Furthermore, the 
functions denoted by O(l) are continuous in the neighbourhood of the point x(d), cut along 
the contour V 1 . 

This theorem establishes the following curious fact. In the general case, the derivatives 
of the solution of the problem U near the end-point x(d) of the contour T 1 behave as 
0(|x — x(d)\~ ' ) + 0(ln \x — x(d)\~ ). However, if m{d) = v(d) = 0, then Vu(x) will be 
bounded and even continuous at the end-point x(d) of T 1 . This effect of disappearence of 
singularities happens for certain functions F^(s), F(s) given in the boundary condition 
(2a), since the condition ni(d) = v{d) = specifies restrictions on these functions. 

Appendix. 

Here we prove the following assertion. 
Proposition A. // T 2 e C 1,x , A G (0,1], then there exists only the trivial solution of the 
homogeneous Fredholm equation (19) in C°(r 2 ). 
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Proof. Let /J, (s) € C°(T 2 ) be a non-trivial solution of the homogeneous equation (19). 
The kernel of the integral term in (19) has a weak singularity. It can be shown with the 
help of [16, Sec. 51], that the integral term in (19) belongs to C 0, ' 4 (r 2 ) in s, therefore 
H°(s) £ C ' ' 4 (r 2 ). Now we consider the function 



(Al) 



g\ M ](x) = w 2 \pf>](x) + h*\ M °](x) 



where W2[fJ>°](x) and h2[/jP](x) were introduced in (7a), (7b). The function g[fj,°](x) belongs 
to C°(D) P\C 2 (V) and satisfies the following homogeneous Dirichlet problem for the Laplace 



equation 



Ag = in T>, g\^2 = 0, \g\ < const in T>. 



Indeed, substituting g[/jP](x) in the boundary condition, we get the identity (19). According 
to the uniqueness theorem for the Dirichlet problem, we have 



(A2) 



g\fi°\(x) = 0, xGV. 



Therefore, letting \x\ — > oo in the expression for g[/i°](x), we obtain 



(A3) 



We consider the function 



H°(a)da = 0. 



y-2 



(A4) 



5*[/x°](x) 



2tt 



A ? 2 



r Q 

J V (v)-Q a ^\x-y(a)\do-+ 



V 



+ E J»°(cr)do-V(x,Y k 



H°{o-)da - / n°{o-)da V(x,Yl) 
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where V(x, y) is the kernel of the angular potential from (4). The function 
g*[fi°](x) is harmonic conjugate to g[fj,°](x), i.e. the Cauchy-Riemann relations 
d Xl g = d X2 g*, d X2 g = —d xi g* hold. Consequently, g*[fi ](x) = Const in T>. It is clear from 
(A4), that g*[u°](x) is a many- valued function, because V(x, Yfe) are many- valued functions 
{k = 1, ..., N 2 ). Indeed, when passing around the point Yj, the value of the function V(x, Y&) 
changes for 2ir. Evidently, g*[u°](x) can be constant in T> only if g*[n°](x) is single- valued. 
In order for g*[n°](x) be single- valued, the following N2 conditions must hold 

[ H°(a)dcr = 0, k = 2,...,N 2 , 

u°(a)da- [n°(a)dcr = 0. 

Along with (A3) we obtain 

(A5) f n°(a)da = 0, k = l,...,N 2 . 

Under these conditions, g*[n°](x) takes the form of the modified single- layer potential 

[16] 

(.46) & >°](x) = u;|[m ](x) = ^Ju°(o-)-?-ln\x-y(cj)\do-, 

r 2 

and g[u°](x) transforms to the ordinary double-layer potential 

(A7) g [^] ix) = W2[lJi ]ix) = _^l^ ia) £_ lnlx _ yi(T)ldae 

V 2 V 



2/ D 2\-p2\ 



£C"(R 2 \r 2 )nc 2 (R 2 \r 

The potentials (A6) and (A7) are connected by the Cauchy-Riemann relations in R 2 \T 2 . 
Because of /jP(s) G C 0, ' 4 (r 2 ), the potential (A6) is a harmonic function, which belongs 
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to C°(R 2 ) n C 2 (i? 2 \r 2 ) (see [16] for details). Note, that (A6) is continuous when passing 
through r 2 and is represented on T 2 by a singular integral (for this we have stressed that 
/jP(s) is a Holder continuous function). 

As stated above, u;|[//°](x) in T> is equal to a constant, which is equal to zero due to the 
behaviour of this potential at infinity, so that w?; [/U°] (x) = in T>. 

We consider the internal domain T>k bounded by T\ (k = 1, ..., N 2 ). In this domain the 
potential (A6) satisfies the Dirichlet problem 

A^2 = in Pjt, ti^lr 2 = Oj 

which has the unique solution 

wl\pP](x)=0, xeVt, (k = l,...N 2 ). 

It follows from the Cauchy-Riemann relations and the smoothness of the double-layer 
potential that 

w 2 [fJ°](x) = c k , x£V kl k = l,...N 2 , 

where ci, ...,c/v 2 are constants. Using (A2) and the jump relation for the double-layer po- 
tential W2[fjP](x) on T 2 , we get 

/jP(s)\ r 2 = -c k , k = l,...N 2 . 

k 

According to (A5), c^ = 0, k = 1, ..., N 2 , and therefore 

H°(s)\ r 2 =0, k = l,...N 2 . 

k 

Consequently, 

fi°(s) = on T 2 . 
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Hence, the homogeneous equation (19) has only the trivial solution. The proof is completed. 

Because of (19) is a Fredholm equation of the second kind, the following Corollary holds. 
Corollary A. If T 2 G C 1 ' , A G (0,1], then the inhomogeneous Fredholm equation (19) is 
uniquely solvable in C°(r 2 ) for any right-hand side from C°(T 2 ). 

The inhomogeneous equation (19) is a particular case of (lib) if the exterior domain T> 
does not contain cuts. 
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Abstract 



The Neumann boundary value problem is investigated for the inhomogeneous 
polyanalytic equation. The mixed fc-Ncumann and n — k Schwarz boundary 
value problem has also been studied. 
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1. Introduction 



The Neumann problem is well studied for harmonic functions and solved un- 
der certain conditions via the Neumann function. Extending the concept of 
Neumann functions for the Laplacian to Neumann functions for powers of the 
Laplacian, an explicit representation of the solution to the n-Neumann problem 
for A n u = f has been given in [7]. Integral representations for solutions to 
higher order differential equations can be obtained by iterating those represen- 
tation formulas for first order equations. This procedure has been applied in [3, 
4, 5, 7, 8] to get explicit representation formula for the solution of higher order 
partial differential equations. 

Neumann boundary conditions are given via outer normal derviations d v . For 
the unit disc IB) this is 

d v = zd z + zdg 

In [2,6], the following results are proved. 



Theorem 1. The Neumann problem Wg = f in 
for f e C"(D, C), < a < 1, 7 e C(<9D, C), c g < 
1*1=1 



), d u w = 7 on <9B, w(0) = c 
is solvable if and only if for 



1 

2rri 



7(0 



d( 



ICI=i 

The solution then is given as 
1 



1 / /(CK 

(1-OC 2ttz J l-z( 
ICI=i 



z 

■n 



ICKi 



(i - -ztr 



(1) 



w(z) = c — 



z 

71 



■,., J KOMi -Of -^ 

ICI=i ICI=i 



/(Oiog(i-zC)rfC 



ICKi 



(2) 



D 



Theorem 2. The Schwarz problem for the inhomogencous polyanalytic equa- 
tion in the unit disc 



dTw 



Re d§w = P s on dB, Im d|w(0) = b a , < s < m - 1, 

'), f3 s e C(<9D,K), b s e R, < s < m - 1. 



is uniquely solvable for / G ii( 
The solution is given by 



w i z ) = i Yl ~^( z 



(-1)' 



E 



(-i) a 

27ris! 



A(C)^(C-^ + C 



,dt 



c-* 



Kl=i 



27r(m-l)! 



/(C) C + 2 , /(C) l + < 



c c 



ICKi 



C i-*< 



(C - z + C - z) m - M^ry (3) 



□ 
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In [5], the Dirichlct problem and the half-Neumann problem for the inhomo- 
geneous polyanalytic equation have been studied. In the following section the 
Neumann problem for the inhomogenous polyanalytic equation is considered. 
The third section deals with the mixed problem of n- Neumann and m-Schwarz 
boundary conditions. Our methods are based on repeated applications of Gauss 
theorem, Cauchy Pompeiu formula and Cauchy Pompeiu operators for the dif- 
ferential operators d™ <9™ [1, 3]. For boundary value problems of polyharmonic 
functions, see [9, 10]. 

2. Neumann problem 

Let D be a regular domain i.e. a bounded domain in the complex plane with 
a smooth boundary. Often D will be chosen to be unit disc D in order to 
receive explicit formulas. The Neumann problem is improperly formulated for 
the first order equation because the differential operator of the equation becomes 
involved into boundary condition. For this reason a half-Neumann problem 
is considered in [5]. However, in this section we consider the full Neumann 
problem. The integrals in the following lemma can be computed using Cauchy- 
Pompeiu formula [1]. 



Lemma 1. For r e N U {0} = N , \z\ < 1 and |£| < 1, we have 
(i)L r (z,C)=2^ / C r log(l-<)log(l-CC)^ 



ICI=i 



: 'riog(i-cc)^ 



7T J * " V "'C(C"*) 

ICI<i 
' (C r+1 -^ +1 )log(l-<) 



r+ 1 

-r+l 



(ii)AT r (c)=— / C r log(i-CC) 7 i = -rxT □ 

Zm J Q z r + 1 

ICI=i 

Theorem 3. The Neumann problem for the inhomogeneous polyanalytic 
equation in the unit disc d™w = f in ID, d^d'^w) — a r on dO, dlw(0) = a r 
for < r < n — 1 is uniquely solvable for / E C Q (ED,C), < a < 1, 

a r e C(dB,C),a r e C, < r < n - 1, if and only if for 1 < k < n - 1 and 

1*1 = 1 
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"g g z r ~ k+l { 1 f gfc-i(C) 



rfC 
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The solution then is given by 

n— 1 _ r ro— 1 
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(6) 



Proof: The conditions (5) coincide with (1) and (6) with (2) for n = 1. As- 
suming Theorem 3 is proved for n — 1 rather than n the problem is decomposed 
into the system 

d™- l w = uj in D, ^(9» = ov on <9B, <9>(0) = a r for < r < n - 2 (7) 



dzU> = f in ED, <9„w = a„_i on <9B, w(0) = a n _! 
and the solution (6) for n — 1 instead of n and w instead of / where 



uj(z) = a„_ 



2?ri 



ICI=i 
/(C) 



(C«„-i(C)-/(C))iog(i-<)P 



"vr J C(C-z) 
ICKi 



d^drj 



(8) 



(9) 
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The last two terms of (6) with n — 1 instead of n and u> instead of / can be 
written as 

a„-iJi(z) - ^ J Q M^J 2 (z,CK 
ICI=i 

1 / J{ °j 2 (z,odc-- f ttp.j 3 ( Z) Qdidfj (io) 



2iri J (2 v " y 7T J ( 

ICI=i ' ICKi 



where 



■M«) = ^ / (C-^)"- 2 log(l -<)§-- / ( t/ )n "V ^ 



2« J y ^ ' m C 2 7r 7 C(C-«) 

ICI=i ICKi 

(_ 1 )n f n-l 



n — 1 



(11) 



^ / (c-^r- 2 io g (i-<)iog(i-cc)P 



ICI=i 



-- / (C-T- 2 iog(i-CC)^ 
I" 7 C(C-z) 

ICKi 
Using binomial expansion and expressing J%(z,Q in terms of L r (z, £), we obtain 

■/ 2 (*,C) = — —Al-zY-^ozii - zl) (12) 

n — 1 

Using Cauchy-Pompciu formula and computing the boundary integrals, we have 



Hz,l) = -J- I C{C-z) n - 2 \og{l-zQ d ^- 

y ' 2iri J sv ' 6V C 2 (C-C) 

ICI=i 

£ f C(C "_ zT - 2 Wl _ 

W C(C-»)(C-0 

--(^lic^-^ 1 (13) 

Substituting (11), (12), (13) in (10) and then subsequently in (6) with n — 1 
instead of n, we obtain (6). 
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Using (9) , the boundary integral in (5) with uj instead of / can be written as 

_ i r / V-i(o /(c) ^ , z..z 

ICI=i 

-- f Hp-$ 2 ( z ,od£dv (w) 

ICI<i 



where 



and$ 2 (z,C) = -— / 



ICI=i 
1 f d( z 



2« J (c-C)C(i-K) l-K 

ICI=i 

Using Gauss theorem, the area integral in (5) with to instead of / can be written 
as 

1 f L0(C)dC Z f (C-Z) 

ICI=i Kl<i 

Substituting uj from (8) and computing the boundary integrals involved we can 
write the above expression as 

^ / ^ f logd - zQdC - A / §> log(l - *CK 
2tti J ( 2m J Q 

ICI=i ICI=i 



-f//(0(^«*, (15) 

ICKi 

Substituting (14) and (15) in (5) with n — 1 instead of n and w instead of / we 
get (4) for k = n — 1 . 

For 1 < fc < n — 2, the last two integrals of (4) with n — 1 instead of n and uj 
instead of / can be written as 



i f ( 0^-1(0 /(CM , , -,,,-, i f /(C), , *-.- 

'Vi(^,C)^C / -^ip2{z,Qd£dr} 



2iri J \ £ ( 2 I n J C 

ICI=i ICKi 
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+ zV 3 (z) - (n - k - l)ip 4 (z) (!6) 

where 



L I ' (C-T—iogd-CC)! 



Mz,0 = ^r. J (C-«) n -*- 1 log(i-CC) 

ICI=i 



Using binomial expansion, ^(z,^) can be expressed as linear combination of 
z r N r (Q. Similar using Lemma l(ii) it follows that 

im*,o = -^fc((c- ^ fc - (-*r _fe ) (17) 

^2(«.C)=^ / (c-g)""*" 1 C ~ dC =0 (18) 

^ v ' s; 27ri y vs ; C 2 (C-C) 

ICI=i 



^/.(0(<- 5 r-f 



ICI=i 

-- J -(0 (1 _ z - c)2 Wr, 

ICI<i 

Applying Gauss theorem on the area integral and the fact that — — = f in 

oz 

computations similar to that in tpi(z, £) yield 

1 1 f /a„_i(C) /(C) \, , ., -i.-i , ....,-/,, 



^ w -^- y ^p_^ )( *(c-* r — + ( -.r-^c 



ICI=i 



; ' f S(0 ( 4f^^ 



n — k t: J ' (1 — 2^) 2 

Kl<i 



Lastly 



2 ^ / u;(o(c-*r- fe - 2 iog(i-,c)| 



1 /* ./^/? ^n-fe-2 d ^ d V 



+ -y W (o(c-f)-^^^ d9) 

Kl<i 
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Computations similar to those involved in J\(z), J2{z,C) and J^z,^) yield, 

Kl=i 

log(l - zC)dC - - _ * _ 1 ^ / ^ ^"il^" 1 ^^ (20) 

ICKi 
Substituting (15), (16), (17) and (18), (14) can be simplified to 

ICI=i 
(C - z) n ~ k - 1 [C - (n - fc)*log(l - «C)]dC 



1 : ' /(cxc-*)"-*- 1 



n — k it 

ICKi 



£ — z n — k 



(i-zO 2 C(i-*0 



d^r? (21) 



Inserting (21) in (4) with n — 1 instead of n and u) instead of / and simplifying 
terms, we obtain (3) for 1 < k < n — 2. Applying the solvability condition (1) 
for (8), (5) follows. 

Using the differentiability of the operators T m>n [3], it follows that w given by 
(6) is indeed a solution. □ 

3. Mixed Neumann-Schwarz Problem 

In this section, we investigate mixed boundary value problem arising from n- 
Neumann and m-Schwarz boundary conditions. Since some of the computations 
are lengthy, the details have been avoided. All these computations can be made 
using Cauchy-Pompciu formula, Gauss theorem, binomial and multinomials. 

r! 

For p, q, r G No, we denote — —— r- by N(p, q, r) and the subset {(p, q) : 

p\q\(r — p— q)\ ' 

P + q < r} of N x No by A(r). 

Lemma 2. For r,s <G No, neN and |£|, \z\ < 1, we have 

2 ^ / (c+c-c-cnc-zT-'iogii-zo^ 



: r (c+c-c-cnc-^-)- 1 didri 



7T j " * * *' " ' c(c-«) 

ICKi 
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where 



and 

A r .n( z ) 



3=0 



E( r .)(-iy(t + ly- j B jin (z) 



B r ,n{z) 



1m 



(c+cnc-zr-'iogii-zo 



ICI= 
z 

7T 

ICKi 






(C + O r (C-*) 



n-1 d £ rfr ? 



C(C-*0 



= Y, N(p,q,r)z r -P-iA M+n (; 

(p,q)eA{r) 



(22) 



2?ri 



( r (C-z) n ~ 1 lo S (l-zQ 



ICI=i 

(_1)"+1 
72 






C r (C - z) n 



ICKi 



(23) 
-i_d£dy_ 

C(C-z) 



r-1 



'-s.. <-" 



r — s — 1 



_^n-(s+l)^r-(s+l) 



Proof: To express B r .„ in terms of A p , q+n , we write (C + C) r — ( Z + C + C~ z ) r 
= J] N(p,q,r)z r -v-ie(t-z)i 

( P: q)eA(r) 

Remaining area integrals and boundary integrals can be computed by using 
Cauchy Pompciu formula and Gauss theorem. □ 

Using similar arguments as in the above lemma, we obtain the following 
Lemma 3. For r € No, neN, \C\, \z\ < 1 we have 

(i)ifF r ,„(z,c) = ^. J (c + c~ - (c + one - z)*- 1 i og (i - *o ^_ 

ICI=i 

ICKi 

then F r _ n (z, C) are given as in (22) with Bj >n (z) replaced by Ej. n (z,Q and 
E r>n (z, Q are as in (23) with A Pig+n (z) replaced by D pq+n (z, £). These 
D ri „(^,C) are given by 

ICKi 
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*J C(C-*)(C-C) 

ICKi 



{-z) n z{(-z) r 



C C C-z 



3=0 



(ii)lfJT r , n («,C) = 2^ / (C + C - C - C) r (C - z) n ~ x log(l - z£) ^ ^ 

ICI=i 

(c+c-c-cnc-^r- 1 — ^ -. 

then Hr^^z,^) are given as in (22) with Bj jU (z) replaced by Gj tTl {z,£) and 
Gj )n (z,£) are given as in (23) with A Ptq+n (z) replaced by I Ptq + n (z, Q where 

2 ™ lc / =1 C 2 (i-CC) 

'•' J c(C-*)(i-CC) 

|C|<i 



with 



_ /_ -nn-i V^ I n ■' \, -i ,---»-i - 



( _ ir _„_ i _ s ^ s( ^ c) 



^r,.(«, o = ^7 / rc s iog(i - zq - dC -- 



rc s 



d£dn 



^ C(C-*)(i-CO 



~s+l-r -11 -s+2-r 

C log(i-zC)-— T ^K 

• s + ! 1 - zC 



E 



o r — s — 1 + k 



(*Q 



if s > r — 1 or r = 2 and s = 
1 



(,s + l)(l-zC) 

if r > 3, < s < r-2 
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(m)i{N r , n ( Z ,o = ^. J (c+c-c-cnc-^r- 1 ^ 

ICI=i 
then N r , n (z,() are given as in (22) with Bj, n (z) replaced by Mj >n (z) and 

M r< n (z) are given as in (23) with A p ^ q+n {z) replaced by L p ^ q+n (z). These L r/n (z) 

can be expressed as (-l)"~ r ("I*) z n ~ r . 



(iv)HQ r ,„(« ) o = 2^ y (c+c-c-o r (c-^) i , ! ,__ ( , 

ICI=i 
then Q r! „ (z,C) are given as in (22) with Bj^ n (z) replaced by Pj tn (z, £) 

and Pj iU (z, £) are given as in (23) with ^4 p .q+n(z) replaced by Ptq + n (z, Q. 

O p , q+ n(z,() can be expressed as O r>n (z,0 = ^-^ / C(C - z ) n ^ 1 -—- ~- 

27rj |CI=i C 2 (C-C) 

n— 1 / \ 

= (-1)"- 1 E I"; 1 ) (-l)^- 1 -^- 5 '- 2 XA(r,«), A = {(r,s)} : r + s > 2}, 
Xa being the characteristic function of A 

' I {7- , a /• 7\riJ -\n-l ^C 



(v)ifT r ,„(z,o-— / (c+c-c-cnc-^r 

2m lc / =1 C 2 (i - CO 

then T rn (z, £) are given as in (22) with Bj n (z) replaced by Sj >n (z, Q and 
Sj tn (z,£) are given as in (23) with A p ^ q+n (z) replaced by R Ptq + n (z, £) where 
R r ,n can be expressed as 

— I ac-^r- 1 — ^— 

2m JJ C 2 (i-CO 

= (-1)- 1 E ( n : M (-ly-^-^r^xAj,*) 



3 =o ^ j 



where A is as above in (iv). 



L J (c+c-c-cnc-sr-f 



(vi) if g ri „(z, o = ^ / (c + c - c - enc - z) 



ICI=i 



I I <c+c-c-0'£^**i, 



ICKi 

then q r , n ( z iC) are given as in (22) with Bj n (z) replaced pj n {z) where p r . n ( z ) 
can be expressed as 
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ICI=i ICKi 

(p,q)€A(r) 

(vii) if u r , n (z, c) = j^ / (c+c-c-cnc-^r- 1 ^^ 

ICI=i 

tt 7 u + ; ; u a-0 2 c-c 

ICKi 
then U rtTl (z, £) are given as in (22) with Bj iTl (z) replaced by Tj iU (z, (). Tj_ n (z 1 Q 
are given in (23) with S p _ q + n (z, £) instead of A p _ q+n (z). These S r ^ n (z, Q) can be 
expressed as 



n+1 ' v '" n + r (1-zC) 



2 



O r ,n{z, C) are 8 s m (i y ) above. 



1 f ,7- ,7- , Mr ,7 =*„_! d C 



(vih)if^„(z,c)-— / (c+c-c-o r (c-*r 

2 ™ lc / =1 C 2 (i-CO 

TT J (1 - ZQY I _ (■(■ 

ICKi SS 

then M r „(z, C) are given as (22) with Bj^ n (z) replaced by tj^ n (z, £) where tj^ n (z 1 £) 

are given in (23) with s Pyq + n {z, (,) instead of A Piq+n (z). These s r , n (zX) can 
be expressed as ^ J „{_„.-. «1 f 0^ J«* . 

J7ri ici=i C 2 (i — CO ^ ici<i ^ ^ i-CC 

-—.o r . n (z,c) □ 

n+1 

Decomposing the term —r- — and using again Gauss theorem we obtain 

( k {(-z) 2 

the following 



Lemma 4. For r € No, neff, |£|, M < 1, we have 

(i)Ifn r (z,C) = - 2 ^ | (C + C-C-CT^z 

ICKi 
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ICKi 



then n r (z, C) is equal to 

r [(fe+l)/2] / L \ 

E E Q(A) K ~ + < r " J * +1 " 

fc=0 j=0 VJ 7 

[fc] being the greatest integer less than or equal to k. 

(ii)if Cr (z,c) = -^ / (C + C-C-C) r - CdC — - 

ICI=i 



(C + C-C-C) r 



d£dn 



ICKi 



(i-zC) 2 (C-0 



then c r (z,C) are expressible as in (22) with Bj^ n (z) replaced by bj(z,Q. The 



6 r (z, C) are given by Yl ( j ) Or-j,j(«,C) where 



Or,s(^,C) = - 



1 /" C r C s+1 ^C z f CCd^dn 

2™ / (c-ixc-0 " W (i-*0 2 (C-C) 

ICI=i ICKi 



(r-l)z s + 2 - r -rz s + 3 - r C + zC r C S+1 , , ^ fcC 

+Xs(r,s) 2^ 



(,s + l)(l-zC) 2 
where B — {(r,s) : s + 2 < r}. 



k—i — 1 



gfe-(s+l) 



(ii) If /r(^,C) 



(C + C-C-C) s CdC I f (( + (-(- () s dt;d v 



2nt J (C-«)(i-CC) 

|C|=i 



ICKi 



(i-zC) 2 (i-CC) 



then f r {z,Q are expressible as in (22) with Bj^ n (z) replaced by ej(z, (). These 



e s (z, C) are given as J2 U ) d s -j,j(z, C) where 



dry. (2,0 



J = [«/2] 

- / 

2 ™c/ =1 (c - *)(! - CO ^ " " (1 - ^C) 2 (i - CO 



C r C s+ dC 2 



00 



d£,drj 



JC-z 



~s+2-r /2s + 3-r 



c 



s + 1 



? s+2-r 
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(«+l)(C-f)2 

where C — {(r,s) : s + 2 > r}. 



xs+2-r 



-s+2-r 



Xc(r-,s) 



□ 



Theorem 4. For n,m > 1, the mixed n- Neumann and TO-Schwarz problem for 
the inhomogeneous polyanalytic equation in the unit disc 

d r i +m w = f in ED, d u {dlw) = a r ,Re(<9" +s u;) = (3 S on <9D, 9fw(0) = a r 
and Im <9J +S w(0) = b s , where / e C Q (ED,C), < a < 1, a r e C(dB,C), 
j3 s e C(dB, R), and a r € C, 6 S e R for < r < n - 1, < s < m - 1 is uniquely 
solvable if and only if for 1 < k < to — 1 and | z | = 1 , 

afc-i(C) , ^ (-l) r " fc «r(C) 



ra-1 51 — fe + 1 1 



1) z - 



ICI=i L 



C(K-l) ^(r-fc+1)! C 



■(c-r fc 



(C-(r-A+l)2log(l-«0) 



rf( 



(_\\n— k m— 1 ^ 

•7 rrri J2 -4[M Sj „_ fe+ i(z) +zp s ,„_ fe (z) - (n- k)zB s , n - k (z) 

[n — K)l s= o s! 



E j— ^— / -V~ [-^'s,™-fe+l(^>C) + ^s,n-fe(^,C)-(«-fc)2 : C*,n-fe(^)C) 



s =o s! 2™ 7 C 

ICI=i 



+K{Qs,n-k+l{z, C) + zE4,n-fc(z, C)~(" - k ) zF s,n-k{z, Q}]dC, 



(-l) m 1 
"(m-l)!27T 



ICKi 



-y 0(2,C)+-^V'(2,C) 



d£dr/ = 



(24) 



where 

^( 2 )C) = [( — -^m-l.n-fc+l ~ 2CQ m -l !n -fe+l) — z(q m -l,n-k — ^CU m -l,n-k) 



+ (n - k) z{C m _ X ,n-k + K F m-l,n-k)] {z,Q 

VK z jC) — [(2T' m _i !n _fe + i — Qm-l,n-fe+l) +2(2u m _i !n _fc — U m -\,n-k) 

-(n-k) z(2H m _ ljn _ k - F m _i )n _ fc )] (z, C) 
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and 
1 

2TTi 



«n-l(C) ^(-1) S A(C) 



ICI=i 

m-l[(s + l)/2] 
s=0 j=0 



C(*C-i) 



i) ^ 



(n s + 2(c s )(z,() 



s=0 



d(- 



- \ ^_~s+l-2j , ( l > 



3 + 1 J ol 



r/(0 

27r(m-l)! J ( 

ICKi 



(-n m -i-2^Cm-i)(z, C) 



/(C), 



H — p— (2/ m _i - n m _i) (z, C)] d£d»7 = 



(25) 



The solution is given as 



n-l 2 r 1 

W(z) = J2 flr-7 -; 



r=0 r! 27rz 



V^ (-l) r a r (C) , ,,,,-, 



ICI=i 



r=0 



r! C 



(^|^M0 ( ^ + 2C ^ )(ZjC)]dC 



*<=^ •£>.,«■' ( " ir : 



(n-l)! s f *!" 



(m-l)!27r 



/(C) 



ICKi 



/(C) 



H — ^— (— C m _i i „ + 2if m _i ; „) (z,C) 



d^drj 



{ — Cm-l,n — 2C-Pm-l,n)(^) C) 



(26) 



Proof: The problem is decomposed into the system 

dp™ = winD, d v {d r s w) = a r on <9ID>, <9£w(0) = a r for < r < n - 1 (27) 



and dfu = f in D, Re (dfw) = /3 S on 5D, Im 0fw(O) = 6 S for < s < m- 1.(28) 
Using Theorem 3, the problem (27) is uniquely solvable if and only if (4) and 
(5) hold with lu instead of / and w is given by (6) with u> instead of /. 
The problem (28) is uniquely solvable and lu is given as in (3) . Substituting this 
value of lu in (6) with lu instead of /, the last two integrals of the expression 
can be written as 



m-i 5 

i £ (-1)* - 

s=0 s 



1 

2ttI 



W(C,0,s)bg(l-*C) , 2 



ICI=i 






W(C,0,a) 



ICKi 



d^dn 

cTc^y 
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m-l (_!)« 1 



Bs(C) 



o s! 2-7TI 7 ( 

ICI=i 

z f C + C W(C,C,s) 



1 



- J C-C C(C-*) 

ICKi 



d£cfy 



(-l) m 1 
'(m-l)!27r 



/(C) 



ICI=J 

C + k 



C + C 

c-c 



W(C,(,s)log(l-z() 



<K 



^- I i^^(C,C,m-l)log(l-<)i 

ICI = i 



z f ( + Clf((,(,m-1) 



* ./ C-C C(C-«) 

ICKi 



d^dr/ 



/(C) r 1 



c 



l 2m 



1 + CC 



log(l-«C) ,, 



ICI = i 
d( z f l + (CW((X,m-l) 



i-CC 



1 W(C,C,m-l) 



C 2 tt 7 i-ti C(C-z) 

ICKi s 



rf^d?7] 



d^dfj 



(29) 



where W(C, C, *) = (( + (-(- C) s (C - 2)"" 1 

The integral in the first sum is equal to B^ sn ^{z) (Lemma 2). The inte- 
gral in the second summand can be expressed as —C s . n (z,C) ~2C,F s _ n {z^Q) 

7(0 

(Lemma 2, 3). The last integrals in (29) with - is equal to — C m _i n (z, Q 

c 

+2iJ m _i.„ (z, C) (Lemma 2, 3). Substituting these values in (6) with w instead 
of /, we obtain (26). 

The last two integrals of (4) with u> instead of / are expressible as L\ + zL 2 
— (n — k)zL^. 



Using Lemma 3 (iii), (v) L\ can be written as 

m— 1 fj 

L\=i J2 -^ M S! „_ fe+ i(z) 

s=0 Si 



m y"(-iy i 



~o s! 2iri J C 
ICI=i 



&(C) 



[iV s ,„_k+i + 2CQ s ,„+fe+i] (z,C)dC 



(_l)m-l 

"27r(m-l)! 



/(C) 



[(-^V m -l,n-fe+l + 2CQm-l,n-fc+l)(Zj C) 



ICKi 



/(C) 



H — p— (2T m _i in _ fe+ i -JV m _i )n _ fc+ i) (z,C)] d£di] 
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Using Lemma 3 (vi), (vii), L 2 can be expressed as 



m-i 5 



L 2 = i J2 -.Ps.n-k(z) - E 



»-i(-i) s 1 /■ /? s (0 



s=0 « ! 

(-1)' 



(g S ,n-fe + 2C U Stn _ k ) (z,()d( 



2n(m- 1)! 



ICKi 



=0 s! 27TI 7 £ 

ICI=i 

> ( _ <Zm-l,n-fc ^ 2££/ m _i ! „_fc) (z,£) 



/(C) 



+ ^-^ (2u m -l, n -fe -g TO -i,n-fe) (-2,0 d£*7 
Lemma 2, Lemma 3 (i), (ii) enable us to write 

m— 1 ^ 

L 3 = i Y, -7 B s , n - k (z) 

^(-it 1 /■ mo [c +2CF ](ZjCK 

s=0 s! 2ii J ( 
ICI=i 



(_l)m+l 1 

"(m-1)! 2^r 



/(C) 



(C, 



%F„ 



m—l,n—k "r^S "m— l,n— k 



■.)(*> 



ICKi 



/(C) 



H ^— (Cm-l,n-k — 2Hm-l,n-k) ( Z ,C) 



d^dn 



Substituting Li + zL 2 — (n — k)zL 3 in (6) with u) instead of /, we obtain (24). 
Applying Lemma 2, the last two integrals of (5) with uj instead of / can be 



written as 

m-l h [(«+l)/2] 

*E "t E 



z 



=0 s! J= o V J+i / s=0 si J ( 

ICI=i 



(-l) ro+1 
"27r(m-l)! 



/(C) 



(n m _i + 2CC m _i) (z,C) 



ICKi 



f(C) 
+ ^ (n m _i-2/ ro _i)(«,C) 



d£,drj 



Substituting this value in (5) with lu instead of /, we obtain (25). 

Remark 3.5: The mixed boundary value problem arising with first n-Schwarz 
and last m-Neumann boundary conditions can be solved in a similar way. This 
has been avoided here due to lack of space. □ 
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The Construction of a Kind of Quadrature Formulas 1 

Ming-Cai Liu, Pi-Xi Zhao, and Wei-Ming Yang 
School of Computer Science and Engineering, Dalian Nationalities University, Dalian 116600, P.R.China 

Abstract 

In this paper, a kind of quadrature formulas are constructed by using the Euler- 
Maclaurin summation formula. It has the same nodes as composite trapezoidal 
rule. But its convergence order is very high. Numerical results are presented 
which also show that they are simple and efficient numerical integration rules. 
Keywords: Numerical integration; Convergence order; Absolute error. 



1. Introduction 

Numerical integrations are often encountered in practice, for example, in wavelet- 
Galerkin methods for integral equations, we need to calculate a lot of numerical integra- 
tions(see [1,3,4]). The composite trapezoidal rule and Simpson's rule are simple, and have 
recursive relations. But their convergence order is very low. Gaussian rule has high alge- 
braic accuracy ,but has no recurrence relations. In paper [5], a method of construction of 
quadrature formulas for the calculation of inner products of smooth function and scaling 
functions is presented. In this paper, we use the Euler-Maclaurin summation formula 
to construct a kind of quadrature formulae, we call it modified composite trapezoidal 
rule. It has the same nodes as composite trapezoidal rule, and has recurrence relations. 
Furthermore, its convergence order is very high. 

2. The Construction of the Quadrature formulas 

Suppose f(x) e C 2k+3 [a, b], where k = 1,2, ■••, and let h = ^,n > 2k, and B 2 j be 
Bernoulli numbers, i.e. B 2 = g, B4 = — ^, Bq = ^, Bg = — ^, • • • . Set 



p 2fe+ 3(*) = (-i) fe £ 



2 sin 2irnx 



n= -(27rn) 2fc + 3 ' 
then, we have the Euler-Maclaurin summation formula[2]: 

h,,., , ,„, n v^ r , , nl r b ,, , , K B 2l 



2 



[f{a) + f{b) + 2 £ f(a + ih)] = f f(x)dx + £ * /»»[/(«-U(&) - f^~ l \a)] 



+h 2k+3 / P2 k+ ,{n-^)f^){x)dx, (1) 

— a 



1 This paper is supported by the National Natural Science Foundation of China (60372071). 
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and have the estimation: 

",2fe+3 ; 



rb ^^ 1 

I P2 k+ 3(n^)f^\x)dx\<M 2k+3 2- 2k -\ny 2k -\b-a)Y,^ 

oo 

where M 2 k+3 = max |/' 2fc+3 '(x)|, Yl l/{j 2k+3 ) 1S Riemann series. Set 

a<x<b j—i 

h n—1 

T n = -[f(a) + f(b) + 2'£f(a + ih)}, 



(2) 



i=i 

k 






and 



E " = 7#rfv^ +2 [/ (2fc+1) («) - f {2k+1) (b)} - h^ f b p2k+3 (n*-^)f^(x)dx, 
(2fe + 2j! J a b-a 

then, (1) can be rewritten as 

/ f{x)dx = T n + P k + E k . (4) 

From E k , we know that the convergence order of T n + P n is 0(h +2 ), Consequently, 
Eq.(4)can be rewritten as 

I" f(x)dx = T n + P k + 0(h 2k+2 ). (5) 

Ja 

The idea is to generate an approximation to derivative in P k by the vales of the function 
at the given nodes, and to ensure that the convergence order is also 0{h? k+2 ). 
For /(x) £ C 2k+1 [a,b], using the Taylor formula, we have 

nx + ih) - m = f: f0) ^(ihy + / 7 9 t 1) in ( f )) (^) 2fc+i . ( 6 ) 

~{ r- (2fc + i)! 

where i = 1, 2, ■ ■ ■ , 2/c, x < £j(x) < x + ih. 
Let 

/ (2fc + l) (&(a;))i 2 fc+ l 

£*(*) = (2fc + l)! ' E = (e 1 {x),e2(x),---,S2k(x)) , 



<A 



/«(x)V, r = ( yi ,y 2 ,---,y 2fc ) T , h = f(x + ih) -f(x), 



~ ~ ~ T z J 

F = {h->h,---,hk) , A = (aij), ai j = — v i,j = 1,2, ■■■,2k, 

then (6) can be rewritten as 

AY = F + /i 2fc+1 £. (7) 

Proposition 1. The matrix A in (7) is nonsingular. 

Proof. Let the ith row of A be divided by i, (i = 1, 2, • • • ,2k), the jth column 
of A be divided by j\,(j = 1, 2, • • • , 2k), then we get a matrix whose determinant is a 
Vandermode determinant. Therefor, the matrix A is nonsingular. 
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By(7), we have 



Y = A~ 1 F + h 2k+1 A- 1 E. 



(8) 



Let A = (bij), then (8)can be rewritten as 



2k 2k 

f®(x)ti = J2 M/0* + Jh) ~ f(x)\ + h 2k+1 J2 bijsjix), i = 1, 2, ■ ■ ■ , 2k. (9) 

3=1 3=1 



Let x = a, we have 



2k 



2k 



/«(a)V = X! M/(<* + i>0 " /(«)] + /j2fe+1 E W")- 

3=1 3=1 

Let x = b, and replace /i by — /i,(now b — ih < £i(b) < 6), we have 

2fc 2fc 

/W(6)(-/»)* = ^ bij [f(b - jh) - f(b)} - h 2k+1 £ 6ye,-(6). 

Substituting (10) and (ll)into P k in (3) gives 
fe n 2k 



(10) 



11) 



^2 



Let 



2fc+l 



fe D 2k 

Do 



h = hY,7^{Y, h *Af(a + jh)-f{a) + f{b-jh)-f{b)\}, 






and 



T« = Tn + P k . 



then (4) can be rewritten as 



.(*) 



/ f{x)dx = T^ + E k + E k . 

J a 



}• (12) 

(13) 
(14) 

(15) 
(16) 



where T„ is a modified composite trapezoidal rule which we want to construct, and 
Ek = Pk ~ Pk- Now, we estimate the E k + E k in (16): 



I 7~J I ^r£ 

\-D2i\ 



i(2t)!V^' ^(2* + l)! 



|i:,j<2/^ 2 M 2fe+1 £^(5>, 

i 2M 2fc+1 * ggdg 
(2fc + l)!^ (2^)! . , 



/ 



2fc+l 



h 



2k+2 zlvl 2k+l 



Sl^il). 



(17) 



where M 2 fc+i = max |/( 2fc+1 )(x)|. 

a<x<b 

Consequently, 



2M 2fc+1 |£? 2fc+2 | _2M 2fc±L * [^W/l 
(2fc + 2)! + (2fc + l)!^ ( 2i )! v^ ly 
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-h 2k+3 M 2k+3 2~ 2k ' 2 (7:y 2k ~ 3 (b - a) £ 



1 



i=i 



2fc+3' 



(18) 



Then we have 

Proposition 2. If f(x) £ C +3 [o, 6], then the convergence order of the modified 
composite trapezoidal rule T n is 0(h 2k+2 ). That is 

' f(x)dx = T r [V + 0(h 2k+2 ). (19) 



3. Some examples of the modified composite trapezoidal rule 



Suppose f {x) e C 2k+3 [a,b], k = 1, 2,- ■■,h= b -^,n> 2k. Let ft = f(a+ih), /_, = 
f(b-ih),i = 0, |, 1, |, ■■■,n. Notice that f = f(a) = f- n ,f-o = f(b) = /«• Let 



n-l 



T n = o(fo + /-o + 2 J2 ft)- Now, we use the method introduced above to constructed 



some formulas of T n for different k: 

k=l: 

/i 



4 1} = T n + 24 ["3(/o + /-o) + 4(/i + /_i) - (/ 2 + /-2) 

,(1) 



(20) 



The formula of T n has the following properties: 
(i) When n = 2, T 2 is the Simpson's rule; when n = 3, T 3 is the Newton-Cotes 
formula with n = 3(see [2]). 
(ii) When n > 6 

n— 3 



tw = /iS+fc[|(/o + /-o) + «(/i + /-i) + ^(/2 + /- 2 ; 

i=3 



8 



6 



24 



(21) 



(iii) By(21), we have a recurrence relations of T^ and TA : 



1. 



n-2 



T% = £#> + !i £ / i+ i + £ |(/ 2 + /-2) - 5(A + /_x) + 28(/i + /_i; 



(22) 



i=i 



k=2: 

7^(2) _ 'P 



1440 



[245(/ + /_o) - 462(/i + /_i) 



-336(/ 2 + /_ 2 ) - 146(/ 3 + /_ 3 ) + 27(/ 4 + /_ 4 )]. 

,(2) 



(23) 



The formula of T n has the following properties: 

(2) (2) 

(i) T^ and T 5 are Newton-Cotes formulas with n = 4 and n = 5 (see [2]), respec- 
tively. 

(ii) When n > 10, we have 

n— 5 

L288 VJU ' "'"""'' ' 240 VJi ' J ~"' ' 30' 



T^ = hJ2h + h\^(fo + f-o) + ^(h + f-i) + 2 ^(f2 + f-2) 
i=5 



+ 720 (/3 + / ' 3) + 160 (/4 + / - 4) 



(24) 
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(iii) T 2n and T„ have a recurrence relations 
T 2n = -n + g 2- /i+J + 2 i240 (/ l + /-j) - 240 (/l + ^ + 720 (/ § 

i=2 
+/_») + ^(/2 + /-a) - ^(/s + /-3) + ^(/4 + /-4)] • (25) 

k=3: 
4 3) =T n - _A_[71043(/o + /-o) - 167064(7! + /_x) 

+198327(/ 2 + /- 2 ) - 171072(/ 3 + /- 3 ) + 94569(/ 4 + /_ 4 ) 

-29928(/ 5 + /-s) + 4125(/ 6 + /_ 6 )] . (26) 

(3) 
The formula of T« has the following properties: 

(3) (3) 

(i) Tq and Tj are Newton-Cotes formulas with n = 6 and n = 7(see [2]), respec- 
tively. 

(ii) When n > 14, we have 

^=«i:/.h[^ )1 /. + m + ^(/ 1+ /-,) 

l 54851 ^, 103 ff , f , , _89437_ 

+ 120960 (/2 + f - 2) + T5" (/3 + J - 3) + 120960 (/4 + ^ 

16367,, , . 23917,, , ,-i 
+ 15120 (/5 + / - 5) + 24192 (/6 + M- ( 27 ) 

(iii) T 2n and T„ have a recurrence relations 

T (3) _ i T (3) , « V- f 
i=3 

fcr22081 121797 ^, 103 ff , f ^ 

+ 2 Ll5120 (/ * + ^ " 120960 (/l + ^ l} + TlT (/ I + / -§ ) 

i 34586 ^, 16367 ff , f ^ 4 08793 

+ 120960 (/2 + f ~ 2) + 15120 (/ 1 + / -! ) " 846720 (/3 + ^ 

+ 120960 (/4 + ^ " 15120 (/5 + 7 - 5) + 24192 {h + M ] " (28) 

k=4: 

(4) ,r 19087 /, ^ ^ 427487 3498217 ,, 

T « " T " " M 89600 (/o + ; - 0) " 725760 (/l + f ~ l] + 3628800 (/2 + f ~ 2 > 
500327 ) + 6467 f . 2616161 

403200 U3_r - / 3; 5670 W4 J 4; 3628800 Ui 5; 
24019 263077 8183 

+ 80640 (/6 + ; - 6) " 3628800 (/7 + f ~ 7 > + 1036800 (/8 + f ~*> ] - (29) 

The formula of Tn has the following properties: 
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t 
+ 7 



(i) When n > 18, we have 

m(4) uST^r ul 25713 ?r t \ 1153247.. 130583 

T A ; = ^^ + H89600 (/o + / -° ) + T257W (/l + / - l) + 3628800 {h + f ~' 

i=9 

903527 797 6244961 

"403200 (/3 + J - 3) " 5670 (/4 + f ' i] + 3628800 {h + U) 
56621 3891877 1028617 

80640 U6 • /_6; 3628800 U7 ■ /_7; 1036800 U8 ^ 

(ii) Let h < 1, by (18), we can obtain 

/ f{x)dx-T^ < max |/ (9) (x)| 

Ja 100 a<x<b U V 7I 

(iii) T 2n and T„ have a recurrence relations 

-I 7 n— 5 

T (4) _ J- T (4) , Vf , 

~ i=A 



i=4 



+ 



H53247 1408913 903527 
725760~ (/ § + ^ " ~907200~ (/l + Al) + 403200 (/ f + f ~l 

1821587 6244961 310211 

7257600 U2 J ~ 2j 3628800 U § M^ 201600 l/3 /_3j 

3891877 8220479 2616161 

3628800 V 5 5 ; 7257600 1 4; 3628800 1 5; 

+ 2 i°i^ f + f ) 263077 8183 

80640 UJ 6J 3628800 U,y ; 1036800 U 8 J i 



(30) 



(31) 



4. Numerical examples 



Now we use the modified composite trapezoidal rule T„ ,k = 1,2,3,4, composite 
trapezoidal rule T n , composite Simpson's rule S n , and composite two-point Gaussian rule 

(k) 

G n , i.e. using two-point Gaussian rule on each subinterval, to approximate integrals. T„ 
and T n as before, S n and G n as following: 

n— 1 

( [f(.Wl 4- ff.To„) +4 V ff.To, ll +2 



b U n 

f(x)dx *S n :=- \f(x ) + f(x 2n ) + 4 ^ f(x2i-i) + 2 ]T /(x a ) 

i=i i=i 



where /i 



b—a 
2n ' 



Xi = a + vi/i, vi = 0, 1, • • • , n. 



b n-1 

f( x )dx^G n :=J2'il(fCiti + 



i=0 



' 1 ) + /(2 i2 + 2" 



where h = ^, x* = a + ifr, i = 0, 1, ■ ■ ■ , n, h = 0.577350269189628, t 2 = ~h. 
Example 1. Jq sinxdx = 2. 
Example 2. jj ^ = 0.1705573495024382 



Example 3. £ ^p^ = 0.3998760050557660 • 



(32) 



)], (33) 
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Example 4. J 2 cosl5xcfe = ^. 

Example 5. J 27r x cos x sin 30xdx = -0.2096724796611 



Example 6. $ fz^gs^ dx = 2.67096531488 

The numerical results are shown in Table 1. The first column are the ordinal numbers 
of these examples, the second are numbers of nodes, and the others are absolute errors, 
which correspond to quadrature Formulas. 



Tabic 1. 



example 


n 


T (i) 


-*-n 


T (3) 


T (4) 


T n 


"5n 


(*n 


1 


10 


4.9E-04 


2.3E-05 


1.1E-06 


5.2E-08 


1.6E-02 


1.1E-04 


4.5E-06 


1 


20 


3.2E-05 


4.1E-07 


6.3E-09 


1.0E-10 


4.1E-03 


6.8E-06 


2.8E-07 


2 


10 


6.9E-07 


5.6E-09 


5.4E-11 


1.6E-12 


3.5E-04 


1.7E-07 


7.1E-09 


2 


20 


4.7E-08 


1.1E-10 


3.6E-13 


2.2E-15 


8.9E-05 


1.1E-08 


4.5E-10 


3 


80 


1.6E-09 


7.8E-10 


6.1E-11 


6.1E-12 


2.1E-06 


2.0E-10 


8.3E-12 


3 


160 


5.4E-10 


6.4E-12 


1.4E-13 


4.5E-15 


5.4E-07 


1.3E-11 


5.2E-13 


4 


160 


3.9E-05 


3.2E-07 


4.6E-07 


1.2E-07 


1.0E-03 


1.4E-05 


5.9E-07 


4 


320 


3.4E-06 


6.2E-08 


9.8E-10 


2.7E-12 


2.4E-04 


8.9E-07 


3.7E-08 


•5 


640 


4.0E-05 


1.6E-06 


7.2E-08 


2.7E-09 


1.5E-03 


8.9E-06 


3.7E-07 


•5 


1280 


2.6E-06 


2.9E-08 


3.9E-10 


5.6E-12 


3.8E-04 


5.5E-07 


2.3E-08 


6 


1280 


2.2E-06 


8.8E-08 


7.1E-09 


8.9E-10 


2.5E-04 


5.8E-07 


2.5E-08 


6 


2560 


1.6E-07 


1.9E-09 


6.0E-11 


9.2E-12 


6.2E-05 


3.7E-08 


1.5E-09 



From Table 1, we can see that the modified composite trapezoidal rule T„ is signifi- 
cantly better than the others. 
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Abstract. The initial-boundary value problem for one-dimensional linear transport equation with a source term is 
considered. This is rewritten as a Cauchy problem: dw /dt + Aw = F, w \ , = = w , where w represents a suitable 
subset of a Hilbert space, whose elements are pairs of real-valued functions depending on three variables: a space 
variable ze [0, H], an angle variable v, with /u = cos ve [-1, 1] and a time variable fe [0, T\. A is a linear strictly 
positive operator. A difference scheme is given in order to approximate the space derivatives appearing in A. 
Then, the operator A is decomposed as A = Ay + A 2 (where both Ay and A 2 are positive operators) and another 
difference scheme is given to approximate the time derivatives. Finally, the numerical integration with respect to 
jU is carried out. One obtains an algorithm, which is stable and approximates the exact solution with an accuracy of 
second order in time step rand in space step h. 
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1 Introduction 

The main problem in the nuclear physics is to find the neutrons distribution in the reactor, hence its 
density, (p. This is a scalar function, which is studied in a plan-parallel geometry and depends on the 
next variables: the position of the neutron on the z - axis, the neutron speed, v c „ which makes an angle 
V with Oz and the time, t. The density is the solution of an integral - differential equation, named the 
neutron transport equation. 

Many authors paid attention to this problem, [l],[2],[4]-[7], but their papers are theoretical 
studies. In this paper we present a numerical algorithm in order to find the solution of a boundary value 
and initial value problem for the non - stationary transport equation. We prove that the iterative process 
is stable and the approximation of the solution with respect to time step, T, is of the f 2 order. 



2 Problem Formulation 

Let us consider a transport equation in a plan - parallel geometry: 

— ■^- + ! U-^ + (J-(p = ^\(pd l U + f(z, jU, t) (1) 

v c a t a z 2 _j 

with the following boundary conditions: 

m = if z = 0, /u> 

(2) 
= Oifz = H, /u < 

and the initial condition: m = <p if t = 0. (3) 



MARTIN 

In the right-hand side of (l),/is the radioactive source function, the functions <J, (J s are continuous in 
the interval [0, H\ and satisfy the conditions: 

< <7 < <j < <j x < oo; o < a s < a' s < °°; < a c < a c = a - a s 

(4) 

Further on, we consider for simplicity, v c = 1. Using the notations: 

q> + = <p(z, ix, i); <p~ = ^>(z, -//, ?)> where // > 0, (5) 

the equation (1) can be written in the form: 

dcp + d(p + + <7 S \. + _. , r + 

-Z- + M^- + &-<P =^r (<P +<P )dM + f 
at oz 2 a 

(6) 

-T /^^— + cr-^ =-L|(^ + +^ )</// + / 

d? dz 2 

Substituting: ju' = - jU> 0, we get: 

ooii 

J p(z, //, f )rf// = -J <p(z,-fi\ t)d/u' = J (p{z-/x , t)dju' = \(p~d/u. 

-110 

The boundary value problem becomes: 

p + (0,^,0 = 0; <p-(H,/i,t) = 0, Vfie[0,l],Vt<=[0,T] (7) 

Adding and subtracting the equations (6) and introducing the notations: 






we obtain the following system: 



du d v r , / 

h jU v a ■ u = aAudjx + g 

d t d z ' 

d v du 

h /J. h a ■ v = r. 

dt o z 



(8) 



(9) 



The boundary- initial conditions are: 

m + v = for z = 

m-v = for z = H (10) 

and respectively: u = u°, v = v° for ? = 0. (11) 

Now we rewrite the problem (9)-(ll) in a operator form. For this purpose, we introduce the 
vector functions having two scalar components: 
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and the operator 



^ 



w = 



o 
w = 



' 

\ v J 



(12) 



<j-<j s jdju' ju 



\ 



M- 



dz 

G 



(13) 



J 



Let us define in the measurable set D = [0, H]x[0, 1], a Hilbert space L 2 (D), (the functions quadratically 
integrable), with the scalar product: 



2 1 H 

(o(0, AO) = 'ZidM\a'(z,fi,t)fi i (z,fi, t)dz 

i=l 



(14) 



where a', J3 l are the components of the vector functions a, /?. Here, the scalar product is a function of 
time. For solving the problem (9)-(l 1), we consider that the vector function w is defined on the set [0,7] 
and has the values in the Hilbert space L 2 (D). The notation w(t) defines an element of L 2 (D), which 
corresponds to a function (z, ju) — > w(z,jU,t) with t fixed. 

Let us consider <I>, the set of functions w(t), which have the components u, v and 

— , — continuous on D. Then, the domain of definition D(/4) = 4> is the subset of <E> with the 

dz dz 

dw 
elements w that verify conditions ( 1 0) and have — continuous on D. 

dt 

Let us now define the operator 

dt 



with the domain JJ(Z) = <E> . Consequently, the problem (9)-(l 1) becomes: 

dw 



dt 



+ Aw = F, (z, ju,t)e Dx [0, T], D = [0, H] x [0, 1] 



U=o 



V(z,ju)eD 



(15) 

(16) 
(17) 



where 

Fe L 2 (Dx[0,T]), w° e *, w(t)e® . 

We prove that A is a positive operator, namely, (Aw, w) > for each w ^ 0, we 4> . We have 



1 H 

(Aw, w) = J dju J 
o o 



Cu — <J s u] ud/J, + /UU h /UV 1- (TV 



dz 



dz 



dz 



Using the Holder inequality we obtain 



f\ \ (\ V 1 1 ' 

jludjU < \\ 2 d/X ju 2 d/J, =\u 2 d/X 

\o J U Ao J o 



(18) 



Finally, for <7 S < a we get 
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// 



(Aw, w) > a\ 



\udju — \udju 

Vo J [.o 



,2\ 



(TV 2 + // — (wv) 



dz + J djU j" 





dz > 



> - jju{(<P + ) 2 ~ (<p-) 2 )\$ djU = -\^) 2 + (<p-) 2 )dju > 



4 J ' 'i u ' 4 

^ o ^ o 



(19) 



according with (7). If the operator L is positive, the equation: 

Lw = F 
has only one solution. Indeed, let w\ be an element such that 

Lw\ = F 

Hence, L(w - w\) = => Lw = => (Zw, w) = . But the operator L is positive definite, such that 
w — => w = wi. 

In order to get a solution of the problem (16)-(17), we go through three stages. 
First, a difference scheme is given in order to approximate the space derivatives which 
appearing in A. We consider on z - axis two points systems: 

- a principal system, {z k } h k e {0,1, ...,N} with z = and z N = H; 

- a secondary system, {z k+m }b k e {0,1 ,...,N-l }, which verifies the inequality: z k _ 1/2 < z t < z^+i/2. 
Integrating the first equation (9) on the intervals: (z ,z m ), (z k -m,z k+ y 2 ), ke {1, 2,..., JV-1}, (z N _ l/2 , z N ) 
and the second equation on ( z t _ b z k ), ke {1, 2,. . ., N-l}, the system can be written in the form: 

g z l/2 z l/2g v z l/2 z l/2 1 z l/2 

judz + jU J — — dz+ j(7udz= j <7 S dzjudjU'+ \gdz 



dt 



dz 



d z ' z ' 3 m z ' Zl 

— \vdz + u\ dz + \(7vdz= \r dz 

dt dz 

z z z z 



3 z t+l/2 ! W/2j|, z 4+l/2 z t+l/2 1 z /t+l/2 

JM<iz + // f — dz + \<7udz= j <7 s dz\udfJ.'+ \gdz 



dt 



dz 



z k-\ll z /c-l/2 

z k+l z k + t 



^ z i+l z (r+l g M 

— [ v <iz + fX \ dz + \<Jvdz= \r dz 

dt dz 

z k z t z k z k 



(20) 



Z ,'V 



Z /V 



\udz + jU j — dz+ \<7udz= | cr s dz\udjU'+ [gdz 



dt 



z N-\ / 2 



z W-l/2 



z W-l/2 



z N-l / 2 



z W-l/2 



z N 



g z w ZN du 

— f v <iz + // \ dz + \(7vdz= \r dz 

dt dz 

z N-\ z N-\ z N-\ z N-\ 



With the following notations: 



Az 0= Z l/2- Z 0, Az k = Z k + ll2- Z k-M2- k =1,2,.., N-l 
Az N= Z N~ Z N-U2, Az k-V2= Z k- Z k-l, k=l,2,...,N 



(21) 



we define the mean values: 
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1 z k+l/2 1 z *+l 1 z i+l/2 



c/z 



* z *-l/2 



£+1/2 z t 



* z *-l/2 



^z 



1 z £+l/2 



* z i-l/2 



Az 



^adz 



(22) 



£+1/2 zj 



Let /;= max (Az ,Az N ,Az k ,Az k+U2 ) . Dividing the first equation (20) by A z and the 

0<k<N-l 

second by A z 1/2 we obtain: 



_3_ 
dt 



Az 



J z l/2 

\udz 



z 



3/ 



Az 



I 



1 Zl 

J V fife 



1 J z l/2 

+ M ~ — Ml 1 ' 2 + I <7(z) u(z, m, t) dz 

Az 

J z l/2 
f<7„Mfife 

A _ J * 



-0 



J z l/2 

d/J,' H I g dz 



Az 



1/2 



-1) 



z 
z l 



+ // [m] Zi + J <7 v <iz = 

Az l/2 Z ° Az l/2 z Az 



1 Zl 

j r dz 



1/2 



-~() 



(23) 



In accordance with the boundary conditions: 



.o = -(^ + -^) ; 



'» '|--n--^ -^ ^ z =0=--^ 



1L + 



*0 — w z=0" 



(^ + +^iz=o=- 



9 



2 '-" 2 

we have: vo = - «o and the relations (23) can be rewritten in the form: 



(24) 
(25) 



- + // — + ct m =ct, Jm ^u + g >go+ — J#k 



a? 

5v l/2 

3f 



Az n 






Az, 



z 



Az 



'1/2 K l/2 ~~ '1/2 



1/2 



(26) 



where the functions u, v are replaced by their values in the points: z = 0, z = 1/2 , z = 1. Similarly, we 
get 



dv 



+ M- 



V k+\12 V k-\I2 



Az, 



+ <7 k U k =(7 Sk \u k dfl' + g k 



t+i/2 , ,. u k+\ M t,_ ,, _„ t n \t 1 

+ >"— + °£+l/2 V £+l/2 = r £+l/2> A =1,2,..., TV -1 



a? 



Az 



£+1/2 



(27) 



" V jV-l/2 , ,, M /V M W-1 , _ 

""•"j" . "•" c, A'-l/2 v «-l/2 — 'W-l/2 



a/ 



Az /V-l/2 



(28) 



a^ w^-v^, 



a? 



1 J z w 

— + (J N u N =(J SN \u N dn'+g N ,g N =- — \gdz 

AZ N ^N z N _ U2 



where u N = v N . 
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Let us consider M(0, 2A0, the Hilbert space of the vector functions a = ( Oq, am, a x ,... a N ) 
with the scalar product: 



2N 1 



(a,fi) = i,jte i/2 a i/2 fi i/2 dfi 



;=o 
and the norm: | a\=- s j(a,a), ae M h (0,2N) . 

We define the vector functions: 



(29) 
(30) 



< P~ ( M 0? V 1/2' M 1 '••••' M iV-l' V /V-l/2' M «) 

/ = (So > r l/2 ' S\ >■■■■> g;v-l ' r N-\l2> Sn ) 

0/00 \ 

Y ~ l M 0' V l/2' M l 5""5 M «-l5- V Af-l/2» M A'/ 



(31) 



and the operator: A = L-S, where 



JL 

Az n 



- + a 

M 

Az 1/2 






M 







/« 



Az, 
















M 



A 

AZ J V-l/2 

// jU 



Az N Az N 



+ 0\ 



(32) 



f i 



5 = A'flg 



o 



f 1 if il 2 is entier number 
,; = 0,1,...,2JV; y il2 =\ 

[0 if z7 2 is rational number. 



(33) 



Then, the system (26) - (28) has the form: 

d(p 



+ A(p = f, ts[0,T] 



dt 
<p(z,jU,0) = <p° 



(34) 



where tp,f,tp° were defined by (31). In spite of the fact that we use, for simplicity of the writing, the 
same notation as (1) - (3), here (p is the numerical solution for our problem. 

It is seen that the operator S is positive and we shall prove that L and A are positive operators. 
Indeed, let we M and then 



{Lw, w)=\ Az c 



o 



M~ 



Az n 



w d{l+ \Az l/2 



i f \ 

w l -w 

JU— - + <Tr,W, 



Az lt 



'o^o 



N-l 1 

+ I jAz, 

i=l o 

l ( 



M- 



Az ; 



J V ""1/2 

^ Hi f 

w t dM+Y, j Az i+l/2 



w U2 d/J,+ 



J 



J 



i=\ 



W i+\ ~ W i 



+ 



\^ N 



M 



Az, 



i 



v Az ,+l/2 

IN 1 



1+1/2 "i+l/ 2 



w M/2 dfi + 



w 



l dM = ljU(w 2 +w 2 N )djU + Y, \Az il2 a il2 w\ l2 dju> 



i=l 



2W 1 



><7 X |Az, /2 w, 2 /2 ^ = cr ||w|| >0 

1=1 
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because continuous functions on [0,//],<7„ are bounded on [0,H] and by hypothesis a > a > 0. 
Using above results, we obtain 



1 27V 1 1 

(Aw,w) = \n(wl +w 2 N )dM+ I lAz iJ2 (cr i/2 wf n - a s . n w ul \ w in y il2 dn')dn > 

i'=0 

1 27V 1 



> \/x{wl + w 2 N )d/x + X J(<r,- /2 - a /2 )Az i/2 w?, 2 dju > a t 







1=0 o 



'■(i 



m' 



In the second stage a difference scheme is given to approximate the time derivatives. This is 
used together with the bicycle splitting-up method, which writes the operator A as a sum: 



A=A X + A 2 



(35) 



where 



and 



4 = 



M M 



Az Az 
M M 



Az 



1/2 



Az 



1/2 















-M 



Az 










M 



Az, 



7V-1/2 " z 7V-l/2 

Az w Az N 



A 2 = diag 



°ni -<? Sl /2$ri/2 d M 
o 



In the following, we shall prove that A\ is a positive operator. If a = ( «b, CUi/2, «i,. . . Q5v)e M fe we have 



27V 1 



(A 1 a,a)= X \i* i i 1 (A x a) il2 a i i 2 dii = li* 

i=0 



1 f M M ' 

"a ^0 + 1 ^ / 2 

v Az Az 



o 



or 4« + 



+ |Az 1/2 
o 



M 



M 



\ 



yAz l/2 



Az 



Of] 

1/2 y 



a u2 dju + 



+ J Az 7V-l/2 


1 '-* 



— OCn-\ +— OCpj 



\^Az N _ 1/2 



Az, 



+ \Az N 
o 



M 



- QT/V-l / 2 + "7 <% 

^Az N Az-, 



'-N J 

We shall also prove that A 2 is a positive definite operator. Indeed, 



a N _ 1/2 d/u + 
7v-i/2 y 

A 1 

a N dju = \ /J.{al + a^)d/j. > 
o 



l 



l 



I&il2<*tl2 -^,2 a i/2\«if2ri/2d^)dM * J (^72 " ^s i/2 )^/2 d M * ff co\ «f /2 d/l > 
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In these conditions we can apply the bicycle splitting-up method. Let us divide the close interval [0, 7] 
into n subintervals by choosing points: t = 0,ti,....,t„=T. Next, we take an arbitrary subinterval: 
[tj-u tj+{\ = [ tj-i, tj-m ]u [ tj-m, tj ]u [ tj, tj+i/2 ]u[ tj+in, tj+i ], which has the length equal to At, where ris 
the time step. Approximating the operators A x , A 2 on this the subinterval by: A j k = A k (t ,), £ = 1,2 , we 
shall obtain from (34) a difference system using the Krank-Nicholson scheme, [5]: 



pj- 1 ' 2 -^- 1 



+ M^' 2 + <P " 



T ' 2 

j_ A. 
2 



<P J -9 J , A j 9 J +9 
r 2 2 

y+l/2 



-f'+^Kf 1 



9 J+U2 - <p J 



2 2 ~ J 2 



+ M z ^ = fJ -^ A J 2 fJ 



<P J+i -<P J+U2 |A , ^ /+1 +^ +1/2 _ 



(36) 
(37) 
(38) 
(39) 



with f=fitj). Adding (37) and (38) we get 



(pJ +U2_ ip J-U2 

2t 



(p J + 



(pJ -M2 +(pJ+ ll2 



+ M 



= f J 



(40) 



and the system (36)-(39) can be rewritten: 



T 

2' 



E + ^A[ \<p J - U2 



E--A[ \<p j - 1 



e + Laj 2 y 9 J- T f')= Ie-1a> 2 \<p 



E + ^A' 2 \ 9 ^ 2 ■ 



j-l/2 



E--A< 2 \(<p J +f J T) 



e + ^aA^Je-^a*^-^ 



(41) 



where E is unit matrix. Let us define: 



and from (41) we have: 



T k j =(E + ^A J k y l (E-^Ai) 



<p j - ll2 =T x j <p j - 1 

(pi = T f J +T{(p J - V2 
<p J+U2 =T 2 j <p j +T 2 J tf J 



= TJTJfh + T. j T{T{T, j (pJ-' L + T, j T{fir = TJ(pJ' 1 + IrTJrJfJ 



(42) 



(43) 



where T J ' ^TJTJTJ . 

Now we prove that the algorithm is stable and leads to a numerical solution, which 
approximates the exact solution with an accuracy of second order in time step X. 
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Approximation 



For the estimation of approximation order, we shall expand with respect to the power of small x, the 
expression 



n = 



2 k 



E--A\ \ = E-tA\+—(A\) 



J\2 



when - A{ < 1, k = 1,2. Then 



y k\\ ^ L > 



T X ] T( = E- tAJ + 



2 L 



(a{ + ^J + (MK ~ KM) 



+ o(r 3 ) 



where \J = (A{ + A{) 1 2 . If A{A{ = A y 2 A{ , we get 

■ ■ r 2 

T X J T{ = E - tAJ + — (A-0 2 + o(r 3 ) 

When the operators are non-commutative, the approximation with the splitting-up algorithm is 
of the first order with respect to T. Let us now consider 

T> = U T kU T k = TxT{T{Tx = E - 2tA> + ^-(AJ) 2 + o(r 3 ) 

k=\ k=2 ' 2 



Hence, the following estimation is valid in the interval [tj.\, tj+{\: 

<pi- x + 2r(E - TAJ)fJ + o(T 3 ) 



cpJ +1 = 



E-ltAJ + { ^—(AJ) 2 



and 



^ ^— + A 7 (E - tA j )<p M =(E- tA j )f J + O x (T 2 ) 

2f 



(44) 



Using the Taylor series expansion of the solution f in the neighborhood of the point tj.\ and 
substituting tj for t, we can write: 



(p J =(p{z,H,tj) = (p J - + 



K dtj 



t + o(t ) 



(45) 



Then, we eliminate 



v a7 y 



, writing the transport equation (35) in the point tj.\ in the form: 



K dt; 



-Ay-'i/'+o^r) 



and (45) becomes: 



<p j = <p'~ x (E - TA J ) + Tf j + o(T 2 ) . 



Finally, we get 



<p J+1 -<p j 
2t 



+ A j (p j =f J +o{T 2 ) 



(46) 
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This relation is an approximation with the accuracy of second order in time step T of the initial 
equation (35) on the interval [tj.i.tj+i]- 



Stability 



The algorithm: (p J+l =T J (p J +tf J onDx[0,T], (p(z,/u,0) = (p° on £>,is stable, if for any step h, 

which characterizes the first difference scheme, and for any j < T /t , T - the time step, we have the 
inequality: 



Y 



- c i W L +c 2 / 



(47) 



where C\, C2 are the independent constants of h,T, (p ,/and ( &h,,'&h,T are the systems of these reticular 
functions. 

Turning to the formula (43) we get: 



<p j+1 = TJTW + TT/T 2 J f J for t e [t j , t j+1 ] 



(48) 



First, we prove that: 



T k J =(E + -A{r(E--A J k ) = (E--A{)(E + -A{) 



i W 



(49) 



using the identity: (E + — A[ )~ l (E + — A j k ) = E. Indeed, multiplying to the left with 

(E + —A J k y 1 (E A{) and using the next commutative property: 

(E-^Ai)(E + ^Ai) = (E + ^Ai)(E-^A{) 



(50) 



we obtain (49). Then, we have 



T^T^={E + ^A\r\E-^A\){E + ^A\)-\E-^A J 2 )- 



= {E--A\){E + -A\)-\E--A J 2 )(E + -A J 2 ) 



j\-* 



(51) 



Now, we make use of the Kellog theorem,[5]: if A J k is a positive definite operator and -r/2 > 0, then we 
have: 



{E- T -A{){E + T -A{y 



< 1 



(52) 



In accordance with (51) and (52) we get: 



T T \\ 
l \ 1 2\\ ~ 



(E + ^A{)-HE-^A{)(E + ^A{y l (E-^AJ 2 ) 



T 

2 

T 



T 
2 



T 

2 



T 

2 



(E-^A\){E + -A\y 



{E- T -A{){E+ T -A{y 



(53) 



<11 = 1 



Then, the equality (48) becomes: 
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I (p J+l J] < II r/'r/V II -H ^-11 TJTifi J] < J] T x j I • I T{ I (| (p } I + rll f J I )< I (p j I + t|| f j I (54) 

Using the recurrence formula (54) we obtain: 

J (p J+l J < J (p } J + t|| f I < I (p hX I + 2r|| f j \\< < I g I + T • I / 1 (55) 

where | / | = max f ' and T is the total length of the time interval. Hence, a sufficient condition that 
the algorithm to be stable is the following: 

\T{\<\, V/ = 1,2,...,/i (56) 

which is always true when we can applied the Kellog theorem. 

We shall now summarize the above results in the following theorem. 

Theorem 

Suppose the following conditions hold: 

(1) the solution <p of the problem (34) has bounded derivatives with respect to t up to the second 
order; 

(2) the operators A\ and A 2 are positive definite; 

T II "II 

(3) — A J k < 1, where ris time step. 

Then the numerical algorithm (41) is stable and approximates the exact solution with an accuracy of 
second order in T. 

In the practical application, we use instead of the system (36) - (39) on the interval [tj.\, f y+ i],the 
following splitting-up method: 



,7-2/3 _ m j-\ m j-\ _,_ , n j-2l3 



r -r ? +r =0 



2 

4. 



* -f + M (p +<p =o 



,-/'-2/3 _/-l 

9 - 9 =f (57) 

It 
<pj+ 2/3_ (p j + m j 9 J+2f3 +(pJ+l n ^ 

T + 2 2 ~ 

9 J+i ~9 J+213 | A{ ^ +1 +^ +2/3 _ Q 



or in other form: 



^"- 2/3 



v 2 



^-|Ai =7-,V / -' 



^■- 1/3 =:r 2 v"- 2/3 

^+1/3 = ^-i/3 +2 T / 7 ' (58) 

^■ +2/3 =:r 2 y+ 1/3 
^' +1 =7;V +2/3 
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Similarly, we obtain for A{ = A l (tj ) > 0, A{ = A 2 (tj ) > and the recurrence formula 

<p j+x = T 1 j T 2 J T 2 J T 1 J <p j - 1 + 2tT 1 j T 2 j / j 

that the schema (57) is stable. At the beginning, for determining the solution of the system (57), we 
consider the first equation, for a fixed jU, and the operators (32), (33). We get: 



T fl T fl 

2 Az„ 2 Az„ 



T fl 



2 Az 



1 

1 M 

2 Az, 



t fl 



2 Az 



2 Az 



2 Az 



T fl 



1 + 



T fl 



2 Az 



2 Az 



7-2/3 


7-2/3 
1/2 
7-2/3 
1 



7-2/3 

V jV-1/2 

7-2/3 



A' 



T fl T fl 

2 Az,, 2 Az„ 



T fl 



2 Az 



1 

2 Az, 





1 M 

2 Az w 

1 



2 Az 



2 A 



T // 



N-l/2 
T fl 



2 Az 



2 Az 



/-I 
M o 

V l/2 
7-1 



V 7V-l/2 
7-1 



// 



A' 



We obtain an analogous relation from the last equation. For the second and the fourth equation we 
have: 



a -a \ da 

o so' ^ 

/ 






7 
1 H (7, 



A 



A 



1 + 



v 



(7 - (7 f rf« 



o 
o 
o 



a -a \ du 

N sN 1 n 





7-1/3 

7-1/3 
"1/2 
,7-1/3 



7-1/3 
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( 



CT -aJd M 

J 








r 
l--a, 



1 







1 
a -a \ d/j 

' ° J 



( 



(T - <T f dll 

N sN ' ^ 

J 



j-2/3 



7-2/3 

1/2 

j-2/3 

1 



7-2/3 



We obtain the following relations for the numerical solution: 



(pJ- m =\E + -Ai\ \e--aI k'- 2: ' 



Elements of the product are: 

1 



<P, 



7-1/3 _ 



1 + 



to\ 



, 2 , 



1 o 



,i = 0,l,...,N 



,-i/3 l-o-,._ 1/2 r/2 j-2/3 . = 12 ^ 

l + <T,_ 1/2 T/2 



Analogously, we have 



<P. 



7+2/3 _ 



1 + 



TO\ 



2 



<pr 3 +^i?r n dM 

1 



,i = 0,l,...,N 



7+2/3 1 ^,--l/2^/ 2 7+1/3 - = 12 TV 

¥1-1/2 , , ,» ¥7-1/2 ' ' i,^,---,jv 



(59) 



(60) 



(61) 



(62) 



At the third stage, we consider the points: /A) = 0, /i u ..., /j, m = 1, in the interval [0, 1] and 
compute the integrals with respect to /J,, using a numerical integration (trapezoidal approximation): 



j i/f(ju)djU » £ S, Wi , ¥i= HMi ) 
Then, the system (57) can be written in the form: 



(63) 
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{E + T -A')(pl- in ={E- T -A>)(pi- 1 



i w- 1/3 



{E + -Aljq>i 



J \rJ- 2n 



\E--A{ l )( Pl 



<pj +m =<pr u3 +2Tf/ 



{E + X -Al l ) 9 ^={E- T -Al l ) 9 i^ 



(64) 



In this choice of the steps, which correspond to the variables z, t , we use the condition: 

r<min(Az l/2 ) 

i 

3 Numerical Example 
We wish to find the solution of the problem: 
d<p(z, /u, t) 

(66) 



(65) 



dt 



+ A (p{z, ju, t) = f(z, ju, t), (z, ju, t) e [0,4] x [0,1] x [0,2] 



<p(z,ju,0) = (p (z,ju) 
Considering the partition of [0,4] into four subintervals of equal length by points: 

Z = < Z m < Z X < Z 3/2 < Z 2 = 4 



(67) 



with: 



A z - Z1/2 - z - 1 ; A Z1/2 -z\ - z - 2; A z x - z 3/2 - z m - 2; 
A z 3/2 = z 2 - zi = 2; A z 2 = z 2 - z 3/2 = 1. 



The partition of the interval [0, 1] is: jUo = < ju x = 1/2 < /j, 2 = 1. 

For the variable t, we consider the regular partition of the interval [0,2] by the points: 

t = < t\n < t 2 /i <t\< t 4li < ? 5 /3 < t 2 = 2. The initial value problem is defined by: 



p° = ( Mq ° , vf/ 2 , «« , v 3 / 2 , «§ ) = (1, 1, 1, 1, 1) 



(68) 



The functions <x(z), cr s (z) and/, which here depends only of jU are defined with the help of the table 1. 
The values of f t , i e {0, 1 / 2, 1, 3 / 2, 2} with respect to jUi and £, are presented in table 2. 

Table 1 



z 





1 


1/2 


3/2 


2 


0(z) 


1 


1.4 


1.65 


1.76 


1.9 


<7*(z) 


0.9 


0.95 


1 


0.8 


0.7 



From the relations (8) and using the mean values for uy 2 , vi, uy 2 we obtain the density, (p + , for 
// > and the density, (p ', for // < for each value of z, and tj : 
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<p + (l/2,ju,t) = v l/2 + 



<p + (l,ju,t) = u l +- 



U +2-M] 



<p (0,-ju,t) = 2u , (p(2,-ju,t) = 



<p + (3/2,<u,t) = v 3/2 +- 



2-u, +U-, 



<p (l/2,fi,t) = -^- '- 



<p (1, //,,*) = W] 



-v, 



2 ■ Mi +U-, 

<p + (2,ju,t) = 2u N , cp + (0,ju,t) = <p-(3/2,ju,t) = l - — 2 --v, 





























Table 2 




<p 


t =1/3 


t =2/3 


t =4/3 


t =5/3 


t =2 


ju = 


M = 

1/2 


n = \ 


ju = 


M = 

1/2 


n = \ 


// = 


M = 

1/2 


n = \ 


M = 

1/2 


// = 


n=\ 


ju = 


M = 

1/2 


fi=\ 


no 




0.69 


0.44 


0.92 


0.67 


0.46 


1.25 


0.97 


0.69 


1.17 


0.94 


0.71 


1.17 


0.73 


0.38 


Vl/2 




0.98 


0.95 


0.62 


0.62 


0.59 


0.95 


0.9 


0.82 


0.59 


0.56 


0.5 


0.59 


0.54 


0.43 


U\ 




0.99 


0.99 


0.87 


0.85 


0.87 


1.2 


1.17 


1.09 


1.05 


1.03 


0.98 


1.05 


1.04 


0.98 


V 3 /2 




1. 


1. 


0.56 


0.56 


0.56 


0.89 


0.86 


0.79 


0.5 


0.48 


0.44 


0.5 


0.5 


0.5 


U2 




1. 


1. 


0.69 


0.69 


0.69 


0.99 


0.99 


0.92 


0.68 


0.68 


0.64 


0.68 


0.65 


0.59 
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1/2 


fi=\ 


ju = 


M = 

1/2 


n=\ 


fl = 


M = 

1/2 


n=\ 


















































1/2 


2 


1.88 


1.76 


1.52 


1.4 


1.32 


2.17 


2 


1.77 


1.7 


1.56 


1.35 


1.7 


1.47 


1.2 


1 


2 


1.99 


1.97 


1.5 


1.44 


1.44 


2.12 


2.05 


1.9 


1.6 


1.55 


1.45 


1.6 


1.6 


1.45 


3/2 


2 


2 


2 


1.37 


1.36 


1.37 


2 


1.97 


1.83 


1.4 


1.39 


1.31 


1.4 


1.4 


1.35 


2 


2 


2 


2 


1.38 


1.38 


1.38 


1.98 


1.98 


1.84 


1.36 


1.36 


1.3 


1.36 


1.3 


1.2 



Table 4 



9- 


t =1/3 


t =2/3 


t =4/3 


t =5/3 


t =2 


// = 


M = 

1/2 


M =\ 


ju = 


1/2 


n=\ 


// = 


M = 

1/2 


M =\ 


ju = 


M = 

1/2 


H=l 


{1 = 


M = 

1/2 


M =l 





2 


1.4 


0.87 


1.85 


1.34 


0.92 


2.5 


1.94 


1.38 


2.34 


1.88 


1.42 


2.34 


1.46 


1.96 


1/2 











0.27 


0.18 


0.14 


0.27 


0.2 


0.14 


0.5 


0.44 


0.39 


0.5 


0.29 


0.35 


1 





0.4 


0.02 


0.28 


0.26 


0.29 


0.3 


0.28 


0.29 


0.51 


0.51 


0.51 


0.51 


0.52 


0.52 


3/2 





0.06 





0.25 


0.24 


0.24 


0.24 


0.25 


0.25 


0.41 


0.43 


0.43 


0.42 


0.4 


0.35 


2 
















































We mention that, the numerical values of (p + and q>~ were obtained for the neutron speed, v c =1. Also, 
in accordance with [3], we multiply with a factor 2 the number of the particles, which pass through a 
surface with unitary area. 

Finally, to obtain the true values of (p + and (p ', we will multiply these with 2v c . 

The results of this numerical example prove its practical importance: how depends the density 
in a point z at the time t for different values of angle V. 
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Abstract 

In this paper, we provide a stable limit theorem for the asymptotic 
distribution of the sample average value-at-risk when the distribution 
of the underlying random variable X describing portfolio returns is 
heavy-tailed. We illustrate the convergence rate in the limit theorem 
assuming that X has a stable Paretian distribution and Student's t 
distribution. 

Keywords average value-at-risk, risk measures, heavy-tails, asymptotic 
distribution, Monte Carlo 



1 Introduction 

The average value-at-risk (AVaR) risk measure has been proposed in the 
literature as a coherent alternative to the industry standard Value-at-Risk 
(VaR), see Artzner et al. (1998) and Pflug (2000). It has been demonstrated 
that it has better properties than VaR for the purposes of risk management 
and, being a downside risk-measure, it is superior to the classical standard 
deviation and can be adopted in a portfolio optimization framework, see 
Rachev et al. (2006), Stoyanov et al. (2007), Biglova et al. (2004), and Rachev 
et al. (2008). 

The AVaR of a random variable X at tail probability e is denned as 



AVaR e (X) = -- [ F'\p)dp. 
e Jo 



where F _1 (x) is the inverse of the cumulative distribution function (c.d.f.) 
of the random variable X. The random variable may describe the return of 
stock, for example. A practical problem of computing portfolio AVaR is that 
usually we do not know explicitly the c.d.f. of portfolio returns. In order 
to solve this practical problem, the Monte Carlo method is employed. The 
returns of the portfolio constituents are simulated and then the returns of 
the portfolio are calculated. In effect, we have a sample from the portfolio 
return distribution which we can use to estimate AVaR. The sample AVaR 
equals, 



AVaR e (X) = -- [ F- 1 (p)dp. 
e Jo 



where F n l {p) denotes the inverse of the sample c.d.f. F n (x) = - Y^7=i I{Xi < 
x} in which I {A} denotes the indicator function of the event A, and Xi, . . . , X n 
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is a sample of independent, identically distributed (i.i.d.) copies of a random 
variable X. 

Under a very general regularity condition, the larger the sample, the closer 
the estimate to the true value. Suppose that Emax(— X, 0) < oo. Then, it 
is easy to demonstrate that the following relation holds, 

£max(-X,0) < oo ^^ AVaR € {X) < oo. 

Thus, by the strong law of large numbers, the condition Emax(— X, 0) < oo 
is necessary and sufficient for the almost sure convergence of the sample 
AVaR to the true one, 

AVoR e {X) ^> AVaR e (X) as n -> oo. (1) 

However, with any finite sample, the sample AVaR will fluctuate about 
the true value and, having only a sample estimate, we have to know the 
probability distribution of the sample AVaR in order to build a confidence 
interval for the true value. The problem of computing the distribution of 
the sample AVaR is a complicated one even if we know the distribution of 
X. From a practical viewpoint, X describes portfolio return which can be a 
complicated function of the joint distribution of the risk drivers. Therefore, 
we can only rely on large sample theory to gain insight into the fluctuations 
of sample AVaR. That is, for a large n, we can use a limiting distribution 
to calculate a confidence interval. In this respect, a limit theorem for the 
distribution of the sample AVaR can be regarded as a way to describe the 
speed of convergence in (1). 

Concerning the finite sample properties, the estimator AVaR e (X) has a 
negative bias, 

AV^R e (X) < AVaR e (X). 

The asymptotic bias is of order 0(n~ v ) and we consider it negligible for the 
purposes of our study. For further details, see Trindade et al. (2007). 

In this paper, we discuss the asymptotic distribution of the sample AVaR 
assuming that the random variable X can be heavy-tailed and may have an 
infinite second moment. In such a case, we cannot take advantage of the 
classical Central Limit Theorem (CLT) to establish a limit theorem. For 
this reason, we resort to the Generalized CLT and the characterization of 
the domains of attraction of stable distributions which appear as limiting 
distribution in it. 

Stable distributions are introduced by their characteristic functions. The 
random variable Z is said to have a stable distribution if its characteristic 
function (p(t) = Ee ttz has the form 
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, exp{-^|t|-(l-^^tan(f))+^t}, a^\ 
V[) \eM-^m + i^H\t\))+i^t}, o = l 

and is denoted by Z G S a (a, (3, n). The parameter a G (0,2] is called the 
tail index and governs the tail behavior and the kurtosis of the distribution. 
Smaller a indicates heavier tails and higher kurtosis. If a < 2, then Z has 
infinite variance. If 1 < a < 2, then Z has finite mean and the AVaR of Z 
can be calculated. The Gaussian distribution appears as a stable distribution 
with a — 2. The stable distributions with a < 2 are referred to as stable 
Paretian distributions. The parameter (3 G [— 1, 1] is a skewness parameter. 
If (3 = 0, the distribution is symmetric with respect to \x. Positive /3 indicates 
that the distribution is skewed to the right and negative (3 indicates that the 
distribution is skewed to the left. The parameter a > is a scale parameter 
and \x G R is a location parameter. 

The notion of slowly varying functions is extensively used in the paper. A 
positive function Lix) is said to be slowly varying at infinity if the following 
limit relation is satisfied, 

lim -^ = 1, Vt > 0. (3) 

The main result concerning the domains of attraction of stable distribu- 
tions is given in the following theorem. 

Theorem 1. Let Xi, . . . ,X n be i.i.d. with c.d.f. F(x). There exist 
a n > 0, b n G R, n — 1, 2, . . ., such that the distribution of 

a; l 1 [(x l + . . . + X n ) - b n ] 
converges osn^oo to S a (l, (3, 0) if and only if both 

(i) x a [l — F(x) + F(—x)] = L(x) is slowly varying at infinity. 

l-F(x)-F(-x) 

(u) — — —. — *• p as x — > 00 

The a n must satisfy 

(r(l-a)cos(7ra/2))- 1 if < a < 1, 
lim nL ^ = I 2/vr if a = 1, (4) 

'r(2-«)i C0S ^ E A ' if l <a <2. 



Q-l I 2 

T/ie 6 n may be chosen as follows 
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na r 



ii 



if 

/*oo 


< a < 1, 


/ sin(x/a n )dF(x) if 

J —OCl 


OL — 1, 


oo 

xdF(x) if 


1 < a < 2. 



(5) 



In a// cases, a n = n 1 / a Lo(n) where Lo(n) is slowly varying at infinity. 

For further information about stable distributions and their properties, see 
Samorodnitsky and Taqqu (1994). 

The result in Theorem 1 characterizes the domains of attraction of stable 
Paretian laws. If the index a characterizing the tails of the c.d.f. F(x) in 
condition (i) satisfies a > 2, then the tail index of the limiting distribution 
equals a* = 2. Thus, the relationship between the tail index of the limiting 
distribution, which we denote by a*, and the tail index in condition (i) can 
be generalized as a* = min(a;,2). If a > 2, then EX 2 < oo and we are 
in the setting of the classical CLT. The centering and normalization can 
be done b n = nEX\ and a n = n 1 ^ 2 ax 1 , where ax 1 denotes the standard 
deviation of X\. The case a = 2 is more special because the variance of 
Xi is infinite and a n cannot be chosen in this fashion. Moreover, the proper 
normalization cannot be obtained by computing the limit a — > 2 in equation 
(4). Under the more simple assumptions that the function L(x) in condition 
(i) equals a constant A, Zolotarev and Uchaikin (1999) provide the formula 
a n = (n\ogn) 1/2 A 1/2 . 

The paper is organized in the following way. Section 2 provides a stable 
limit theorem for the asymptotic distribution of the sample AVaR. In Section 
3, we apply the theorem assuming that the random variable X has a stable 
Paretian distribution and also Student's t distribution. Under these assump- 
tions, we study the effect of skewness and heavy tails on the convergence rate 
in the limit theorem. 

2 A stable limit theorem 

In order to develop the limit theorem, we need a few additional facts related 
to building a linear approximation to AVaR and estimating the rate of im- 
provement of the linear approximation. They are collected in the following 
proposition. 

Proposition 1. Suppose X is a r.v. with c.d.f. F which satisfies the 
condition Emax(- X, 0) < oo and F is differentiable at the e-quantile of X. 
Denote by F n the sample c.d.f. of X±, . . . ,X n which is a sample of i.i.d. 



447 



STOYANOV-RACHEV 



copies of X . There exists a linear functional A defined on the difference 
G — F where the functions G and F are c.d.f.s, such that 

|0(F„) - 0(F) - A(F n - F)\ = o(p(F n , F)) (6) 

where p(F n ,F) = sup^ \F n (x) — F(x)\ stands for the Kolmogorov metric and 

0(G) = -- fG- 1 (p)dp 
e Jo 

in which G^ 1 is the inverse of the c.d.f. G. The linear functional A has the 
form 

A(F n - F) = - f^ (q t - x)d(F n (x) - F(x)). (7) 

where q e is the e-quantile of X . 

Proof. The condition Fmax(— X, 0) < oo guarantees <f>(F) < oo. Note that 
0(F n ) is convergent with any finite sample. 
Consider the difference 0(F n ) — 0(F). 



0(F n )-0(F) = -- r F - 1 (p)dp+- f F-\p)dp 
e Jo e Jo 



pdF n (p) + - pdF(p) 



fc ■'— oo ^ J — oo 

— 1/ 



]_ /'Q'e ]_ /--Fn (e) I /•<?£ 

- I pdF n (p) -- pdF n {p) + - pdF(p) 

^ J — oo *- J q e ^ J — oo 

' r ' e pd(F„(p) - F(p)) - —(F(q e ) - F n {q e )) 



e J-oo e 

= "- /* P«p) - F(p)) + — (F„(g e ) - F( 9e )) 

where, by the mean- value theorem, the constant C n is between q e and F~ 1 (e). 
For example if we assume, for the sake of being particular, that q e < F~ x {e), 
then q t < C n < F~ 1 {e). Due to the assumption that F is differentiable at 
q e , F~ 1 (e) — > q e in almost sure sense as n increases indefinitely. As a result, 
C n — > q t in almost sure sense. 

Choose the linear functional A(F n — F) as in equation (7). The fact that 
it is linear with respect to the difference of the c.d.f.s is a property of the 
integral. Consider the left-had side of (7), which we denote by LHS, having 
in mind the expression derived above. We obtain 
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LHS 



- f xd(F n (x) - F(x)) + —(F n (q e ) - F(q e )) - L(F n - F) 
U q t d(F n (x) - F(x)) + ^f(F n (q e ) - F(q e )) 



q -{F n {qe) - F(q e )) + ^(F n (q e ) - F(q e )) 
e e 



\(^n ~ Qe 



< 





€ 








Qe\ 




e 




\C 




Qe\ 



\F n {q e ) - F{q e )\ 
sup \F n {x) — F{x) 



p(F n ,F) 



As a result, 



\<j>(F n )-<j>(F)-L(F n -F)\ 



0, as n — > oo 



p(F n ,F) 

in almost sure sense. As a result we obtain the asymptotic relation in equa- 
tion (6). □ 

Corollary 1. Under the assumptions in the proposition, 

|0(F„) - 0(F) - A(F n - F)\ = oin- 1 ' 2 ). (8) 

Proof. By the Kolmogorov theorem, the metric p(F n , F) approaches zero at 
a rate equal to ttT 1 / 2 which indicates the rate of improvement of the linear 
approximation A(F n — F). □ 

The main result is given in the theorem below. The idea is to use the 
linear approximation A(F n — F) of the AVaR functional in order to obtain 
an asymptotic distribution as n — > oo. 

Theorem 2. Suppose that X is random variable with c.d.f. F(x) which 
satisfies the following conditions 

a) x a F(—x) = L(x) is slowly varying at infinity 

,o 

b) / xdF{x) < oo 

J — oo 

c) F(x) is differentiable at x = q e , where q e is the e-quantile of X. 
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Then, there exist c n > 0, n = 1, 2 . . ., such that for any < e < 1, 

c' 1 (AVaR e (X) - AVaR e (X)) A S a *(l, 1,0), (9) 



in which — *• denotes weak limit, 1 < a* = min(a, 2), and c n = n 1 ^ a *~ 1 Lo(n)/e 
where Lq is slowly varying at infinity. Furthermore, the c n are representable 
as c n = a n /ne where a n stands for the normalizing sequence in Theorem 1 
and must satisfy the condition in equation (4). 

Proof. By the result in Proposition 1, 

0(F„) - 0(F) = A(F n -F) + oin- 1 ' 2 ) (10) 

where is the AVaR functional and A(F n — F) is given in (6). Simplifying 
the expression for A(F n — F), we obtain 



0(F n ) - 0(F) = 1 J2 U ~ X t ) + - E(q e - Xt) + ] + o{n-^) (11) 

It remains to apply the domains of attraction characterization in Theorem 
1 to the right-hand side of equation (11). For this purpose, consider the 
expression 

n 

Y J Y i -nEY 1 (12) 

where YJ = (q e — Xi) + are i.i.d. random variables. Denote by Fy(x) the c.d.f. 
of Y . The left-tail behavior of X assumed in a) implies x a (l — Fy(x)) = L(x) 
as x — > oo where L(x) is the slowly varying function assumed in a). This is 
demonstrated by 



x a {\ - F Y {x)) = x a P(m&x(q e - X, 0) > x) 

= x a P(X <q e -x) (13) 

~ x a P{X < -x) 

Furthermore, the asymptotic behavior of the left tail of Y is Fy(—x) = 
which holds for any x > —q e . As a result, condition (i) from Theorem 1 
holds. 

Condition b) implies that the tail exponent a in a) must satisfy the in- 
equality a > 1. Therefore, subtracting nEYi in (12) is a proper centering 
of the sum as suggested in (5) in Theorem 1. Note that if a > 2, then Y is 
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in the domain of attraction of the normal distribution and the same choice 
of centering is appropriate. Thus, the tail index of the limiting distribution 
satisfies 1 < a* = min(a, 2). 

Finally, computing condition (ii) in Theorem 1 from the tail behavior of 
Y yields 13 = 1. Essentially, this follows because F Y (— x) = if x > —q e . 

Therefore, all conditions in Theorem 1 are satisfied and as, a result, there 
exists a sequence of normalizing constants a n satisfying (4), such that 

Yi-nEYA AS- Q .(1,1,0). (14) 

as n — > oo. In order to apply this result to sample AVaR, we need (14) 
reformulated for the average rather than the sum of Yj. Thus, a more suitable 
form is 




:M^|>*-^)) ^,(1,1,0). 



(15) 



as n — *■ oo. 

As a final step, we apply the limit result in (15) to equation (11). Multi- 
plying both sides of (11) by nea~ l yields the limit 

nea-\<P{F n ) - 0(F)) ^ S a .(l, 1, 0) (16) 

as n — > oo. It remains only to verify if the normalization does not lead to 
explosion of the residual. Indeed, 

neaZ^oin- 112 ) = o(l) = o(l), 

a n 

because the factor n 1 / 2 ja n approaches zero by the asymptotic behavior of a n 
given in the domains of attraction characterization in Theorem 1. 

□ 

A number of comments are collected in the following remarks. 

Remark 1. By definition, the AVaR is the negative of the average of the 
quantiles of X beyond a reference quantile q e . For this reason, it is only the 
behavior of the left tail of X which matters and the assumptions a) and b) 
in Theorem 2 concern the left tail only. Condition c) is technical and allows 
the calculation of the influence function of AVaR. 

Remark 2. If a > 2 in condition a), then J_ x 2 dF(x) < oo and the limiting 
distribution is the standard normal distribution. In this case, the normalizing 
sequence c n should be calculated using a 2 = D(q e — X) + , 
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0.35 




-5 -3 -10 1 



Figure 1: Densities of the limiting stable distribution corresponding to dif- 
ferent tail behavior. 
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-1/2 



a e /e. 



The case a > 2 is considered in detail in Stoyanov and Rachev (2007). 

Remark 3. The limiting stable distribution is totally skewed to the right, 
f3 — l. However, the observed skewness in the shape of the distribution 
decreases as a — > 2, see Figure 1. At the limit, when a = 2, the limiting 
distribution is Gaussian and is symmetric irrespective of the value of /3. 
Therefore, the degree of the observed skewness in the limiting distribution is 
essentially determined by the tail behavior of X, or by the value of a, and is 
not influenced by any other characteristic. 

Remark 4. When e — ► 1, then AVaR approaches the mean of X (or the 
sample average if we consider the sample AVaR), 

lim AVaR e (X) = EX. 

e— »1 

Unfortunately, there is no such continuity in equation (9) unless X has finite 
variance. That is, generally it is not true that the weak limit in equation (9) 
holds for the sample average letting e — > 1. The reason is that if e = 1, then 
both tails of the distribution of X matter and the limiting stable distribution 
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can have any /3 G [— 1, 1]. The condition DX < oo is sufficient to guarantee 
that the limiting distribution is normal for any e G (0, 1] and in this case 
there is continuity in equation (9) as e — ► 1. 

As an illustration of the singularity at e = 1, consider the following ex- 
ample. Suppose that the right tail of X is heavier than the left tail and as a 
consequence, 



rqe 

I x 2 dF(x) < oo, for any e < 1, 

J — oo 



but EX 2 = oo. Under this assumption, the limiting distribution of the 
sample AVaR is normal for any e < 1. If e = 1, then the limiting distribution 
becomes stable non-Gaussian due to the heavier right tail. Thus, there is a 
change in the limiting distribution of the sample AVaR with e < 1 and the 
sample average. 

3 Examples 

The result in Theorem 2 provides the limiting distribution but does not 
provide any insight on the rate of convergence. That is, it does not give an 
answer to the question how many observations are needed in order for the 
distribution of the left-had side in equation (9) to be sufficiently close to the 
distribution of the right-hand side in terms of a selected probability metric. 
In this section, we provide illustrations of the stable limit theorem and the 
rate of convergence assuming particular distributions of X. 

3.1 Stable Paretian Distributions 

We remarked that stable Paretian distributions are stable distributions with 
tail index a < 2. This distinction is made since their properties are very 
different from the properties of the normal distribution which appears as 
a stable distribution with a — 2. For example, in contrast to the normal 
distribution, stable Paretian distributions have heavy tails exhibiting power 
decay. In the field of finance, stable Paretian distribution were proposed as a 
model for stock returns and other financial variables, see Rachev and Mittnik 
(2000). 

Denote by X the random variable describing the return of a given stock. 
In this section, we assume that X G S a (a,(3,fi) with 1 < a < 2, j3 ^ 1, 
and our goal is to apply the result in Theorem 2 which provides a tool of 
computing the confidence interval of the sample AVaR of X on condition that 
the Monte Carlo method is used with a large number of scenarios. Since by 
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n = 250 
-n = 1,000 
n = 10,000 
n = 100,000 
-S (1,1,0) 



Figure 2: The density of the sample AVaR as n increases with /3 — 0.7 and 
e = 0.01. 



assumption a > 1, which guarantees convergence of the sample AVaR to the 
theoretical AVaR in almost sure sense. In the case of stable distributions, 
the quantity AVaR € (X) can be calculated using a semi-analytic expression 
given in Stoyanov et al. (2006). 

In order to apply the result in Theorem 2, first we have to check if the 
conditions are satisfied and then choose the scaling constants c n . For this 
purpose, we use the following property of stable Paretian distributions, see 
Samorodnitsky and Taqqu (1994). 

Property 1. Let X € S a (cr,P,n) < a < 2. Then 
lim \ a P{X > A) = c}-^-a a 

A^oo 2 

lim \ a P{X < -A) = C a l -^-a a 
where 



G, 



x 



sm(x)dx 



l-a 



r(2-a)cos(vra/2)' a ' 

2/tt, a = 1 



454 



ASYMPTOTIC DISTRIBUTION OF SAMPLE AVERAGE 



0.7 : 
0.6 
0.5 
0.4 
0.3 
0.2 
0.1 












- : 


i ... u 




n = 250 

n = 1,000 

n = 10,000 

n = 100,000 

[_ S (1,1,0) 








- 






\^ 




- 



-4 



0.7 : 
0.6 
0.5 
0.4 
0.3 
0.2 
0.1 










r • 

■ \ 

- / 

\ 

irk 




n = 250 

n = 1,000 

n = 10,000 

n = 100,000 

S 15 (1,1,0) 








- 


If- v<\ 

//" ^X\ 




- 



Figure 3: The density of the sample AVaR as n increases with (5 = 0.7 (top) 
and (5 = —0.7 (bottom) and e = 0.05. 
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This property provides the asymptotic behavior of the left tail of the dis- 
tribution. We further assume that (3^1 since in this case the asymptotic 
behavior of the left tail is different, see Samorodnitsky and Taqqu (1994). 
Condition b) is satisfied because of the assumption 1 < a < 2 and, finally, 
condition c) is satisfied for any choice of < e < 1 since all stable distribu- 
tions have densities. Therefore, all assumptions are satisfied and the result in 
Theorem 2 holds with a* = a and the scaling constants c n should be chosen 
in the following way, 

1/a-l I 1 -P\ ° 



c n = n 

Note that in this case, the skewness in the distribution of X translates into 
a different scaling of the normalizing constants. If X is negatively skewed 
(j3 < 0), the scaling factor is larger than if X is skewed positively (/3 > 0). 

We carry out a Monte Carlo study assuming X G Si.5(/3, 1,0) where 
(3 = ±0.7 and two choices of the tail probability e = 0.01 and e = 0.05. We 
generate 2,000 samples from the corresponding distribution the size of which 
equals n = 250, 1, 000, 10, 000, and 100, 000. 

Figure 2 illustrates the convergence rate for the case e = 0.01 as the num- 
ber of observations increases. While from the plot it seems that n = 100, 000 
results in a density which is very close to that of the limiting distribution, but 
the Kolmogorov test fails. The convergence rate is much slower in the heavy- 
tailed case than in the setting of the classical CLT. Stoyanov and Rachev 
(2007) suggest that about 5,000 simulations are sufficient for the purposes 
of confidence bounds estimation when the distribution has bounded support. 
Apparently, much more observations are needed in this heavy-tailed case. 

The plots in Figure 3 indicate that as the tail probability e increases, the 
behavior of the sample AVaR distribution improves. Furthermore, the the 
behavior improves when X turns from being negatively to positively skewed. 

3.2 Student's t distribution 

Student's t distribution is a widely used model for a stock return distribution. 
X has Student's t distribution, X G t(u), with v > degrees of freedom if 
the density of X equals, 

A few simple properties of Student's t distribution are collected in the 
next proposition. 
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Proposition 2. Suppose that X G t(u) and denote the c.d.f. of X by 
F(x). Then, x u F(—x) = L(x) where L(x) is a slowly varying function at 
infinity and also 

lim x»F(-x) = ^-' IjTV - (17) 

Proof. The fact that L(x) is a slowly varying function is checked directly ap- 
plying the definition and the limit in (17) is obtained by applying l'Hospital's 
rule. □ 

The result in this proposition and Theorem 2 imply that for v > 2, the 
limiting distribution of the sample AVaR is the Gaussian distribution. If 
1 < v < 2, then the limiting distribution is stable with a* — v. If v < 1, 
then the AVaR of X diverges. The scaling constants c n should be chosen in 
a different way depending on the value of v, 

n-VV e /e, if^>2 

n 1 /"- 1 A 1/ /e, if 1< v < 2 y ] 

where of = D(q e — X) + and 

A: = ^/2-i y(~f) r ( 2 - y ) | cos(W2)|. 
r(z//2)v^F i/-l ' v 7 ;| 



The value of the constant A v is obtained by taking into account the limit in 
(17) and the condition in equation (4). Stoyanov and Rachev (2007) consider 
in detail the case v > 2 and provide the formula for o~ e . This case is in the 
classical setting of the CLT as the variance of X is finite. 

We carry out a Monte Carlo experiment in order to study the convergence 
rate of the sample AVaR distribution to the limiting distribution. We fix the 
degrees of freedom, the number of simulations to 100,000, and e = 0.05. Next 
we generate 2,000 samples from which the sample AVaR is estimated. Thus 
we obtain 2,000 estimates of AVaR e (X), X G t{v). Finally, we calculate the 
Kolmogorov distance 

p(G u , G) = sup \G u (x) — G(x)\ 

X 

where G v is the c.d.f. of the sample AVaR approximated by the sample 
c.d.f. obtained with the 2,000 estimates, and G is the c.d.f. of the limiting 
distribution S a *(l, 1, 0) where a* = min(z/, 2). 

Figure 4 shows the values of p(G u , G) as v varies from 1.05 to 3. The 
horizontal line shows the critical value of the Kolmogorov statistic: if the 



457 



STOYANOV-RACHEV 



0.45 




1.5 2 2.5 

Degrees of freedom 



Figure 4: The Kolmogorov distance between the sample AVaR distribution 
of X e t{v) obtained with 100,000 simulations and the limiting distribution. 



calculated p{G u , G) is below the critical value, we accept the hypothesis that 
the sample AVaR distribution is the same as the limiting distribution, oth- 
erwise we reject it. Since we use a sample c.d.f. to approximate G v (x), the 
solid line fluctuates a little but we notice that for v < 1.5 and v > 2.5 it 
seems that 100,000 observations are enough in order to accept the limiting 
distribution as a model. For the middle values, larger samples are needed. 
This observation indicates that the rate of convergence of the sample AVaR 
distribution to the limiting distribution deteriorates as v approaches 2 and 
is slowest for v — 2. This finding can be summarized in the following way by 
considering all possible cases for v. 

• v > 2. As v decreases from larger values to 2, the tail thickness in- 
creases which results in higher absolute moments becoming divergent, 
SlAl 5 = oo, 5 > v. The limiting distribution is the Gaussian distri- 
bution but the tails becoming thicker results in deterioration of the 
convergence rate to the Gaussian distribution. 

• v — 2. The limiting distribution is the Gaussian distribution even 
though the variance of X is infinite. This case is not covered by the 
limit theory behind the classical CLT. 
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1 < v < 2. We continue decreasing v and the tails become so thick that 
they start influencing the limiting distribution which is stable Paretian, 
^(1, 1,0), and depends on v. However, the convergence rate starts 
improving. 

< v < 1. The tails of X become so heavy that AVaR e (X) = oo. 



4 Conclusion 

In the paper, we study the asymptotic distribution of the sample AVaR. 
We provide a stable limit theorem describing all possible asymptotic laws 
depending on the behavior of the left tail of the random variable X. If we 
assume that X describes the return distribution of a stock, then the left tail 
describes losses. Intuitively, the asymptotic distribution of the sample AVaR 
is determined by the behavior of extreme losses. 

Furthermore, in order to adopt the asymptotic law and draw conclusions 
based on it, we need insight on the rate of convergence in the stable limit 
theorem. We illustrate the rate of convergence by Monte Carlo experiments 
assuming a stable distribution and Student's t distribution for X. In sum- 
mary, the convergence rate deteriorates as the tail exponent a — > 2 and it 
improves as the distribution of X becomes more positively skewed. Generally, 
the skewness of X does not influence the asymptotic law. 
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Abstract. We investigate the streaming of particles with different velocities 
in a network. In the vertices of the network the particles are scattered, i.e. they 
change their velocity but obey a Kirchhoff law. This situation will be formu- 
lated as an abstract Cauchy problem for an operator (A, D(A)) on a suitable 
Banach space X. Then the problem is studied using semigroup methods. The 
main emphasis is on the asymptotic behaviour. 



keywords: transport processes, networks, semigroups, positivity, spectral theory 

1. Statement of the problem 

We consider a transport process with absorption and scattering as described by 
the classical linear Boltzmann equation, see [7], [11], [14]. As many authors before, 
e.g. [26], [27], [13], [28], [29], [18], we use the theory of strongly continuous oper- 
ator semigroups, see [8], [10], [22], in particular the theory of positive semigroups 
on Banach lattices, see [20] to show wellposedness and to discuss the asymptotic 
behaviour of the solutions. However, while the problem is usually considered on 
a domain in W 1 , we study the transport process in a network. This seems to be 
physically relevant, and it is mathematically interesting to discuss how the network 
structure influences the process. Moreover, we assume that absorption and scatter- 
ing takes place only in the ramification nodes of the network and that a Kirchhoff 
law holds in each node. As predecessors we mention papers studying transport 
equations in slab geometry as e.g. [4], [5], [6] and [16]. Closer to our setting is [2] 
who concentrates on the wellposedness of a similar problem and discusses some ap- 
plications to physics. Our paper is mainly inspired by [15] and [17]. These authors 
assume that all particles move with the same speed in the network. However, in 
doing so they developed the semigroup techniques we will use. 

Our network is represented by a simple, directed and weighted graph G — (V, E), 
where V — {ui, . . . , v n } is the set of vertices (or nodes) and E = {ei, . . . , e m } is the 
set of edges (or arcs) . If two vertices are connected by an edge, then the particles 
can move between the vertices in the direction given by the edge. The velocity 
of each particle is constant during its motion along an edge, however, for different 
particles this velocity can vary between a minimal speed v m m > and a maximal 
speed Vmax > v m i n . By the assumption on the minimal speed, each particle will 
reach a vertex after a finite time. In these vertices the particles are scattered, i.e. 
they change their velocity, or will be absorbed. Thereafter, they are distributed to 
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the outgoing edges of the vertex according to the (positive) weight of the outgoing 
edge. We consider only the case that each vertex has at least one incoming and one 
outgoing edge. 

This physical situation will now be modelled in mathematical terms. The edges 
ej, j = 1, ... ,?7i, are parameterised over the intervals [0,lj] where ej(0) is the tail 

of the edge ej and ej(lj) is the head of the edge ef. ej(0)- — £» — - e j(h)- 

If edge ej is an outgoing edge of vertex w i; then uiij gives the weight of the edge 
ej. In each vertex Vi the weights of the outgoing edges shall sum up to 1, i.e. 



£< 



i, a) 



r d < 


,*) = 


d 

= -V-K~Uj(x,V,t), X £ (0,lj), V £ [v min ,V m ax], t > 


Uj(x,V 


0), 


= fj(x,v), X £ (0,1 j), V £ [v m i„,Vmax}, (IC) 


< 


.*) = 


'fll 

-uJijJ^(j>t k Uk(lk,;t), t>0, (BC) 
fc=i 



for each i £ {1, . . . ,n}. 

Our transport process is then described by the equations 



(F){ 



where j = 1, . . . , m, i = 1, . . . , n. 

Here, Uj gives the density of the particles on edge ej depending on the position x, 
the velocity v and the time t. The first equation is the well-known one-dimensional 
transport equation without scattering and absorption effects, while (IC) is the usual 
initial condition for t — 0. The equation (BC) is a condition in the vertices of the 
graph and models the scattering, absorption, and redistribution of particles in the 
vertices. The operator J appearing in (BC) is called scattering operator. It converts, 
in each vertex Vi, the incoming velocity profile X)a~i ( /'ifc' u fe(^fej ■; t) into an outgoing 
velocity profile. Then the ujf^ part of this velocity profile is leaving vertex Vi into 
edge ej. For the scattering operator J we assume the following. 

General Assumption 1.1. The operator J is a positive contraction from Y := 

Since ||/||i = / max f(v) dv gives the total number of the particles for / <G Y + , 
where 

Y + = {/ £ Y : f(v) > for almost all v £ [v min , v max }}, 

this assumption means that no particles can enter the system. 

The properties of J will play an important role for the asymptotics of the process 
and we will later make additional assumptions on J, see Sections 3, 5 and 6, with 
interesting consequences on the spectral properties and the asymptotic behaviour 
of the corresponding semigroup. 

The coefficients <j>J- and (f>f k in (BC) arise from matrices coding the structure 
of the graph and are defined below. In this way, the equations in (BC) relate the 
one-dimensional particle transport to the underlying network. 

To describe the graph we use the following matrices, see also [15]. 
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Definition 1.2. (1) The outgoing incidence matrix Q~ = (fe) n xm is defined 

by 

_ ( 1, v t = ej(0), i.e. w, — ^ — - , 
' J 1 0, otherwise. 

(2) The weighted outgoing incidence matrix &~ = (<p~: w ) n xm is defined by 

l "''™' I 0, otherwise. 

(3) The incoming incidence matrix $ + = (fc-) nxm is defined by 

,+ ,_ ( 1, u» = ej(Zj), i.e. — % — ~ v % , 
u 1 0, otherwise. 

(4) The weighted transposed adjacency matrix A = (aij) nxn is defined by A := 
* + (^) T ,i-e. 

_ J u)jk, if Uj = efe(0) and v { = e k (l k ), i.e. Vj • — ^ — ►• Uj, 
[ 0, otherwise. 

(5) The weighted transposed adjacency matrix B = (/?jj) mX m of the line graph 
is defined by B := ($-) T $+, i.e. 



g ) Uk ^ if e *(°) = e i( l i) = ^ Le - — - Wfel - . 

I 0, otherwise. 

These matrices determine the structure of the graph completely, see [3] and [9] . 
However, we need the following operator version of the above defined (scalar) 
matrices. 

Definition 1.3. Let Idy denote the identity operator on Y. We introduce the 
following operator matrices. 



(1) *" 

(2) K 

(3) $+ 

(4) ^ 



X III ■ 



h 3 Id Y)n 
J ij t w-'-"'Y)ny.m> 
*"Y jnxmj 



('fiij'J)nxm, 

(5) A := (a ij Id Y )nxn, 

(6) B := (PijIdY)mxm, 

(7) Bj := ((3ijJ)mxm- 

These operator matrices define operators in the canonical way on products of 
the space Y. 

We close this section with a useful observation, see [15, Sect. 2]. 

Remark 1.4. In each column of $ _ , $~, $~, i>~, $ + , $ + and $j there is exactly 
one non-zero entry. Furthermore, an easy computation using the condition (1) 
yields 

4>-(4>-) T = /d c „ 
and 

Moreover, it follows that A and B arc column stochastic matrices. 
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2. Equation (F) as an abstract Cauchy problem 

Since we want to treat the problem (F) with semigroup methods, we rewrite it 
as an abstract Cauchy problem on a suitable state space X. As the state space for 
our problem we choose 

X:=L 1 ([0,/ 1 ],r)x---xi 1 ([0,/„ l ],r) 

which is isomorphic to 

L (|0,tlj X [V m i n ,V max \j X ■■■ X L ([0,Z m J X [V m i n , V max \j. 

If all arc lengths are equal to I, then 

X * L\[0,l],Y m ) = (L 1 ([0 7 l],Y)) m = (L\[0,l] x [v min ,v max ])) m . 
The space X is endowed with the norm 

|| ■ ||i : Jf -» R, ||m||i:=V/ / \ Uj {x,v)\ dv dx, 

0=1 Ja Jv min 

where u = (uj)i<j< m G X. In the spirit of [15] we choose an abstract "boundary 
space" as 

dX := Y n , 
endowed with the norm 

n f-Vmax 

|| ■ ||x : S-X- — M, ||/||i:=^/ \fi(v)\dv, 

i=1 Jv mm 

where / = (/»)i<»<„ e dX. 
Furthermore, we define 

W := W 1 ' 1 ^, h),Y) x • • • x ^^([0, l m ],Y) 

which is a Banach space for the norm 



ll-llw: 
The trace operators 

are defined by 

and 



W^R, «-||«|k:=||«||i + ||^«||i. 
T ,T r .W^Y m 
T Q u := (uj(0))i<j< m , 



Tiu := (uj(lj))i<j< m , 
respectively, where u = (uj)i<j< m € W, and give the velocity profiles at the 
endpoints of the edges. Both operators are continuous on (W, || • \\ w ). 

To formulate (F) as an abstract Cauchy problem we proceed as in [15], and start 
from the following "maximal" operator on X. 

Definition 2.1. The operator (A w , D(A W )) is defined by 

D(A W ) ■= {u e W : T u e rgfe) T }, 

(A w u)j(x,v) := -v-§^Uj(x,v), x e [0,1 j], v G [v m in,v m ax], 3 = l,...,m. 

The condition Tqu G rg($^) T means that the proportion of the mass leaving 
vertex V{ over edge ej is determined by the weight uiij. However, this does not 
contain the complete boundary condition (BC) from (F). To formulate a condition 
equivalent to (BC) we introduce the following continuous operators on (W, || • H^). 
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Definition 2.2. The outgoing boundary operator L is defined by 

L : W -> dX, u^ $-T u, 
while for the incoming boundary operator Mj we take 

Mj :W -> dX, u^> $JTju. 

Note that ((fr + Tiu)i gives the velocity profile coming into vertex Vi- Then, (Mju)i 
gives the velocity profile in vertex Vi after the scattering and (Lu)i gives the velocity 
profile leaving vertex m. Thus, the condition 

Lu = Mju (2) 

expresses the Kirchhoff law. 

The operator corresponding to our original problem (F) is now given as follows. 

Definition 2.3. The operator (A,D(A)) is defined by 

D(A) := {u G D(A W ) : Lu = Mju}, 
Au := A w u. 

To show the equivalence fix t in (BC). Then (uj(0, •, t))i<j< m G rg(<I>~) T . Taking 
the sum over j in (BC) yields the Kirchhoff law. 

On the other hand, let us require that Lv — Mjv and Tqv G rg(<I>~) T for 
v G D(A W ). Then there exists d = (di)\<i< n G Y n such that Tov = (<&~) T d. 
Since in each row of ($^) T there is exactly one non-zero entry, it follows from the 
condition T v G rg($^) T that for every j G {1, . . . , to} there exists exactly one 
i G {1, . . . , n} such that 

Vj(0,-) = ojijdi. (3) 

With that we compute for i = 1 , . . . , n 

m m m m 

J Yl $ij v i ( l j > ') J = V J2 dijVj (°i ') = Yl &ijVijdi = Y ^o d t = d *- (4) 
Combining (4) and (3) yields 



Vj(0,-) =u) ij JY,<Ptj v j( l ir)- 



If we multiply both sides by cf> i - and remember that u>ij ^ if and only if 4> i - =/= 0, 
we sec that (BC) is fulfilled. 

Thus, (F) can equivalcntly be formulated as the abstract Cauchy problem 

(m-MQ. <>»• 

^ u(0) = M , 
for the operator (A,D(A)) in the Banach space X and the initial value mq = 

{Jj)l<j<m- 

Proposition 2.4. The operator (A, D(A)) is closed and densely defined. 
Proof. Consider the norm || • |L on W given by 

\\-\\ g :W^R, u~\\u\\g:=\\u\\i + Y2 * v\&uj(x,v)\dv dx. 

j = 1 Jo Jv min 
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Since |j • \\ w and || • \\g are equivalent, also (W, || • || e ) is a Banach space. 

To prove the closedness of A we have to show that (D(A), \\ ■ |L) is a Banach 
space. Therefore, suppose that (u("))„ eN C D(A) is a Cauchy sequence converging 
to u £ W. Then for all n £ N there exists an /„ £ dX such that 

r «w - (l>-) T /„. 

By the continuity of To on (W, || • j| e ) it follows that 

/„ = *-(*- ) T /„ = *-r u< n > — » $-r w =: /. 

Hence, 

T u = lim r « (rl) = lim ($-) T .f„ - (<I~) T /, 

n — >oo n — >oo 

i.e. 

r wer g (l>-) T . 

Since L and Mj are continuous operators on (W,\\ ■ |U), also the condition Lu = 
Mju is fulfilled and therefore u £ D(A). 
An easy computation shows that the set 

K := {u £ W : T a u = I> = 0} 

is dense in W with respect to the norm || • \\ 1 . Since K C D(A) C W £ X and W 
is dense in X, also D(A) is dense in X. □ 

This is the basis to prove the generator property of A in Section 4. Before doing 
so we investigate its spectral properties. 

3. Spectral properties 

In this section we apply the method from [15] to determine the spectrum a(A) 
of A. 

To do so we try to characterise <j(A) by a characteristic equation in the boundary 
space dX. We use operator matrix techniques developed by R. Nagcl and A. 
Rhandi, see [19] and [23] and refer to [15] where this has been done for a finite 
dimensional boundary space dX. 

We start with the decomposition of D(A W ) as in [12] for which it is essential that 
L\d(a w ) is surjective. 

Proposition 3.1. The operator L is surjective from D(A W ) to dX . 

Proof. Let / £ dX. Then g = {gj)i<j< m ■= (*™) T / e Y m . Now, consider the 
element u — (uj)i<j< m £ X where 

Uj : [0, lj] -> Y, x^ gj 

is a constant function for 1 < j '• < m. Clearly, we have u £ D(A W ). Applying L to 

u yields 

Lu = $-T u = *-(«j(0))i<j< m = *"s = £-(^-) T / = /• 

D 

Next, we consider the operator A w with homogeneous boundary conditions. 
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Definition 3.2. The operator (Ao, D(Ao)) is defined by 

D(A ) := {u G D(A W ) : Lu = 0}, 
Aqu := A w u. 

Lemma 3.3. The domain D(Aq) of Aq coincides with K := {u G W : Tqu = 0}. 

Proof. The inclusion K C D(Ao) is clear. 

To show the other inclusion, suppose that u G D(Aq). Then, by the condition 
Tqu G rg(<J>~) T , there exists / G dX such that 

r oU = ($-) T f. 

Therefore, and since Lu — 0, we obtain 

= Lu = $-T u = *-(*-) T / = /, 
hence 

r oU -(*-) T / = ($-) T o = o. 

□ 

Hence, it is clear that Aq can be written as an m x m operator matrix whose 
entries in the off-diagonal are and with the same operator in each entry in the 
diagonal. Its domain is given by the product of the domain of the operator in the 
diagonal. Each of the diagonal entries is the generator of a strongly continuous 
semigroup, see [24, Sect. 3.1], and the semigroup (T (t)) t >o generated by A is just 
the direct sum of these semigroups. More precisely, it is given by 



where 



(T (t)u)j(x,v) := Xj{x,v,t)uj(x-vt,v), 

fl, ]£0<x-vt<lj, 
Xj(x,v,t):= < othcrwisc . 



j = 1, . . . , m. Similarly, the resolvent of Aq is obtained as 

(R(X,A )u) j (x,v)= / le- y£ ^ L u J {r,v)dr 1 



Jo 
j = 1, . . . ,m. From this representation one can easily see that T (t) and R(X, A ) 
are positive for t > and A G R, respectively. It is also clear that the semigroup 
(To(t))t>o is nilpotcnt. This implies that the spectrum of Aq is empty. Hence, by 
[12, Lemma 1.2], we can decompose the domain of A w for any A G C as 

D(A w ) = D{A )®kcY(\-A w ). (5) 

By Prop. 3.1 the operator L is surjective. Therefore, the restriction of L to ker(A — 
A w ) is bijective. By the open mapping theorem, its inverse D\ is bounded for 
every A G C. Before we give the explicit form of D\ we first introduce the following 
notation. 

Definition 3.4. The operator e A G C{Y n \X),X G C, is defined by 

e x :Y m ^X, (e x f) 3 (x,v):=e-^f 3 (v), 
where / = (fj)i<j< m £ Y m , x G [0,1 j], v G [v min ,v max \. 

We now define an operator which turns out to be the inverse of £|ker(A-A,„)- 
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Definition 3.5. For A <G C the operator 

D x :dX^ kcr(A - Ay,) 

is defined by 

/ ~ D x f := e A ($-) T /. 

It is clear that D\ maps to ker(A — A w ). So it suffices to check that D\ is the 
inverse of i|ker(A-A TO )- 

Proposition 3.6. For AeCw have 

LD X = Id dx (6) 

and 

D\L = Idter(\-A w )- (7) 

Proof. Let / £ <9X and recall that l>~(l>^) T = Max, see Remark 1.4. Thus, 
L£> A / - $-r e A ^-/ = *-fc) T / = /, 

and (6) is satisfied. To show (7) take an element u = (v,j)i<j< m £ kcr(A — A w ). 
The functions w = (wj)i<j< m £ W of the form 

_ A 

Wj{x,v) = fj{v)e " x , 

where x £ [0,lj],v £ [v m in,v max ], fj £ Y, and Tow £ rg(<I>~) T compose the kernel 
of A — A w . Therefore, there exists d £ dX such that T$u = (<&~) T d. Thus, u can 
be written as u — e\(Q~) T d. Hence, 

D x Lu = e A ($-) T $-r «, = e A ($-) T $-(l>-) T d = e A (l>-) T d = u. 

D 

To prove a characteristic equation for the spectrum of A we work on the product 
space X x dX and extend the given operators, see also [15, Sect. 3]. 

Definition 3.7. (1) X := X x dX. 

(2) .4 := (^ fj , £>(A>) := 0(4,) X {0}". 



(3) Xo := X x {0}" - D(A») x {0}" = L»(A)- 

(4) B := (^ ^ , D(B) := W x 9X 

(5) A:=A + B= ( M ^ w _ L ^ , D(4) := D(A») X {0}". 

Remark 3.8. (1) An easy computation shows that the resolvent of Aq is given 

for each A £ C. 
(2) The part A\x a of -4 in A^ is given by 

'A 



D(A\ Xo ) = D(A) x {0}" , -4k-i () „ 
Hence, -4|,* can be identified with the operator (A,D(A)). 
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The next proposition shows that the spectrum of A is characterised by the spec- 
trum of an operator on the boundary space dX. Moreover, an explicit form of the 
resolvent of A is given. 

Proposition 3.9. For A e C we have 

Xeo-(A) <*=*> Xea(A) ■<==> l£a{MjD x ). (CE) 

For A G p(A) = p(A) the resolvent operators are 

R(X, A) = (Id x + D x (Id dx - MjD^M^RiX, A ), 

and 

R(X,A) = ( R{KA) Dx{Id ~ MjD ^~ 1 

respectively. 

Proof. To show the equivalence 

\€a(A) ■& l€a{MjD x ), (8) 

we proceed as [15, Prop. 3.3]. First, we decompose 

X-A = X-A -B=(1- BR{X,A )){X - A ). 

Note that p(Ao) = C. From this we see that A — A is invcrtiblc if and only if 
X — BR(X, Ao) is invertible. Since 

I BR(X, Ao) = [_ M J* X , Aq) Iddx ° MjDx 

one can easily see that the invertibility of X — BR(X,Aq) is equivalent to 1 ^ 
a(MjD\) and (8) is shown. The inverse is then given by 

(l-BR^Ao))- 1 = ^ Idgx _ MjDx f-i Mj R(X,A ) (Id dx - MjD^- 1 
and the resolvent of A is 

r(x,a) = ( r w Wd dx -M jDxr y 

where R(X) = (Id Y + D x (Id dx - M J C A )^ 1 M J )i?(A, A ). 

If A > 0, then by Proposition 3.10 (1) \\MjD x \\ < 1 and therefore 1 £ a(MjD x ). 
Hence, the resolvent set of A is non-empty. Furthermore, A can be identified 
with the part A\x a of A in Xq. So we can apply [8, Prop. IV. 2. 17] to prove that 
a(A) = a(A). 



Since 



it follows that 



for A e p(A). 



( R W° )=R(X,A)\ Xo =R(X,A\ Xo ), 
R(X,A) = R(X) 



a 
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The condition 1 G a(MjD\) will be called "characteristic equation" . Indeed, it 
is a condition in dX, hence in a space much smaller than the state space X. To 
use it we compute MjD\ as 



MjD x = $+ 











Q -A, 



(^y j 



Here, and in the following Q g denotes the multiplication by a function g G L°° [v m i n , v r , 
i.e. 

Qg-.Y^Y, f~Q B f:=gf. 

This form of MjD\ (and Proposition 3.9) immediately allows the following con- 
clusions. 

Proposition 3.10. (1) Let A G C. If KA > then \\MjD x \\ < 1. Thus, the 

spectral bound of A satisfies s(A) < 0. 

(2) J/||J/||i = H/lli holds for all f > 0, then s{A) = 0. 

(3) The resolvent fulfills R(X, A) > for all A > 0. 

Proof. (1), (2) First, using that J is a contraction, we estimate the norm of MjD\ 

as 

<Q _a ;i o 



MjD x \\ = ||$ 



J 



< ll^l 



(K? 





e ■ 1 





Q -: 



l(* 



-■\Ti 



IJII max IIQ _a, II < max ||Q _; 

l<j<m e -i" l<j<m e 



Suppose now that 3?A > 0. Then 



MjD x < e -*> 



mini<^< m lj 



<i, 



and therefore 1 ^ a(MjD\) which is equivalent to A ^ <r(A) by (CE). Moreover, if 
A = then 

/Q e - ail o \ 

v o Q e -?.J 

- ^jfcf) - a((a«J) nxn ), 

where A = (ctij) nxn . By [21, Sect. 4], this can be further decomposed into 

a{MjD )=a{A)cr{J). 

By the assumption in (2) on J, we have that r(J) = 1 and from the positivity of 
J we know that r(J) G c(J), see [25, Prop. V.4.1]. Since A is a column stochastic 
matrix, 1 G cr(A) and again by (CE) it follows that G cr(A). So we conclude that 
s(A) = 0. 
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(3) If A > then R(X, Aq), D\, Mj, and MjD\ are positive operators. Since 
|| Mj D\ || < 1, the inverse of Id — MjD\ is given by the Neumann series, i.e. 

CO 

{Id- MjDx)- 1 = Y,(MjD x ) n . 

n=0 

From this representation we see that it is also a positive operator. So R(X, A) = 
R(X, Ao) + D\(l — MjD\)~ 1 MjR(X, Ao) consists only of positive operators and is 
therefore also positive. □ 

Note that assertion (3) in the above proposition also follows from Theorem 4.6. 
In order to use (CE) we investigate a(MjD\) in more detail. 

Lemma 3.11. For A <G C the following holds. 

(1) 

/Q e _A (l J \ 

a(MjD x ) \ {0} = a( •.. 1) \ {0} 

V Q _, lm J) 

\ e . m / 

«(3| ■•• )\{0}- 

e . m / 

(2) If all arc lengths are equal to I, then 

a(MjD x ) = a(A)a(JQ _ A ,). 

e 

Proof. (1) The first assertion follows from the fact that 

a(EF) \ {0} = o-(FE) \ {0} for E € C(X U X 2 ) and F G C(X 2 ,X 1 ), (9) 

where X\ and Xi are arbitrary Banach spaces. 
(2) If all arc lengths are equal to I, then we have 



MjD x = $+ 









JQ _a 

e 

JQ _a ; o 



JQ _x l; 

e 
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where A = (aij) nX n- The spectrum of operator matrices of this special form is 
given by 

a(MjD x )=a(A)a(JQ _x t ), 

e 

see [21, Sect. 4]. □ 

We now make additional assumptions on J and discuss the spectrum of A with 
the help of the characteristic equation (CE) and the above lemma. First, we con- 
sider the case that the operator J is compact. 

Proposition 3.12. If J is a compact operator, then 

o- p (A) = a p (A) = (j(A). 

Proof. Clearly, the point spectra of A and A coincide, i.e. 

a p (A) = a p {A). (10) 

Let now A € &{A). By (CE), this means 1 e a(MjD\). Since J is a compact 
operator, also MjD\ is compact and therefore a(MjD\) = a p (MjD\) U {0}. So 
Iddx — MjD\ is not injective, i.e. there exists f\ £ dX, f\ ^ 0, such that 

(Id dx - MjD x )f x = 0. 

Using that D\f\ e kcr(A — A w ) and that LD\ — Idgx we obtain 

'D x f\\ _{X-A W 0\ (D x fx\ _ f (X - A w )D x fx 



lA Ah I) J \L-Mj \) \ J \LDxfx-M.,Dxf> 

\(0 

fx - MjDxfxJ \0 

So A — A is not injective, and therefore A € o~ p {A). Combining this with (10) we 
obtain 

cr{A) C <j p (A) = <7 P (A) C cr(A) 
as claimed. □ 

A physically realistic assumption is that the scattering operator J is a compact 
integral operator with a strictly positive kernel. More precisely, we assume that 
J G £{Y) is given by 



J/:= / k(-,w)f(w)dw, feY. 

The measurable kernel 

fulfills k(v,w) > for almost all v,w € [v m in,v m ax]- Moreover, we assume that 

k(v, w) dv = 1 for all w e [v min , v max ] (H) 



so that our General Assumption 1.1 is satisfied. Moreover, these assumptions imply 
the irrcducibility of J, see [25, Example V.6.4] and Definition 5.1 below. 

Under these assumptions we can show that is the only spectral value of A on 
the imaginary axis. 
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Theorem 3.13. Suppose that all the arc lengths are equal to I and suppose that 
the scattering operator J is as above. Then 

a(A)niR = {0}. 

Proof. By the proof of Proposition 3.10 we already know that G o~(A). 
From assumption (11) follows that 

||J/||i = ||/||i for all />0. (12) 

Hence, the adjoint operator J' <G C(Y') where Y' = L°°\v m in^v ma x\ satisfies 

J'l = 1, 

where 1 denotes the constant one function. By the irreducibility of J and [25, Thm. 
V.5.2] we then obtain that there exists g G Y + such that Jg = g and g(v) > for al- 
most all v G [v mm , Vmax]- Consider the Banach space Y := L l ([v min , v max ],g(v)dv). 
The positive operator J :— Q g -iJQ g G C(Y) is similar to J and satisfies 

J\ = 1. (13) 

Since J is irreducible, the same holds for J, and also 

\\Jf\\y = ll/lly 
remains true for / G Y + . This again implies for the adjoint operator J' G C(Y') of 
J that 

J'l = 1. (14) 

Suppose now that there is a spectral value A G iR\ {0} of A. Define the operator 
^a := Qn-iJQ -a,Q„ G C(Y). Note that J A is similar to JQ _a, G C(Y). There- 

y e ■ e ■ 

fore, their spectra coincide. We know from the characteristic equation (CE) with 
the help of Lemma 3.11 (2) that there must exist an a G <j(J\) such that \a\ = 1. 
Since J is compact, a G <J p ( J\). So there exists /gVJ^O, such that 

J\f = a/. 

Since 

|/| = |a/| = |J A /|<|A||/| = J|/|, 
we have 

|J|/|-|/|| = J|/|-|/|. 
From 

(1, | J|/| - l/H) - (1, J\f\) (1, |/|) = (J'l, l/l) - (1, l/l) ( = 0, 

it follows that J|/| = |/|. By [25, Thm. V.5.2] the fixed space of J is one- 
dimensional and by (13) we conclude that it is spanned by 1. Therefore, we can 
assume that |/| = 1. Thus, / is a unimodular eigenfunction of J\. 
If we take h G L°°[v mini v max ] C Y, then 

< \J X k\ < \J X \\h\ - J\h\ < J(||ft||ool) = WHooJl = Wool- 



Therefore, J\{L°°{v m i n ,v m ax]) Q L°°[v. 
By Gelfand's theorem 



vain 7 u rnax I 



L [ v mim v max\ — ^ (^ ) 
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holds for a suitable compact space K. So far, we have shown that all the assump- 
tions of [25, Prop. V.7.4] are fulfilled. Hence, 



This implies 



■AlrooU, . v 1 = aQ/JQf-i 

n Y u min-) u max\ J 



^i 



-^°° xPvflitl j Vmax\ 



k{v,w)e~ w = af(v)k(v, w)f(w) 
for almost all v,w G [v m in,v m ax\- Since k is strictly positive, this means that 

a ; 

f(v) = aew f(w) 

has to be fulfilled for almost all v,w € [v m in,v max \. Evidently, this is not possible, 
hence there is no spectral value A ^ on the imaginary axis. □ 

4. Wellposedness 

In this section we show the generator property of A and hence the wellposedness 
of (F). We first renorm the space X and then check that A fulfills all the conditions 
in the Phillips generation theorem, see [20, Thm. C-II 1.2]. Therefore, A is the 
generator of a contraction semigroup on X for this norm. 

Since J is contractive on Y + also Bj is contractive on Y7™ as is shown in the 
following lemma. 

Lemma 4.1. If f e Y™, then 

||Bj/||i-||/||i<0. 

Proof. Let / G YT™. Then the following computation shows the assertion. 



■'j/lli-ll/ll 



J2 (Mjf - f)j(v) dv 

3=1 Jv ™^ 
m fVmax 

2/ [jw)j-mv)dv 



j=i 



E 



j E h ^ k ~ & 



\fe=l 

m m 



(v) dv 



J E/^E 6 ^ \-J2fi 



< column stochastic 



fc=l j=l 

m \ 



j=i 



(v) dv 



\k=i 



3 = 1 



(v) dv 



Gen. Ass. 1.1 
< 



E(ii J ^ii-ii/,iii) 

3 = 1 

0. 



□ 



There is an alternative way of writing the domain of A which uses the operator 
matrix Bj. 
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Proposition 4.2. The domain of A is given by 

D(A) = {ueW : T u = B. 7 I» 



Proof. If u S D(A) then $ T Q u = $^Tiu and there exists / e dX such that 



Tqu = (Q W ) T f. With that we compute 



$+r ;U = $-t q u = $-(<!-) T / = /. 



This implies 

T u = ($-) T / = ($-) T $+r ;U = B, 7 I>. 

On the other hand, if for u e W the condition Tou = MjTiu is fulfilled, then 
T M G rg(<l~) T holds since B -7 = (&~) T <&j Moreover, 

Lu = $^r w = ^BjTiu = $~(<l^) T $+rVi = $+i> = m jU . 

□ 

This representation of D(A) is needed in Lemma 4.5 to show the dispersivity of 
A where dispersive means the following. 

Definition 4.3. An operator (B,D(B)) on a Banach lattice Z is called dispersive 
if for every z £ D(B) one has 5ft < Bz, ip >< for some ip € ^+ such that \\ip\\ < 1 
and < z,ip >= ||z + ||. 

If X is endowed with the following norm, then A is dispersive. 

Definition 4.4. The norm |j • 1^ on X is 

™ Wi ,-tw* 1 
|| ■ || 1)t; :X->R, «= (uj)i<j< m i-» ||u||i )t , :=2J / / -|«j(a;, v)| dv da;. 



j=i J0 J ^ 



Since 



li < MIm ^ -„ 



the norm || • \\ lv is equivalent to the original norm || • 1^ on X. 
Now we check the dispersivity of A. 

Lemma 4.5. The operator (A, D{A)) is dispersive on the Banach lattice (X, \\ ■ \\ x ). 

Proof. The dual space of X is 

x' = l°°([o, ii], r, x • • • x l°°([o, / m ], y') 

= L (|0,tij X [l> m j„, V max \) X ■■■ XL (|0, l m \ X [l> m j„, W m a£cJ) 

where Y' = L°°[v m in, v ma x\- Let u e £>(A) and let * = (*fe)i<A;<m € A' be 
defined by 

lT , i v (*"-» U' «fc(»,-)=«fc (»,■). 

*fc(av) = < n , 

«h0, else, 

where x e [0,fc]. Clearly, ||*|| < 1 for * e (X, || • || x J'. 
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Next, we compute 

m rh 

(u, *> = E / (u k (x, •), *fc(», •)> dx 
k=i Jo 

" l rh rVmax 

= ^ / / u k (x,v)^ k (x, v) dv dx 

k=1 J0 Jv min 
" l rh rv max 

= E / / u k (x,v)^Xk(x) dv dx 

k=1 J0 Jv mi „ 

= ||w + ||m, 



where 



Xk{x) 



1, if itfc(ov) = Ufe(x, •), 
0, else. 



We then obtain 



(Am, *) 

E/ / ' £(-»)&«*(*>*) *><** 

fe=1 J Jv min 

m l-Vmax rh 

"E/ / eK^^)^^ 



Prop. 4.2 



< 



E/ («fc (O.v) -<(/*,«)) d« 

jn fV m ax 

J2 ((B J (r,«))+-«+(/ fc ,-))(t;)d« 

fe=l" / "min 

2 / ((B J (r^)+) fe ( u ) - «£&,«)) <fo 



fe=i 



m / m 



E J E 0u«t(h,-) ] ) (v) dv - E / «* (M dw 



fc=i 



«mox / m 



E^ 



column stochastic 



t) max / m 



E^' u j"(^> - 



\fe=i 



fe=i 



(t>) dv-J~] u k h (lk,v)dv 



E Ju j"(^' •) ( u ) d« - E / u k( l k,v) dv 



vi =1 



fe=i 



Eii J <^v)iii-Eii u fc^'-)iii 
i=i fe=i 



Gen. Ass. 1.1 

< o. 

This shows that all the conditions of Definition 4.3 arc fulfilled, hence A is disper- 
sive. □ 
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Wc now obtain the generator property of A. 

Theorem 4.6. The operator (A, D(A)) on X is the generator of a positive and 
bounded strongly continuous semigroup (T(t)) t >o with bound ^ max . 

Proof. By Proposition 2.4 and Lemma 4.5 it follows that A is a densely defined, 
dispersive operator and by Proposition 3.10 the operator A — A is surjective for 
A > 0. Therefore, the Phillips theorem, sec [20, Thm. CTI 1.2], implies that A is 
the generator of a positive contraction semigroup on (X, \\ ■ \\i v )- Returning to our 
original norm || • 1^ on X we obtain that the semigroup is bounded by """" . □ 

5. Irreducibility of the semigroup 

Irrcducibility of the semigroup is an important property. It turns out that we 
need both a condition on the structure of the graph and on the scattering operator 
J in the vertices to obtain irrcducibility. In Section 6, this will lead to a precise 
description of the asymptotic behaviour of the semigroup. We briefly recall the 
basic definitions, see [20] and [25]. 

Definition 5.1. (1) A positive linear operator S on a Banach lattice E is 

called irreducible if there is no closed ideal in E which is invariant under S 
apart from {0} and E. 
(2) A positive semigroup (S(t)) t >o on a Banach lattice E is called irreducible if 
there is no closed ideal in E which is invariant under (S(t))t>a apart from 
{0} and E. 

The irreducibility of our semigroup (T(i)) t > on the Banach lattice X can be 
characterised in the following way, cf. [20, Def. CTII 3.1]. 

Proposition 5.2. The following assertions are equivalent. 

(1) The semigroup (T(t))t>o on X is irreducible. 

(2) IfueX andu>0, then R(X, A)u > for all A > 0. 

Here, u > means that u =/= and u is positive {u > 0), i.e. Uj(x,v) > for 
almost all x e [0, lj] and v € [v m imV max \ where j — 1, ...,m. R(X,A)u ^ 
means that R(X,A)u is strictly positive, i.e. (i?(A, A)u)j(x,v) > for almost all 
x G [0, lj] and v € [v m i n , v max ] where j = 1, . . . , m. The same notation will be used 
to indicate positivity and strict positivity for functions in Y. 

To show irreducibility for our semigroup we need the following concept from 
graph theory. 

Definition 5.3. A directed graph is called strongly connected if for any two vertices 
v,w of the graph there exists a path from v to w and from w to v. 

We obtain irreducibility of our semigroup combining two assumptions on the 
graph G and the scattering operator J. 

Proposition 5.4. Let G be strongly connected and suppose that 

Jf^>0iff>0. (15) 

Then the semigroup (T(t))t>o generated by A is irreducible. 
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Proof. Suppose that A > and let u > 0. Then also R(X, A )u > and MjR(\ A )u > 
0. The inverse of Id^x ~ MjD\ is given by the Neumann series 

DC 

(Id ax - MjD^)- 1 = J2(MjD x ) n . 

The operator MjD\ has the same zero pattern as the adjacency matrix A. Observe 
that A fc has a non-zero entry at position ij if there is a path from vertex Vj to vertex 
Vi of length k. Since G is assumed to be strongly connected, for every pair i, j there 
exists k e N such that the entry ij of A fe and thus of (MjD\) k is nonzero. This 
entry can be written as the composition of J with an operator composed of J and 
multiplictions by strictly positive functions. By assumption (15) we conclude that 

{Id 9x - M J D A )- 1 M JJ R(A, A Q )u » 

and therefore by the special form of D\ also 

D x (Id dx - MjD^MjRiX, A )u » 0. 

This implies 

R(X,A)u^>0, 
which is by Proposition 5.2 equivalent to the irreducibility of the semigroup. □ 

In the following examples we show that only the combination of the two assump- 
tions in Proposition 5.4 leads to irreducibility. 

Example 5.5. If we drop the assumption of the strong connectivity of the graph, 
then the semigroup need not be irreducible. 

To prove this we decompose the graph into its strongly connected components. 
Assuming the graph to be not strongly connected, there exists a strongly connected 
component C = (V , E'), V C V, E' C E such that there is no edge e e E\E' that 
is an incoming edge for a vertex v e V . Without loss of generality we can assume 
that V = {v r , . . . ,v n } for some 2 < r < n, and E' — {e s , . . . , e m } for some 1 < 
s < m — 1 . The incidence matrices have the form 



*» ~° ) and *+ = ( *n g 



<K = { %i 4J and $+ = To 1 It) rcs P cctivel y< 



where i'j'j and ^^l are (r — 1) X (s — 1) — , $^~ 2 an d ^12 are (r — 1) x (m — s + 1) — , 
$2! and ^^ are (n — r + 1) X (s — 1)— and (^ and $^ 2 arc (n — r+l)x(m — s+1) — 
operator matrices. Moreover, since there is no path from a vertex Vi,l < i < r — 1, 
leading into the subgraph C, we have 

where Mu is an (r — 1) x (r — 1) — , M12 is an (r — 1) x (n — r + 1) — , and M22 
is an (n — r + 1) x (n — r + 1)— operator matrix. Take an element u (^ X such 
that u = (uj)i<j< m > and Uj = for j G {r, . . . , n}. Then, it follows from the 
special form of the operators appearing in the resolvent of A that (R(X, A)u)j = 
for A > and j G {r, . . . , n}. By Proposition 5.2, the semigroup is not irreducible. 

Note that in (15) we do not only require the irreducibility of J but a stronger 
condition. If G is strongly connected and J is only assumed to be irreducible, then 
the semigroup generated by A is not necessarily irreducible as the following example 
shows. 
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Example 5.6. Define 

{c if v e [v m i„, v'] and we [u ; , w maa; ] 
or if v e (v', v max ] and w E [v m in,v'], 
else, 
where =/= c e M. and u m i„ < v' < v max . Then the integral operator 

J : Y -► Y, 



c / f(w) dw if v min <v<v\ 

(Jf)( v )'-= I k(v,w)f(w) dw 

c / f( w ) dw if v 1 < v < v n 



is irreducible which can be shown by an easy computation. 

Consider a graph with the incidence matrices $~ = ( J ? ) an d < f )+ = (?J) 
and suppose that both arcs have length 1. Let u — (ui,U2) G X such that 
Mi > 0,Ui(a;, v) = if < x < I and v m i n < v < v' and u 2 = 0. Then also 
(i?(A,A )w) 2 = and 

(/i,/ 2 ) := M 7 i?(A, A )m - (0, J( / i e - A — ui(r, •) dr)). 

Jo 

Observe that if / £ Y with f\\ Vmin , v n = 0, then 

(J r2fc+1 /)l[»',» ma .]=0 (16) 

and 

(J 2k f)\[v mm ,v>]=0forkeN. (17) 

Therefore, f2\\v',v max ] = holds. Suppose that A > 0. Then the inverse of Idgx — 
MjD\ is given by the Neumann series 



(Id dx - MjDx)- 1 = J2(MjD 



k 
X) 



fc=0 

( EZo(JQ e -^) 2k EZo(JQ e -^) 2k+1 " 



For f E Y the function Q _ a,/ vanishes on the same set as /. since these operators 

e 

are multiplications by positive functions. Therefore we conclude, using (16) and 
(17), that 

((Id dx - Af J D A )- 1 M. 7 12(A,i4o)u)i|[,,',,, mo .] = 
and, by the definition of D\, also 

(D x (Id dx - M J D A )- 1 M, / i?(A,ylo)w)ilK^ ax ] = 
holds. With these considerations it follows that 
{ R {\ A )u)A\v ,v max ] 
=(Jl(A,i4o)u)i +D x (Id dx - Mj£> A )- 1 M. 7 fl(A,i4oMi I [«',«„„] = 0. 
By Proposition 5.2 the semigroup (T(t)) t >o is not irreducible. 
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6. Asymptotic behaviour 

As our final result wc describe the asymptotic behaviour of the solutions using 
the theory of positive and irreducible semigroups from [20] . 

We use the following notation. We denote by [— u, u] for u = (uj)i<j< m G X 
order intervals, i.e. 

[— u, u] — {w = (wj)i<j< m G X : —Uj(x) < Wj{x) < Uj(x) for almost all 
x e [0,lj],j = l,...,m}, 

and the absolute value of u is \u\ — (|uj|)i<j< m where |?ij|(x,u) = |uj(x,w)| for 
x G [0,/j] and v G [v m i n ,v max \. A lattice norm || • ||^ on X is called strictly 
monotone if |u| < \w\ implies \\u\\x < \\w\\x for all u, w G X. The notation is taken 
from [20] and also the definitions can be found in this book. Moreover, the fixed 
space of the semigroup (T(i)) t > is 

fix(T(t)) t >o = P| fix(T(t)) = {u e X : T(t)u = u for all t > 0}. 
t>o 

By [8, Cor. IV.3.8 (i)] the equality 

fix(T(t)) 4 > -kerA 

holds. 

To treat the asymptotic behaviour of the semigroup the following compactness 
property of the semigroup is important. 

Lemma 6.1. Let € o~ p (A) and suppose that the semigroup (T(t))t>o is irreducible. 
Then {T(t) : t > 0} C C{X) is relatively compact for the weak operator topology, 
hence it is mean ergodic, i.e. 

lim - / T(s)u ds, 

r^oo J Q 

exists for all u G X, see [8, Def. V.4.3]. 

Proof. Since G o~ p (A) we know from [8, Cor. IV.3.8] that there exists 0/m£ 
fix(T(i)) t >o- Then, from the positivity of the semigroup, the inequality 

\u\ = \T(t)u\<T(t)\u\ (18) 

follows for t > 0. Suppose that \u\ < T(t)\u\. Since (T(t))t>o is a contraction 
semigroup with respect to the strictly monotone norm || • 1^ from Definition 4.4 
on A, we obtain 

||«||i,„< ||T(t)|«|||i,„< ||u||i,„ 

which is a contradiction. Thus, in (18) wc have equality and we can assume in the 
following without loss of generality that u > 0. Since the semigroup is irreducible 
we obtain from [20, Prop. C-III 3.5 (a)] that u is a quasi-interior point of X which 
implies that 

X u := [J [-nu, nu] 

n>l 

is dense in X. 

Let n G N and take w G [—nu, nu], i.e. —nu < w < nu. Then 

— nu = —nT(t)u < T(t)w < nT(t)u = nu, 
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for all t > 0. Since the order interval [— nu,nu] is weakly compact in X, see [25, p. 
92], the orbit {T(t)w : t > 0} is relatively weakly compact in X. So far, we have 
shown that the orbits of elements w from the dense subset X u of X are relatively 
weakly compact. Since the semigroup (T(t))t>o is bounded, this suffices to prove 
that {T(t) : t > 0} C C(X) is relatively weakly compact, see [8, Lcm. V.2.7]. 

The mean ergodicity of (T(i))t>o follows from [8, Lem. V.4.6]. D 

The mean ergodicity of the semigroup allows a decomposition of X into the 
direct sum of ker^4 and rgA. If the semigroup is irreducible, then ker A is one- 
dimensional. If in addition the scattering operator is as in Theorem 3.13, then the 
semigroup converges strongly to the one-dimensional projection onto ker A. This is 
shown in the next theorem. 

Theorem 6.2. Let G be strongly connected. Then, under the assumptions of The- 
orem 3.13, the space X can be decomposed into the direct sum 

X = X 1 ®X 2 

where X\ = fix(T(£)) t >o = keryl is one- dimensional and spanned by a strictly 
positive eigenvector u € ker A of A, u^$> 0, and (T(t)\x 2 )t>o is strongly stable. 

Proof. Observe first that all the assumptions of Proposition 5.4 arc fulfilled and 
hence (T(t))t>o is irreducible. Since (T(t))t>o is mean ergodic by Lemma 6.1, the 
space X can be decomposed into 



X = kcrA(Brg(A) =: X 1 ®X 2 , 

where ker A = fix(T(i)) t > , see [8, Lem. V.4.4]. From Proposition 3.12 it is clear 
that £ o-p(A). As in the proof of Lemma 6.1 we can show that there exists 
u G kcr^4 such that u > 0. Moreover, we find by the same construction as in the 
proof of [8, Lem. V.2.20 (i)] (j) e X' such that > and A'<j> = 0. Thus, by [20, 
Prop. C-III 3.5] we obtain that 

dim ker A = 1 , 

and that u is strictly positive, i.e. u»0. 

Both spaces X\ and X 2 are invariant under (T(t))t>o- Consider now the re- 
stricted semigroup (T2(t))t>o where T 2 (t) := T(t)\x 2 - Its generator (A2,D(A2)) is 
given by 

D(A 2 ) = D(A)nX 2 , 
A 2 v = Av. 

In the next step we show that a p (A 2 ) n iM. = 0. From [8, Prop. IV. 1.12] we have 
that 

o- p {A' 2 ) = <j r (A 2 ), 

where o- r (A 2 ) = {A e C : rg(A — A 2 ) is not dense in X 2 } denotes the residual 
spectrum. Since a r (A 2 ) C o~(A) and o~(A) D iR = {0} by Theorem 3.13, we only 
have to prove that ^ a p (A 2 ) — a r (A 2 ). Clearly, (T 2 (t)) t > is a mean ergodic 
bounded semigroup on X 2 . So, by [8, Thm. V.4.5], kerA 2 separates kerA 2 . But 
ker A 2 = {0} and thus ker A' 2 = {0}. Hence, it follows that a p (A' 2 ) ("1 iM. = 0. Now 
we can apply the Arendt-Batty-Lyubich-Vu Theorem, see [1, Thm. 5.5.5], to show 
the strong stability of (T 2 (t)) t >o- □ 

We reformulate the above theorem as our final result. 
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Corollary 6.3. Under the conditions of the above theorem the semigroup (T(t))t>o 
converges to the one-dimensional projection P G C{X) onto fix(T(£)) t > U; i.e. 

lim \\T{t)w - Pw\\ = for all w e X. 

t — *CO 

Here, P — u(&<p where u and <C <p £ X' are as in (the proof of) Theorem 6.2 and 

7. Acknowledgements 

The author thanks Rainer Nagel sincerely for many helpful discussions and sug- 
gestions. 

References 

1. W. Arendt, C. J. K. Batty, M. Hieber and F. Neubrander, Vector-valued Laplace transforms 
and Cauchy problems, Monographs in Mathematics, vol. 96, Birkhauser Vcrlag, 2001. 

2. L. Barlctti, Linear transport of particles on networks, Math. Models Methods Appl. Sci., 6, 
(1996) 279-294. 

3. B. Bollobas, Modern Graph Theory, Graduate Texts in Mathematics, vol. 184, Springcr- 
Verlag, 1998. 

4. M. Boulanouar, Generation theorem for the streaming operator in slab geometry, J. Dynam. 
Control Systems, 9, (2003) 33-51. 

5. M. Boulanouar, The asymptotic behavior for the streaming operator in slab geometry, J. 
Dynam. Control Systems, 9, (2003) 53-71. 

6. M. Chabi, Perturbations non bornee de semi-groupes et applications, Ph.D. thesis, Univcrsitc 
Cadi Ayadd, Marrakech, 2002. 

7. J. Duderstadt and W. Martin, Transport Theory, John Wiley & Sons, 1979. 

8. K.-J. Engcl and R. Nagel, One-Parameter Semigroups for Linear Evolution Equations, Grad- 
uate Texts in Mathematics, vol. 194, Springer- Verlag, 2000. 

9. C. Godsil and G. Royle, Algebraic Graph Theory, Graduate Texts in Mathematics, vol. 207, 
Springer- Vcrlag, 2001. 

10. J. A. Goldstein, Semigroups of Linear Operators and Applications, Oxford Mathematical 
Monographs, Oxford University Press, 1985. 

11. W. Greenberg, C. van der Mee and V. Protopopcscu, Boundary Value Problems in Abstract 
Kinetic Theory, Operator Theory: Advances and Applications, vol. 23, Birkhauser Vcrlag, 
1987. 

12. G. Greiner, Perturbing the boundary conditions of a generator, Houston J. Math., 13, (1987) 
213-229. 

13. G. Greiner, Spectral Properties and Asymptotic Behavior of the Linear Transport Equation, 
Math. Z., 185, (1984) 167-177. 

14. H.G. Kaper, C.G. Lckkcrkcrker and J. Hejtmanek, Spectral Methods in Linear Transport 
Theory, Operator Theory: Advances and Applications, vol. 5, Birkhauser, 1982. 

15. M. Kramar and E. Sikolya, Spectral properties and asymptotic periodicity of flows in networks, 
Math. Z., 249, (2005) 139-162. 

16. K. Latrach, On the spectrum of the transport operator with abstract boundary conditions in 
slab geometry, J. Math. Anal. Appl, 252, (2000) 1-17. 

17. T. Matrai and E. Sikolya, Asymptotic Behavior of Flows in Networks, Forum Math., to appear. 

18. M. Mokhtar-Kharroubi, Mathematical Topics in Neutron Transport Theory, Series on Ad- 
vances in Mathematics for Applied Sciences, vol. 46, World Scientific Publishing Co., 1997. 

19. R. Nagel, Characteristic equations for the spectrum of generators, Ann. Scuola Norm. Sup. 
Pisa CI. Sci., IV, 24, (1997) 703-717. 

20. R. Nagel (ed.), One-parameter Semigroups of Positive Operators, Lecture Notes in Mathe- 
matics, vol. 1184, Springer- Verlag, 1986. 

21. R. Nagel, Well-posedness and positivity for systems of linear evolution equations, Confer. 
Sem. Mat. Univ. Pari, 203, (1985). 

22. A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, 
Applied Mathematical Sciences, vol. 44, Springer- Verlag, 1983. 



482 



Agnes Radl 

23. A. Rhandi, Extrapolation methods to solve non-autonomous retarded partial differential equa- 
tions, Studia Math., 126, (1997) 219-233. 

24. A. Rhandi, Spectral Theory for Positive Semigroups and Applications, Quaderno del Dipar- 
timento di Matematica dell' ' Universitd di Lecce, 1, (2002). 

25. H.H. Schaefer, Banach Lattices and Positive Operators, Die Grundlehrcn der mathematischen 
Wissenschaften, Band 215, Springer- Verlag, 1974. 

26. I. Vidav, Existence and uniqueness of nonncgative cigenfunctions of the Boltzmann operator, 
J. Math. Anal. Appi, 22, (1968) 144-155. 

27. I. Vidav, Spectra of perturbed semigroups with applications to transport theory, J. Math. 
Anal. Appi, 30, (1970) 264-279. 

28. J. Voigt, Positivity in time dependent linear transport theory, Acta Appi. Math., 2, (1984) 
311-331. 

29. J. Voigt, Spectral properties of the neutron transport equation, J. Math. Anal. Appi., 106, 
(1985) 140-153. 



483 



JOURNAL OF APPLIED FUNCTIONAL ANAL YSIS,VOL.3,NO,4,485-495, COPYRIGHT 2008 EUDOXUS PRESS, LLC 



{c£,/3) — L p 2 -Norm Orthogonality and 
Characterizations of 2 - Inner Product Spaces 

Vinai K.Singh, S. Kumar* and A. K. Singh** 

Department of Mathematics, 

R.D. Engineering College, 

N.H.58 Delhi Meerut Road, 

Duhai, Ghaziabad, INDIA. 

*Department of Applied Mathematics 

Inderprastha Engineering College, 

Ghaziabad 201010,INDIA. 

vinaiksingh@rediffmail.com;drsengar2002@yahoo. co.uk 

**Department of Science and Technology, 

Technology Bhawan, New Mahrauli Road, 

New Delhi-100016, INDIA. 

ABSTRACT 

In the present paper we have characterised (a, f3)—L p orthogonality in a 2- 
normed linear space. In some way the results proved in this paper generalize 
some of the similar characterization of generalized LP- orthogonality derived 
earlier by Zheng Liu [8]. 
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INTRODUCTION 

Recently there has been special interest to deal with certain analytic 
functional aspects in 2-normed spaces of finite or infinite dimensional type. 
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Usually orthogonality is dealt in inner product spaces but there is a concept 
like orthogonality in normal linear spaces ([2], [3], [5], [6], [7] and [8]). As 
has been noted earlier (for example see reference [7]) Birkhoff orthogonality 
plays a typical role in a normed linear space. In some analytic consideration 
also Birkhoff orthogonality is important. 

In the present paper we have introduced (cx,/3) — L p ^-orthogonality for 
a pair (x,z) and (y,z) in 2-normed spaces. We have also developed certain 
properties in the line of those given earlier by Liu [8] as was given in the 
normed spaces to be carried over in the setting of 2-normed space and 2- 
inner product spaces. 

PRELIMINARIES AND NOTATIONS 

DEFINITION 1. Let p > 1 be a fixed real number. If (x,z) G X x 
X, then we say that (x,z) is L p -orthogonal and we denote (x, z) -Llp (y, z) 
provided 

|| x + y, z \\ p =\\ x, z \\ p + || y, z \\ p is called left L p orthogonality. In a similar 
way(x,y) -Llp (x,z) provided || x, y + z \\ p =\\ x,y \\ p + || x,z \\ p is called 
right L p -orthogonality in 2-normed spaces. 

DEFINITION 2. Let p > 1 and a, (3 ^ 1 be fixed real numbers. If 
(x, z) G X x X then (x,z) is 2-norm (a, j3) — LP— orthogonal to (y,z) denote 
by(x,z) -Llp (y,z)(a,/3) provided that 

|| x + y, z \\ p + || ax + (3y, z \\ p =\\ ax + y,z \\ p + \\ x + fly, z \\ p 

and z (£ V(x, y) (where V(x,y) is the linear span of x, y G X. Similarly we say 
(x,z) is (a,j3) — L p — orthogonal to (y,z) denoted by ((x,z) -L L p (y,z))(a,/3) 
provided that 

|| x, y + z \\ p + || x, ay + f3z \\ p =\\ x,ay + z \\ p + || x, y + j3z \\ p . 

LEMMA 1. For all (x,z),(y,z) G X x X,a,/3 ^ l,((x,z) ± L p 
(y,z))(a,(3) if and only ((y,z) _L LP (x, z))(a, (3). 

The following theorem and corollary demonstrate that the concept of (a,/3) — 
L p — orthogonality is non-vacuous. 
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THEOREM 1. Let p > 1 and a,j3 7^ 1 be a fixed real numbers. 
If (x, z) 7^ 0, (y, z) G X x X then there exists a real number such that 
((x,z) -L LP (ax + y,z))(a,/3). 

PROOF. Set 

f(t) =|| x+tx+y, z \\ p + || ax+/3(tx+y), z || p — || ax+tx+y, z \\ p — \\ x+j3{tx+y),z \\ p 
Clearly, f is a continuous function on — oo < t < oo, and we have, for t ^ 
f(t) = \t\ p [(\\ x +^(x+y) : z \\p - || x,z \\y-(\\ Px+^(ax+Py) : z \\ p - \\ f3x : z \\) p 

_(|| x+ ^ ax+y ) iZ \\p -\\ X}Z ||)p_(|| p x+ ±( x+ p y ), z \\p _ || p X:Z ||)P], 

Then for t ^ 

fit) || x + \{x + y),z \\ p - || x,z \\ p || /3x + \(ax + /3y),z \\ - \\ (3x,z \\ p 



\t\ p 1 sgnt 



tv- ' VJ) ~ II II -i _ II II l~~ > t 

i ' i 

t t 



x + \{otx + y), z || 2 — || x, z \\ p || fix + |(x + /3y), 2; || — || /3x, z \\ p 



1 1 ' 



and hence 



lim J}^ nt =p\\ x,z\\ p ~ l J ± (x,z)(x+y)+p \\ [3x,z f- 1 J ± ((3x,z)(ax+(3y) 

—p || x || p_1 J+(x, z)(ax+y)— p \\ (3x,z || p_1 J+(f3x, z)(x+/3y), 

where J + ((x,z)(y,z)) and J_((x,z)(y,z)) are respectively the right and left 
Gateaux derivative of the norm at (x,z), keeping second co-ordinate as fixed 
in the direction of (y,z). By James [5] we see that 

J+ (x, z) (rx + sy) = r || x,z \\ +sJ+ (x, z) (y, z) 

for some s > and r, therefore, 

lim -^- =p\\x,z \\ p (1 + apP' 1 -a- fi p ~ l ) 
p — 1 

p||a;, * f (l-a)(l-/? p - 1 ). 
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Thus for any fixed real number a, (3 7^ 1 we have either f(t) — ► 00 as t — ► +00 
or /(£) — »■ —00. Hence there is a real number a such that f(a) = 0, which 
was to be proved. 

COROLLARY 1. Let p > 1 and a, (3 j^ 1 be the fixed real numbers. 
If x 7^ 0, z 7^ 0, (y, z) G X, then there exist a real number a such that 
((ax + yz) ± LP (x,z)(a,/3)). 
PROOF. The result follows from Theorem 1 and Lemma 1. 

Lemma 2. Let (x,z) or (y, z) G X x X and a, /3 7^ 1 
(i) a,/3^ 0,((x,«) -Llp (y,z))(a:,/3) if and only if ((ax, z) _L LP (/3y, *))(£, J), 
(ii) if/3 ^0,((s,3) _Llp (y,z))(a,/3)) if and only if ((a, z) _Lj> (3((y,z))(a, |), 
(iii)if a 7^ 0, ((x,z) _L L p (y, z))(a,/3) if and only if ((«i,z) _L LP (y, z))(^,/3). 
Homogenity, symmetry and left and right additivity of (a, /3) — L p — orthog- 
onality are defined in usual way, i.e. 2-norm (a, (3) — L p — orthogonality is 
homogeneous provided for all x,y,z, G X and real numbers a,b, ((x,z) -Llp 
(y, z))(a, P) implies ((ax, z) -L L p (fey, z))(a, ff)\ 2-norm (a,/3)— L p — 2 norm or- 
thogonality is symmetric provided for all x,y,z G X, ((x, z) _l_j> (y, z))(a, (3) 
implies (y,z) -Llp (x,z))(a,/3); 2 -norm (a,/3) — L p — orthogonality is 
left additive if and only if for all x,y,w G X,((x,z) -L L p (w,z))(a, (3) 
and ((y,z) -L LP (w,z))(a, j3) implies ((x + y,z) -L L p (w,z))(a, (3) and 2- 
norm (a,/3) — L p — orthogonality is right additive if and only if for all 
(x,z),(y,z),(w,z) G X x X, ((x,z) _L LP (y,z))(a,(3) and if ((y,z) _L LP 
(w,z))(a,(3) imply ((x,z) _L LP (y + w,z))(a,(3). 

The following two corollaries are immediate consequences of the definition 
of homogeneity and Lemma 1 and Lemma 2. 

COROLLARY 2. For all a, (3 ^ 1, 2-norm (a, (3) - L p - orthogonality 
is homogeneous if and only if 2-norm (a, j3) — L p — orthogonality is homoge- 
neous. 

COROLLARY 3. Suppose 2-norm (a, f3) —L p — orthogonality is homo- 
geneous . 

(i) If a,P^ 0,((x,z) -Llp (y,z))(a,(3) if and only if ((x,z) _L LP (y, z))(\, |), 
(ii) ii 13 ^0,((x,z) _L LP (y,z))(a,(3) if and only if ((x,z) _L LP ((y,z))(a,j), 
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(iii)if a ^ 0,((x,z) _Lj> (y,z))(a,/3) if and only if ((a;,*) ± L p (y,z))(^,/3). 
Now let us further study some consequences of homogeneity. 

LEMMA 3. If a ^ —1 and (a, (3) — LP — 2— norm orthogonality is 
homogeneous, then ((x,z) -Llp (y,z))(a, (3) implies 

\\x + y,z\\>=(l-\j3\*)\\y,z\F+\\x + j3y,z\\'. 

PROOF. From Corollary 3, it suffices to assume |a| < 1. Suppose 
((x, z) -Llp (y, z))(a, (3). Then || x + y, z || p + || ax + (3y, z || p =|| ax + y,z \\ p 
+ || x + fly, z || p keeping second co-ordinate as fixed. Since the result is 
immediate for a = 0. We may assume that a^O. We are denoting the 
statement by P(n) i.e. 

P(n) :|| x + y, z \\ p + || a n x + (3y, z || p =|| a n x + y,z \\ p + \\ x + (3y, z || p . 

Clearly -P(l) is true and if P(n) is true for some positive integer n. Since 2- 
norm (a, (3) — LP— orthogonality is homogeneous, ((a n x, z) -Llp (y, z))(a, (3), 
we have 

|| a n x + y,z \\ p + || a n+1 x + (3y, z \\ p =\\ a n+l x + y,z \\ p + || a n x + (3y, z f . 

Adding this to Pin) we obtain 

\\x + y,z \\ p + || a n+1 x + (3y, z \\ p =\\ a n+l x + y, z \\ p + \\ x + (3y, z || p , 

which is Pin + 1). Thus P(n) is true for all positive integer n, but 

lim a n = 0, 

so in the limit, by continuity of the norm, we have 

\\x + y,z \\ p +\(3\ p || y,z \\ p =\\ V,z \\ p + \\x + (3y,z \\ p , 

and the conclusion of the lemma follows. 

THEOREM 2. Ha, (3^ -1 and 2-norm (a, (3) - L p - orthogonality is 
homogeneous, then ((x,y) -L L p (y,z))(a,(3) implies 

lls + y.zllHl^f + lll/^P 



489 



SINGH ETAL 



i.e. 2 - norm (a, (3) — LP— orthogonality implies L p orthogonality. 

PROOF. By Corollary 6, we may assume \/3\ < 1. Suppose ((x,z) -Llp 
(y,z))(a,/3) and let Q(n) denote the statement 

Q(n) :\\x + y,z \\ p = (1 - \f3 n \ P ) II V,z \\ p + \\x + f3 n y,z \\> . 

The statement Q(l) is Lemma 3. If we assume Q(n) is true for some positive 
integer n, since ((x, z) -Llp (y, z))(a, (3) by homogeneity, we have by Lemma3, 

|| x + (3 n y, z \\ p = (1 - \/3\ p ) || (3 n y, z \\ p + || x + (3 n+1 y, z \\ p 

Substituting this in Q(n) we obtain 

\\x + y,z \\ p = (1 - \f3 n+l \ p ) || y, z \\ p + || x + (3 n+1 y, z \\ p 

or Q{n + 1). 

Hence Q(n) holds for all positive integer n. Since (3 n — > as n — > +oo by 

taking limit in Q(n) we obtain 

|| x + y, z || p =|| x, z || p + \\ y,z \\ p . 

THEOREM 3. If 2 - norm (a, (3) — L p — orthogonality is homogeneous, 
then ((x,z) -Llp (y,z))(a,/3) implies || x — y,z \\ = \\ x + y,z || i.e. 2- norm 
(a,f3) — L p — orthogonality implies 2 - norm isosceles orthogonality. 

PROOF. If (at, /3) = —1 the result is follows. Otherwise by Lemma 1 we 
may assume without loss of generality that a ^ — 1. If f3 — —1 the result is 
immediate from Lemma 7. If /3 ^ —1, by Theorem 4, we have 
j| x + y, z || p =|| x,z \\ p + || y,z \\ p . But by homogeneity ((x,z) -L L p 
(y,z))(a,/3) holds, so || x — y,z \\ p =\\ x,z \\ p + \\ —y,z \\ p and the result 
follows. 

LEMMA 4. For all a, (3 ^ 1, each one of the following: 
(i) (a,/3) — L p 2 - norm orthogonality is symmetric and left additive, 
(ii) (a, (3) — LP 2 - norm orthogonality is symmetric and right additive, 
(iii) (ck,/3) — L p 2 - norm orthogonality is left and right additive, 
implies that (a, (3) — L p 2 - norm orthogonality is homogeneous. 
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PROOF. Suppose (i) holds and ((x,z) -Llp (y, z))(a,/3), where x , y 
and z are arbitrary elements. Since the result is obvious for x = or y = 
0. We will assume x 7^ and y 7^ 0. By Corollary 1, there exist a real 
number a such that ((ay — x,z) -Llp (y,z))(a, f3). Left additive then gives 
((ay,z) -Llp (y,z))(a,/3) and hence a = 0. Thus ((—x,z) -Llp (y,z))(a, (3), 
using left additive and symmetry, we find it now follows that ((nx,z) -Llp 
(my,z))(a,f3) for all integers m and n, i.e. 

|| nx + my, z || p + || anx + (3my, z \\ p =\\ anx + my, z || p + || nx + j3my, z \\ p 

or 

II m ll» II n 171 nn 11 m n„ 11 n 171 lln 

\\ x H y, z r + \\ ax + p — y, z \\ =\\ ax -\ y, z r + \\ x + p — y, z r . 

n n n n 

From the continuity of the norm it follows that 

|| x + ky, z \\ p + || ax + f3ky, z \\ p =\\ ax + ky, z \\ p + \\ x + f3ky, z \\ p 

for all real numbers k or ((x, z) J_lp (ky, z))(a, (3) for all k. So (a, f3) — L p - 2 

- norm orthogonality is homogeneous. By similar reasoning we can also get 
that (ii) and (iii) imply (a, j3) — L p — 2 - norm orthogonality is homogeneous. 
By similar reasoning, we can also get that (ii) and (iii) imply (a, (3) — L p — 2 

- norm orthogonality is homogeneous. 
The result may be summarized as follows: 

THEOREM 4. Let p > 1 and a, (3 ^ 1. The following are equivalent, 
(i) (a,j3) — L p 2 - norm orthogonality is homogeneous, 
(ii) (a, (3) — L p 2 - norm orthogonality is symmetric and left additive, 
[m)(a,j3) — L p 2 - norm orthogonality is symmetric and right additive, 
(iv) (a, f3) — L p 2 - norm orthogonality is left and right additive. 

Finally we give two characterizations of inner product spaces based on 
the relation between (a, (3) — L p , 2 - norm orthogonality and Birkhoff 2 - 
norm orthogonality. 

DEFINITION 3. If (x,z),(y,z) e X x X, we say (x,z) is Birkhoff 
orthogonal to (y,z), denoted (x,z) _L/3 (y, z) provided \\ x + ky,z \\>\\ x,z || 
for all real numbers k. 
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THEOREM 5. Let 1 < p < 2 and < a, (3 < 1 be fixed real num- 
bers. Then Birkhoff 2 - norm orthogonality implies (a,/3) — L p 2 - norm 
orthogonality in X if and only if X is an 2 - inner product space and p = 2. 

PROOF. Let (x,z) -Lp (y,z). By assumption and homogeneity of 
Birkhoff 2 - norm orthogonality we get, 

|| x + y, z \\ p =\\ ax + y,z \\ p + \\ x + f3y, z \\ p — || ax + fly, z \\ p 

= (|| a 2 x + y, z \\ p + || ax + (3y, z \\ p — \\ a 2 x + /3y, z \\ p ) 

+ (|| ax + (3y,z \\ p + || x + [3 2 y, z || p - || ax + (3y,z \\ p )- \\ ax + (3y, z \\ p 

= (|| a 2 x+y, z \\ p + || x+p 2 y, z \\ p - \\ a 2 x+/3y,z \\ p )- \\ ax+/3 2 y,z \\ p + || ax+(3y, z \\ p 

= || a 2 x + y, z \\ p + || x + (3 2 y, z \\ p - \\ a 2 x + fly, z \\ p - \\ ax + (3 2 y, z \\ p 

+ (|| a 2 x + (3y, z \\ p + || ax + [3 2 y, z \\ p - || a 2 x + [3 2 y, z \\ p ) 

= || a 2 x + y, z \\ p + || x + [3 2 y, z \\ p - || a 2 x + [3 2 y, z \\ p . 

Thus by induction we see that (x,z) -L^ (y,z). implies 

\\x + y,z \\ p =\\ a n x + y, z \\ p + || x + [3 n y, z \\ p - \\ a n x + [3 n y, z \\ p 

for n > 1. In the limit this yields (x, z) _L p {y,z). implies 

|| x + y,z \\ p =\\ x, z \\ p + || y,z \\ p (A) 

If for p = 2 then (A)yields 

|| x + y, z \\ 2 =\\ x, z \\ 2 + || y, z \\ 2 (£>) 

From the definition of 2 - inner product space, we have 

\\x + y,z \\ 2 = (x + y,x + y/z) 

and 

|| x, z \\ 2 = (x,x/z) 

II y,z ll 2 = (y,y/z) 
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From (B) (x + y, x/z) + (x + y, y/z) = (x, x/z) + (y, y/z) 
i.e. (x, x/z) + y, x/z) + (x, y/z) (y, y/z) 
= (x, x/z) + (y, y/z) + 2(x, y/z) = =4> (x, y/z) = 
Although in 1 - norm space the proof that identity (A) implies 

jJ>p{X) = sup 



(x,z)± B (y,z) {\\X + y,z\\P 

which in turn implies that X is an inner product space by the technique 
of Amir[l]. But one has to explore whether the same proof will work for 
1 < p < 2 in the context of 2 - norm spaces. 
The other part is obvious. 

THEOREM 6. Let 1 < p < 2 and < a,/3 < 1, be fixed real num- 
bers. Then (a, (3) — L p 2 - norm orthogonality implies Birkhoff 2 - norm 
orthogonality in X if and only if X is an inner product space and p = 2. 

PROOF. We first prove that if (a, (3) — L p 2 - norm orthogonality implies 
Birkhoff orthogonality then X is strict convex. If not then we can choose 
x 7^ y as extreme points of the units ball of X such that || x, z || = || y,z || 
-II ?±y z 11= l. Then 



i 



II X ^ 1 +y, z\\ P +\\ a X -^+Py, z IMI «^+!/, * \\ P + II ^+ft/> * II" ■ 

For otherwise 2 P + (a + [3) p = (a + l) p + (/3 + l) p which requires a = 1 or 
/3 — 1, i.e. (^±^,z) is not (a,/3) — L p 2 - norm orthogonal to (y,z). Without 
loss of generality we assume a > (3. By Theorem 2 we can choose o ^ 
such that ((^,z) ± LP (^+y,z))(a + [3). Hence (^,z) ± LP a^ + y,z) 
i.e. || ^ + k{a^f- + y),z \\>\\ ^,z \\— 1 for all real numbers k. Putting 
k = —1/2 yields |a| < 1, and then k = — -^ yields |o + 2| < 1. Thus a = — 1. 
But then (^^-,z J_lp aU ^, z )( a ,P) an d then it gives 

a-J3 a+l || P H a-1 , a + 1 Mp , M 1-/3 , 1 + /3 ,._ 

1+ ^H 1/; z = ^H V-, z + ^H y, z \\ 

z z z z z z 

So we have 

_ nu a-j3 a + /3 .._ .. a — 1 a + 1 .._ 

a = « -^ — & + -^ — V, z = x H y, 2 p 

2a 2a z z 
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and it follows II %- l -x + ^r^y, z \\— 1. 

Writing (y,z) = ^(x) + (1 - ^)(^x + *gy). 

We see that y is a convex combination of two points of the unit sphere 
which is false since y was taken to be an extrem point of the unit ball X. 
Thus X must be strictly convex. 

Now we prove that if (a, (3) — LP 2 - norm orthogonality implies (a, f3) — L p 
2 - norm orthogonality. If not, then there exists (x,z)(y,z) G X x X such 
that (x, z) -L/3 (y, z) and (x,z) is not (a, (3) — L p 2 - norm orthogonolity 
to (y,z). By Corollary 1 we can choose 6^0 such that ((by + x,z) -Llp 
(y,z))(a, j3). But then (by + x,z) -Lp (y,z). Thus we have (x,z) -L/3 (y,z) 
and (by + x, z) -Lp (y, z) which cotradicts the left uniqueness of 2 - norm 
Birkhoff orthogonality in strict convex space [5], hence 2 - norm Birkhoff 
orthogonality implies (ot,f3) — LP 2 - norm orthogonality, which is sufficient 
for X to be an inner product space and p = 2 by Theorem 5. 

The other part is also obvious. 
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ABSTRACT. In this paper, given a pseudo-addition © and its corresponding ©- 
fitting pseudo-multiplication 0, we consider and solve the pseudo-remaining Cauchy 
equations. They are the remaining Cauchy equations, considered by Aczel, where 
the ordinary sum and multiplication are replaced by the pseudo-operations. This 
is a further application of the pseudo-operations, already used in the solution of 
Cauchy equation and in the axiomatic theory of generalized integrals. 

A.M.S. SUBJECT CLASSIFICATION (2000): 39B22, 39B62. 

KEY WORDS: Cauchy equation, pseudo-operations. 

1 Introduction 

After the equation f(x + y) = f(x) + f(y), which is considered as the Cauchy 
equation, Aczel in [1] studied the three following equations, which are known as the 
remaining Cauchy equations: 

(I) f(x + y) = f(x)-f(y), 

(II) f(x-y) = f(x + y), 

(III) f(x-y) = f(x)-f(y). 

We call them classical remaining equations because they are expressed using 
classical operations + and •. 

In the previous paper [4], Benvenuti, Vivona and Divari have studied the Cauchy 
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equation: 

f(x@y) = f(x)@f(y) , 

in which the classical operation + is replaced by the pseudo-operation ©. We call 
it the pseudo-C&uchy equation. 

In this paper, using the pseudo- arithmetical operations © and 0, we shall study 
the following equations: 

(I') f{x®y) = f{x)Qf{y) , 
(IF) f{xQy) = f{x)®f{y), 
(III') f( X Qy) = f(x)Qf(y), 
which we shall call the pseu do-remaining Cauchy equations. 
We obtain the solutions of the pseudo-remaining equations by reduction to the 
classical remaining Cauchy equations. However, differently from the classical solu- 
tions of the remaining Cauchy equations, we consider only positive solutions. 



2 Preliminaries. 

Let T be the family of all continuous functions / : [0,F] — > [0, F], with < F < 

+oo. 

A binary operation © : [0, F] 2 — ■> [0, F] is called pseudo-addition on [0, F] ([2]) if 
the following properties are satisfied: 

(Al) x © y = y © x (commutativity) , 

(A2) x<x',y<y' =>- x © y < x' © y 1 (monotonicity) , 

(A3) (x © y) © z = x © (y © z) {associativity), 

(A4) x n — >■ rr, y n — > y =>■ x n © y„ — > rr © y {continuity), 

(A5) rr © = rr {neutral element). 

These axioms ensure that the pair ([0,F],©) is an /-semigroup. The structure 
of /-semigroup is known by virtue of the representation theorem of Mostert and 
Shield in [6] (see also [5, 3]). This theorem asserts that there always exist a finite 
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or countable system of open disjoint intervals (a^, fih), h & K,K and corresponding 
continuous, bijective and increasing maps gn : [ah, Ph] — ► [0, +00], with gh{oth) = 0, 
such that 



9k 1 

x ®y 



(x,y) e(a h ,(3 h ) 2 



[9h(x) + g h (y)j ^gh(Ph) 

xVt/, otherwise 

and the function g^ is determined uniquely up to a multiplicative positive con- 
stant. 

The interval Ih = («h, Ph) is of two different types with respect to the operation 
©: in fact, we can have gh(Ph) = +°o or gh(Ph) < +00 [4, 2]. 

We recall, now, the definition of a ©-fitting pseudo-multiplication [2] . 

Let © be a given pseudo-addition on [0,F]. A binary operation : [0, F] x 
[0, F] — ► [0, F] is called a ©-fitting pseudo-multiplication if the following properties 
are satisfied: 

(Ml) x0O = O0i = O (zero element), 

(M2) x < x', y < y' =>• x y < x' © y' (monotonicity) , 

(M3) (x®y)® z = (x® z)®(y® z) (left distributivity) , 

(M4) sup nm (x n © y m ) = sup n (x n ) © sup m (y m ) (left continuity). 

More, we shall assume 

(M5) there exists u e (0, F] such that u Q y = y (left unit element). 

As we have seen in [2], if © 7^ V and the operation is a ©-fitting pseudo- 
multiplication with left unit u, there exists k such that u G /&, gk(flk) — +°° an d 
the pseudo-multiplication is uniquely determined on the strip 1^ x [0, F] by : 



x&y = g h 1 
heK. 



9k(x) •9h{y)/gk{u) 



(x,y)el k xl h , (2) 



We look for solutions of the equations (F), (II'), (III') satisfying the following 
condition: 

(*) if x Eh then f(x) € I k . 
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Moreover, we shall find only the restrictions of f\i k . 
For the particular index k, the formula (1) becomes 



x © y = g k 



9k{x) +9k(y) 



{x,y) E (a k ,f3 k f 



(3) 



3 The equation f(x y) = f(x) f(y) 



From now on we shall assume x, y e I k . 



The equation (!'), using (2) and (3), becomes 



./ 



[9k(x) + g k (y)j 



9k 1 



9k{f{x)) • 9k(f(y))/9k(u) 



Putting 



we obtain 



g k (x) = £ and g k (y) = rj , 



(4) 



f^^ + v)) = 9? 9kf{9 k \0)-9kf{9 k \ri))l9 k {u) 
and, immediately, 

9kfg k l {£ + v) = gkfg^iO • gkfg^i^/gkiu). 

Set, now, 

9kfg k 1 = ^k and g k (u) = \ k > . 
So, the equation (5) becomes 

which reduces to the remaining equation (I), when X k — 1. 

In order to solve the equation (7), it is easy to prove the following 



(5) 



(6) 



(7) 
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Lemma 3.1 The function h(£) is a solution of the equation (I) 

KZ + ri) = h(Z)'h(ri) (8) 

if and only if the function 

**(£) = a* -MO > ( 9 ) 

is a solution of the equation (7), with X k = g k {u). 
We know [1] that the solutions of (8) are given by 

V f > : h(0 = e c§ , c G R . (10) 

Now, we are ready to get the first main result: 
Theorem 3.2 The class of the solutions of the equation 

(I') f(x®y) = f(x)of(y) 
is given by the functions 

\fxel k : f(x)=g k 1 (\ k e c ^}, ceR, or f(x) = a k . (11) 

Proof . From (6) and (9), we get 

g k fg k \i) = **(£) = A, • MO , 
and from (4) 

9kf9 k 1 {9k{0) = 9k fix) = A fc • h(g k (x)) . 
So, the class of the solutions of the equation (I') is given by 

f(x) = g k 1 [X k -h(g k (x))j . 
Replacing the function h(x) with the functions (11), we obtain the assertion. □ 

It is easy to see that the functions (11) satisfy the condition (*). 
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4 The equation f(x 0y) = /(a;) /(y 



The equation (II') , using the pseudo-operations (2) and (3), becomes 



/ 9k 1 [9k(x) ■ g k (y) I 'fffc(w)] 



2fc 



9k(f(x))+9k(f(y)) 



and so 



0k/ 



& 1 (^fc(^) • 9k(y) I '9k(u)j 
With the same notations as in (4) and (6), we obtain 



9k(f(x)) + g k (f(y)). 



M a) = **® + **fa)' 



which is the remaining equation (II), when A^ = 1. 

In order to solve the equation (12), it is easy to prove the following 

Lemma 4.1 The function h(£) is a solution of the equation (II) 

KZ-ri) = KZ) + h(ri) 

if and only if the function 

*.<« = *(£) . 

is a solution of the equation (12), with A*, = gk{u). 
We know [1] that the solutions of (13) are given by 

V f > : h(0 = c log f , c G M . 



:i2) 



(13) 



(14) 



(15) 



Now, we are ready to get the second main result: 
Theorem 4.2 The class of the solutions of the equation 

(II') f(xQy) = f(x)@f(y) 
is given by the functions 

Mxeh: f{x) = g k x [c log^) , c e R 



(16) 
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Proof. From (6) and (14), we get 



and from (4) 

9kfg k l {g k {x)) = g k f{x) = h ( — — J • 
So, the class of the solutions of the equation (II') is given by 

/<») = *'*(f ) • 

Replacing the function h(x) with the functions (15), we obtain the assertion. 
It is easy to see that the functions (16) satisfy the condition (*). 



□ 



5 The equation f(x y) = f(x) f(y 



The equation (III') , using (2) and (3), becomes 



./ 



9k 1 {9k(x) ■ g k 
9k f 



(y)/9k(u)j 



9k 1 {9k(f(x)) ■ g k (f(y))/9k(u)j , 
= 9k(f(x)) ■ g k (f(y))/9k(u). 



and so 

9k 1 [9k(x) -gk(y)/9k(u)) 
With the same notations as in (4), we obtain 

\ \ k ) Afc 

which is the remaining equation (III), when A^ = 1. 

In order to solve the equation (17), it is easy to prove the following 

Lemma 5.1 The function h(£) is a solution of the equation (III) 

KZ-ri) = h(Z)-h(ri) 

if and only if the function 

**(£) = A* h[y) > 

is a solution of the equation (17), with \ k = g k {u). 



(17) 



(19) 
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We know [1] that class of the solutions of (18) are given by the functions 

V f > : h(£) =£ c ,ceR . (20) 

Now, we are ready to get the third main result: 

Theorem 5.2 The class of the solutions of the equation 

(III') f(xOy) = f(x)Of(y) 

is given by the functions 

\/xeh: f(x) = g k \\\- c g c k (x)), c E 1R+ . (21) 

with Afc = gk{u). 

Proof. From (6) and (19), we get 

9kfg k 1 (0 = ^k(0 = ^kh[j-J 

and from (4) 

9kfg k l (gk(x)) = g k f{x) = \ k h (-r— J • 

So, the class of the solution of the equation (III') is given by 



/(*) = 9 k l 



X k h 



( 9k(x) \ 



Replacing the function h(x) with the functions (20), we obtain the assertion. □ 
It is easy to see that the functions (21) satisfy the condition (*). 

6 Conclusion 

In this paper we have solved the so called "Pseudo- Remaining Cauchy Equation", 
using the pseudo-operations. We have given three main theorems, based on three 
lemmas, which express the solutions of these equations using the solutions of the 
classical remaining Cauchy equations. 
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for publication elsewhere. A statement transferring from the authors(or their 
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the manuscript can be accepted for publication.The Editor-in-Chief will supply the 
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U.S.Copyright Law in order for the publisher to carry through the dissemination of 
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typed double space. All illustrations, charts, tables, etc., must be embedded in the body 
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and PDF file version must be at camera ready stage for publication or they cannot be 
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superscript lowercase letters) below the table. 

10. List references alphabetically at the end of the paper and number them 
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square brackets on the baseline. 
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bottom of the page to which they refer. Place a line above the footnote, so that it is set 
off from the text. Use the appropriate superscript numeral for citation in the text. 

13. After each revision is made please again submit four hard copies of the revised 
manuscript. And after a manuscript has been accepted for publication submit four 
hard copies of the final revised manuscript. Additionally, two copies of the final 
version of the TEX/LaTex source file and a PDF file, are to be submitted to the 
Managing Editor's Office on personal 3.5 inch computer disks. Label the disks 
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Your name, title of article, kind of computer used, kind of software and version number, disk format 
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Package the disks in a disk mailer or protective cardboard. Make sure contents of 
disks are identical with the ones of final hard copies submitted! 
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Note: The Managing Editor's Office cannot accept the disks without the 
accompanying matching hard copies of manuscript. No e-mail final submissions are 
allowed! File submission on disk must be used. 



14. Effective 1 Jan. 2007 the journal's page charges are $10.00 per PDF file page. 
Upon acceptance of the paper an invoice will be sent to the contact author. The fee 
payment will be due one month from the invoice date. The article will proceed to 
publication only after the fee is paid. The charges are to be sent, by money order or 
certified check, in US dollars, payable to Eudoxus Press, LLC, to the address shown on 
the Eudoxus homepage. 

No galleys will be sent and the contact author will receive one(l) electronic copy of 
the journal issue in which the article appears. 
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